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Abstract

A seller owning a single, indivisible asset faces the random arrival of privately informed buyers, with
whom he can bargain sequentially. Our key result is that despite the arrival of alternative buyers the Coase
conjecture continues to hold under stationary strategies if the distribution of buyer valuations has convex
support: Negotiations end almost immediately and the asset is sold almost at the minimum of the seller’s
own reservation value and the lowest possible valuation of a buyer. We also show existence of multiple sta-
tionary equilibria, though, in the special case where the support of buyers’ valuations exhibits a sufficiently
large “interior gap”. Taken together, our findings thus also point to a potential pitfall when analyzing only
two-type distributions in more applied work.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

The theory of bargaining with private information has focused squarely on the case of a bi-
lateral monopoly situation. (See, however, the contributions discussed below.) Clearly, for most
applied work, though, it is more realistic to assume that either side to a transaction may have
alternative options for trade. The vast literature on bargaining in search and matching markets
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takes this into account, albeit typically with the restriction to negotiations under complete infor-
mation.!

In this paper we consider a seller with a single, indivisible asset who faces the random arrival
of potential buyers, each having private information about his valuation. We restrict the trading
mechanism to bilateral negotiations. Our main question is how, compared to a bilateral monopoly,
the potential arrival of new buyers changes the equilibrium outcome. Our key result is that when
restricting attention to stationary strategies, as the time between two consecutive offers becomes
arbitrarily small the seller no longer gains from the possibility that another buyer will arrive.
This result holds whenever the support of buyers’ valuations is convex. In this case we find,
more precisely, that the seller will almost surely trade with the first buyer at a price close to the
lowest possible valuation. Though natural, the assumption that buyers’ valuations have convex
support is, however, also crucial. If there is a sufficiently large “gap” in the distribution’s support,
we find multiple stationary equilibria that support also in the limit, where the time between two
consecutive offers vanishes, outcomes with substantially different payoffs for the seller.

We thus show that, given the restrictions of a convex support of valuations and stationary
strategies, the Coase conjecture (Coase, 1972) survives despite the stochastic arrival of new trad-
ing partners. That is, if the time between two consecutive offers goes to zero, trade occurs almost
immediately and the asset is sold almost at the minimum of the seller’s own reservation value
and the lowest possible valuation of a buyer.

From an applied perspective, these results should then have the following implications. First,
if the assumptions of our model seem realistic in a particular setting, then we obtain the extreme
result that we can, in essence, analyze a given bilateral negotiation (almost) in isolation. Under
bilateral negotiations, if the seller can make new offers arbitrarily fast, then the possibility that
new buyers will arrive in the future does not allow the seller to extract a higher share of the
bilateral surplus. Second, given that trade takes place (almost surely) with the first buyer, who
may have a very low valuation, there can be a substantial loss in gains from trade. Third, the
multiplicity that arises, in particular, in the case of a two-type distribution, provided that the
“gap” between the low and high valuation is sufficiently large, should warn against the potential
pitfalls from making such a simplification. Our results would then suggest that if the two-type
assumption is merely a simplification, then we should always pick the sequence of equilibria that
supports the Coase Conjecture.

There exists a large body of literature analyzing the Coase conjecture in the bilaterally monop-
olistic case. The Coase conjecture was first proven in some generality by Fudenberg et al. (1985)
and Gul et al. (1986). Ausubel and Deneckere (1989) consider the so-called “no-gap” case where
the seller’s reservation value is equal to the lowest feasible valuation of the buyer. They show
that this gives rise to non-stationary equilibria that do not support the Coase conjecture.?

Below we relate our setting and our results to the few papers that also allow the seller to switch
buyers. Most importantly, our analysis sheds new light on the results in the seminal papers of
Fudenberg et al. (1987) and Samuelson (1992).3

' For an early overview see Osborne and Rubinstein (1990).

2 Under some technical assumptions, the bargaining model is isomorphic to a model where a seller with sufficient
capacity faces a continuum of buyers and cannot engage in first-degree price discrimination. McAfee and Wiseman
(2003) have recently revived interest in this literature by showing that results change drastically once we allow for costs
of adjusting capacity.

3 More recently, Fuchs and Skrzypacz (2006) also consider the case with the possible arrival of new traders. In their
setting, however, once new trading partners arrive, the respective “short side” switches to running an (English) auction.
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The rest of this paper is organized as follows. Section 3 introduces the model. Section 4
analyzes first an example with a linear distribution of buyers’ valuations, before proving our
general results. Section 4 concludes with a discussion of the main assumptions and of how our
results relate to the existing literature.

2. The model

We consider a monopolistic seller with a single indivisible good who faces a random inflow
of potential buyers. Each buyer represents an independent draw from an interval of possible
types, indexed by ¢ € Q = [0, 1]. Buyer types are uniformly distributed over Q. The buyer’s
type is privately known to him. It determines his valuation of the seller’s good according to the
nonincreasing and Lipschitz continuous function f(g) satisfying f(q) > 0 for all ¢ < 1. Hence,
there exists a finite H > 0 such that for all ¢, ¢’ € Q with ¢’ > ¢ it holds that

f@)— f(qg)<H(G —q). (1)

To see the role of assumption (1), we must note first that Gul et al. (1986) were able to
prove the Coase conjecture for the case where Lipschitz continuity is satisfied at the lowest type
g = 1.* The Coase conjecture says that if the seller can make two consecutive offers arbitrarily
fast, which deprives him of any commitment power, then he will end up selling almost imme-
diately at a price that is arbitrarily close to the minimum of his own reservation value and the
lowest possible valuation of the buyer. Note now that the presence of other buyers will make the
seller’s reservation value endogenous in our model. Clearly, he will optimally never sell to types
whose valuation is below this threshold. Assuming that (1) holds for all g € Q allows us in what
follows to apply the arguments of the Coase conjecture uniformly, i.e., independently of where
this threshold lies.

Note also that by (1) the distribution of valuations has a convex support.’ This will be crucial
as we show below that the Coase conjecture does not hold if there exists a sufficiently large “gap”
in the support.

We next normalize the distribution of valuations by setting f(0) = 1. As we restrict considera-
tion to stationary strategies for buyers, it is not important whether we have f(1) > 0 or f(1) =0.
Furthermore, we denote f = f(1).

Time runs discretely with periods n =0, 1, ... of equal length z > 0. All players use the same
discount factor § := e™"¢ with r > 0. Each period a new buyer arrives with probability p > 0. If
the seller is still haggling with an old buyer, he must decide with whom he wishes to continue
negotiations. The chosen buyer stays with the seller, while the other buyer leaves immediately
and cannot be re-approached later. The seller can now state a price. If the offer is accepted,
the good is sold and immediately consumed. Otherwise, the stage game is repeated in the next
period.

The major restriction of our setting is that the seller can communicate with only one buyer
at a time. In particular, he may not set up a sales mechanism with more than one buyer, e.g., an
auction.®

4 This assumption has been relaxed in Ausubel and Deneckere (1989).

5 Given f(g), abuyer’s valuation v has the cdf G(v) =1 — y, where y =max{q : f(g) > v}.

6 This assumption is also made in most matching and search models. See also Wang (1995) for a related model. For
an analysis of optimal mechanisms with sequentially arriving buyers see Riley and Zeckhauser (1983), McAfee and
McMillan (1988), and Ehrman and Peters (1994).



R. Inderst / Review of Economic Dynamics 11 (2008) 220-236 223

We are now more specific about the probability p with which a new buyer arrives in a given
period. Assuming that this probability is constant over real time, we specify p = 1 — e™*% with
w > 0. Hence, the arrival of new buyers is governed by a Poisson process with arrival rate .’
To simplify the exposition of results, we further assume that a buyer arrives with probability one
in the very first period n = 0.

We next invoke several equilibrium requirements. As they are straightforward and follow sim-
ilar conditions in the literature, we omit a formal specification.® All buyers must apply the same
strategy, which only depends on their own history. Moreover, we invoke a standard stationary
requirement on buyers’ strategies. Following Ausubel and Deneckere (1989), we require that a
buyer’s strategy is described by a reservation price function P(q) such that a type g accepts a
price p if and only if p < P(q). Finally, strategies must be sequentially optimal and the seller
uses Bayes’ rule. For brevity we simply refer to an equilibrium satisfying these requirements as
stationary.

3. Analysis
3.1. Preliminary results

It follows from standard arguments that the buyers’ reservation price function P(g) is non-
increasing, implying that the seller’s consistent beliefs are fully described by some truncation
type ¢.” That is, at any given time the seller rationally expects that types in [0, ¢) would already
have accepted a previous offer while types in [g, 1] would have rejected all previous offers.
Moreover, a seller’s continuation payoff is then only a function of this truncation. We denote the
seller’s continuation payoff by R(q), which is evaluated at the time the seller can make a new
offer. R(q) is then defined by the dynamic programming equation

R(q) = max

Y€lg,1]

1
-, [POYY =)+ (1 =81 = p)R(Y)

+ (1 = y)sp max{R(0), R(y}]. 2)

In (2) the seller essentially chooses the next truncation type y € [¢g, 1]. Consequently, (y —¢q)/
(1 —g) is the probability with which there is an agreement in the current period. If this is the case,
then the good will be sold at the price of P(g), i.e., at the reservation value of the next truncation
type g. With the residual probability (1 — y)/(1 — ¢q) the buyer will reject the offer such that
the game proceeds into the next round. In the latter case, payoffs are discounted by §, and a new
buyer arrives with probability p. If a new buyer arrives, the seller’s continuation value equals
max{R(0), R(y)}. Note here again that R(0) represents the continuation value when starting with
a fresh buyer, for which the truncation type is still at g = 0, i.e., where the seller still only knows
that g € Q. We show below that in equilibrium the seller will always switch as R(y) < R(0).

To abbreviate the exposition, we define for a given pair (§, p) the parameter

3p

0= ——"—_.
1=4(1—p)

3)

7 This specification of p assumes that in case more than one buyer arrives in the time window z only one can team up
with the seller.

8 See, for instance, the formal description in Ausubel and Deneckere (1989).

9 1f f is not everywhere strictly decreasing, we can always adequately perturb types.
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For an interpretation of «, note that if the seller waited for the arrival of the next buyer and
was sure to obtain the price p from him, his expected payoff would equal ap. We thus refer to
aR(0) as the seller’s opportunity cost. By optimality, the seller will never offer a price below
o R(0). Note also that « is strictly increasing in both § and p.

In the standard bilateral monopoly case it follows from stationarity and optimality that trade
takes place with positive probability in each period until the good is sold. This result carries
over to our model if there is no gap in the support of valuations. As the seller thus becomes
increasingly pessimistic about the old buyer, it is intuitive that he will always switch to a newly
arriving buyer.

Lemma 1. Any stationary equilibrium exhibits the following characteristics:

(1) The buyer’s reservation price satisfies P(g) > min{ f(g),«R(0)} for g € Q.
(i) The seller’s continuation payoff R(q) is nonincreasing, while R(0) > R(q) holds strictly
forall g > 0.
(iii) The seller always switches buyers.

Proof. For assertion (i) note first that it is optimal for the seller not to offer the good below
his opportunity costs o R(0). Consequently, it is also not optimal for a buyer to hold out for a
lower price than « R(0). Consider next assertion (ii). The monotonicity of R(g) follows from
the monotonicity of the reservation price strategy P(q). That R(0) > 0 can next be seen from a
contradiction. If R(0) = 0, then the seller could profitably deviate by offering a sufficiently low
but strictly positive price ¢ > 0, which given that no offer p < o R(0) can be rationally expected
in the future would be surely accepted by all types with valuation f(g) — & > 6f(q), which for
given § and sufficiently low ¢ has positive measure.

We prove next that R(0) > R(q) holds strictly for all ¢ > 0. We argue to a contradiction and
suppose that there exists some g > 0 with R(g) = R(0). If beliefs are truncated at g, the optimal
value y must by (2) satisfy

_ 1 _
R(q) = E[P(y)(y — @)+ (1= = p)R(Y) + (1 = y)8pRO)], “4)
where we used that R(0) > R(y). Consider next the seller’s program with ¢ = 0. By stationarity,
R(0) must satisfy

RO) = P(y)y + 1 —=y)3(1 = p)R(y) + (1 — y)3pR(0). 5)
Using R(g) = R(0), we obtain from (4) and (5) the requirement
P(y) <8[(1 = p)R(y) + pR(O)]. (6)

As 5R(0) < R(0) and R(y) < R(0), which holds by construction of g, we obtain from (6) that
P(y) < R(0). Using finally P(y) < R(0) together with R(y) < R(0) and R(0) = R(g), it follows
that the right side of (4) must be strictly smaller than the left side, which yields a contradiction.

Finally, assertion (ii) implies assertion (iii) by optimality for the seller. O

By assertion (iii) of Lemma 1, we can now rewrite the seller’s dynamic programming equa-
tion (2) as

R(g) = max
1 yelg.11 1 —¢q

where we have simply substituted R(0) = max{R(0), R(y)}.

[POD)(y—q)+ U —y)8(1 — p)R(y) + (1 — y)SpR(0)], (7)
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3.2. Linear example

It is instructive to discuss first an example, for which we set f(q) = 1 — g. Before solving the
model, we consider the following auxiliary game. Suppose that each period the game ends with
probability p, in which case the seller realizes some exogenously specified utility W € [0, 1]. We
will specify a solution to the seller’s respective dynamic programming equation, which we denote
by y*(g). The respective prices are denoted by p*(g) = P(y*(g)). (Recall that P(-) represents
the buyer’s reservation price strategy.) Define next the parameters

A= ]_5(]_10)’ (8)
VT8 =p) — (181 —p))
5(1—p) ’

where 0 < y < A < 1. These two parameters will be used to characterize the seller’s equilibrium
strategy as well as the buyer’s reservation price depending on his type. We comment in this in
more detail as we go along. We specify now first that the buyer’s reservation price is given by

_JaW+A(l—g—aW) qe€[0,1—-aW),
P(‘I)_{l—q gell—aWw,1l. ©)

That is, all types with valuation below the seller’s opportunity costs « W have a reservation
price P(g) that is equal to their own valuation 1 — g. For types with valuation f(g) > aW,
i.e., types with g € [0, 1 — a W), their reservation value is from A < 1 strictly lower than their
valuation. Moreover, with the specified strategy this “shading” of the reservation value compared
to the true valuation is a linear function of their valuation and thus their type. The extent to which
such “shading” occurs depends, in turn on the parameter A. By its definition from (8) A is, in
particular, strictly lower as the buyer becomes more patient. (Admittedly, however, as § changes
due to, say, a change in the primitives z or r, then also the other parameters in P(g) such as «
change as well.)

For the seller we next specify the strategy

Vg =] Fata —aW)2L g el0,1—aW),
q f] € [1 - aWs 1]9
which is shown in Appendix A to solve the program (7). Recall here that the truncation type
function y*(g) describes how the seller works his way through the set of possible types, starting
from ¢ = 0. This implies a sequence of price offers

P=qw gell —aWw, 1],
where the initial offer is given by p*(0) = aW + y (1 — aW).10

As we further show in Appendix A, with these specifications the seller’s expected payoff
equals

RO)=aW +y(1—=8(1—p)7)(1 —aW)? (10)

1—yp2’

10 ¢ may be helpful to compare the linear strategies to those obtained for a bilateral monopoly (see Stokey, 1981 or
the discussion in Fudenberg and Tirole, 1992). In the bilateral monopoly case we have P(q) = (1 — g)+/1 —§ and
(@) =1 —q)[v/1—38—(1—28)1/8. These strategies are obtained by setting p = 0, which also implies & = 0 and thus
aW =0.
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where we substituted ¥ = y /A. Note here that the restriction to W € [0, 1] implies 0 < aW < 1.
Clearly, R(0) lies strictly above the opportunity cost o W. It is immediate to show that the
difference between R(0) and the opportunity cost converges to zero as the time between two
consecutive offers vanishes, which is a result that we will use more generally below. Instead,
we proceed immediately to solving our full model. For this recall that in the auxiliary game W
denoted the (exogenous) payoff that the seller realized at the arrival of a new buyer. For our full
model, we now have to substitute W = R(0) into (10) and rearrange the equation to obtain

d-4é0-py)

= (1—aR(0)). (1)

RO)(1 —a)=y

This generates a fixed point equation for R(0). The quadratic equation (11) has a unique
positive solution that satisfies R(0) < 1. Substituting this solution into the equations used to
derive p*(g) and y*(q) completes the characterization of a stationary equilibrium.

Note that this characterizes an equilibrium for any given value of z. Denote now the respective
value of R(0) that corresponds to some value z > 0 by R;(0). By changing z we thus obtain a
sequence of equilibria with corresponding values R, (0). Along this sequence of equilibria it now
holds that R,(0) — 0 as z — 0. This is easily seen from (11) by noting that o« — p/(r + n),
y = 0,and (1 —8(1 —p)y)/(1 — %) — 1/2.

3.3. Main result
For general valuation functions f(q) we obtain the following result.

Proposition 1. Under assumption (1) on the valuation function f(q), the Coase conjecture ex-
tends to the case where the seller faces an infinite sequence of potential new buyers. Formally, for
any € > 0 there exists a value 7 > 0 such that the highest price the seller offers in any stationary
equilibrium is bounded from above by f + ¢ if the time between two consecutive periods is not
larger than 7. o

Proof. See Appendix B. O

The proof of Proposition 1 proceeds as in the linear example. That is, we first consider the
auxiliary game with some exogenously specified payoff W, which the seller obtains if the next
buyer arrives. We show that the seller’s payoff converges to his opportunity cost, which in the
auxiliary game is exogenous. In the second step, we then replace the exogenous payoff W with
the endogenous payoff that the seller receives when a new buyer arrives, R(0). Before comment-
ing in more detail on how these two steps proceed more formally, we offer some more intuition
for Proposition 1.

What is crucial for Proposition 1 to hold is that as the time between two consecutive offers
shrinks, this also reduces the probability with which a buyer arrives in a given period. What is
kept constant is the probability with which a buyer arrives over a given interval in real time.
Putting it differently, while the attractiveness of the option to wait for another buyer remains un-
affected, as z becomes smaller the seller’s commitment power vis-a-vis any given buyer shrinks.
As z — 0 the seller will end up offering a price close to his opportunity cost already in the first
period. As his opportunity cost reflects the value from any future negotiation, a lower initial price
in any future negotiation reduces also the value of his opportunity cost, feeding in turn back into
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yet a lower offer in the first period and so forth. In total, as z — 0 the value from waiting for
another buyer and thus also the seller’s initial offer converge to f.

We now comment in more detail on the formal steps in the proof of Proposition 1. There, we
take first the auxiliary game. Using the insights from the Coase conjecture, as the time between
offers z shrinks, the initial expected revenue for the seller will be close to the seller’s opportunity
cost. In the auxiliary game, this is equal to a W. (Of course, if f exceeds o W, then there will
be convergence to f instead.) Putting it more formally, we thus show that for any & > 0 we
can choose the period length z sufficiently small such that the seller’s payoff R(0) must not
exceed max{aW, f} by more than £.!! In the second step, where we endogenize W by setting
W = R(0), we then use that « is bounded below one as z shrinks. More precisely, we have that
o convergestoax =u/(r+pn) <lasz— 0.

What complicates the formal analysis is that in the full game the seller’s opportunity cost
o R(0) depends also on z. This does not allow to write Proposition 1 simply as a corollary to
existing results in the literature.!?

4. Concluding discussion
4.1. The role of a convex support of buyers’ valuations

To derive Proposition 1 the assumption of a convex support of buyers’ valuations is crucial.
Without an “interior gap” in the support the seller continues to lower his price until a new seller
arrives. In this section, we bring out more formally the crucial role of this assumption by allowing
for a “sufficiently large” interior gap. We show that even when restricting attention to stationary
strategies there exist multiple equilibria that support different limits for the seller’s payoff as
z—0.

As a first step in the analysis, suppose that f(¢) has a discontinuity at 0 < ¢© < 1 and that the
seller could commit to only sell to types ¢ € [0, ¢%1. Denote the right-side limit of f(q) at g€ by
f(q%) =sup{f(q) | g > q°}. By our previous arguments, the seller’s initial offer now converges
to f(q°) as z — 0. From this we then obtain that the seller’s expected payoff converges to

G
Gy M4
—_—. 12
Ha®) ey (12)
To see that (12) must hold, take first again the auxiliary game, where the seller realizes W if
a new buyer with type ¢ < g arrives. His expected payoff from waiting for a buyer with type
g < ¢ is then

3p
w.
1=d[p(1—=q)+1—p]
(Note here that for ¢ = 1 this becomes just @ W.) Substituting then W = f(¢) and taking

the limit z — O yields (12). Observe next that, as is intuitive, (12) is strictly higher the higher
the valuation of the threshold type ¢, the more likely it is that a new buyer arrives in a given

11 What is important for the formal argument is that as f (q) satisfies the continuity property (1), we can derive a uniform
threshold on z for any given ¢ > 0.

12 o cope with this complication, the proof relies on a combination of arguments in Ausubel and Deneckere (1989)
with those used somewhat informally in Fudenberg and Tirole (1992).
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interval of time (as captured by a higher arrival rate ©), and the more patient the seller is (as
captured by a lower r).

Suppose now the seller has already offered a price (close to) f(¢%) and that this offer has
been rejected by the old buyer as his type is ¢ > ¢©. If the seller could loosen his commitment
for just a moment and offer a lower price, would this be optimal? Clearly, as the buyer cannot
expect a lower price in the future, type g would accept if p < f(g). Hence, to ensure that for
z — 0 it is strictly optimal for the seller not to offer a lower price, f (%) must be below his
opportunity cost as derived in (12). That is, it must hold that

G
20 G G nq
f(@%)<flq h@a;;

This condition can be rewritten as
£a%) = F(a%) > £(a%)—¢

implying that the gap at ¢© must be sufficiently large. As is intuitive, the condition (13) is less
likely to hold for high r and low w as this makes it more costly to wait for a new buyer.

If (13) holds for some ¢, there exists a sequence of stationary equilibria where for all suf-
ficiently low z the seller never drops his price below f(¢%). The intuition is simple. If a buyer
expects the seller to never price below f(¢), he will not hold out for lower prices. In turn, if
the seller expects future buyers to behave in this way as well, then it is indeed optimal for him to
follow this strategy. This argument, however, also makes clear that in this case there exist multi-
ple equilibria or, more precisely, different sequences of equilibria where for z — 0 initial prices
either converge to f(¢%) or to f. The latter sequence of equilibria is supported by a different set

—, 13
1q% +r 4

of rational expectations, namely that the seller will lower his price below f(¢%). Again, if the
seller will follow this strategy when meeting a new buyer, then this lowers his opportunity cost in
the current negotiation and, therefore, does not make it credible that he will sustain a high price.
Consequently, for the current trading partner it is now optimal to hold out for a low price.

More formally, we have the following result.

Proposition 2. Suppose that (13) holds for some 0 < g¢ < 1. Then there exists a sequence of
stationary equilibria where the seller’s payoff converges to'>

Gy,G_HTtr
f(q )q /M[G +r
as 7 — 0. There also exists a sequence of stationary equilibria satisfying the characterization of
Proposition 1.

(14)

Proof. See Appendix C. O
4.2. Comparison with the related literature

In this section we explore several modifications of our game in order to highlight the driving
forces behind Proposition 1 and discuss the relation to the extant literature, in particular Fuden-

13 Note that (14) is easily obtained from (12) as follows. As the game starts with a new buyer, the seller realizes for
z — 0 with probability qG the price f (qG) (almost) immediately. With the residual probability 1 — qG the seller’s

G
continuation value for z — 0 equals (12). Transforming qu(qG) +(1— qG)f(qG) M’;g - yields (14).
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berg et al. (1987), Samuelson (1992), and De Fraja and Muthoo (2000). In Fudenberg et al. (1987)
a seller also has to leave his current trading partner in order to locate a new buyer. Switching is
costly as the seller has to wait d > 0 additional periods before he can start negotiations with a
new buyer. Importantly and in contrast to our main result, in their setting the frictions from search
vanish as the real time to wait for another buyer, dz, converges to zero for z — 0.!* The key re-
sult in Fudenberg et al. (1987) is that such a setting generates multiple equilibria. As they argue,
given that the profitability of “going outside” the current negotiations depends on how tough a
seller’s future trading partners are, i.e., of how much they will try to hold out for lower prices,
there exists an “externality between buyers”. In other words, as we also argued for the case with a
gap, multiple equilibria can be sustained by different expectations on the seller’s and all buyers’
strategies, where a tough strategy by buyers is supported by a weak strategy for the seller and
vice versa. In our setting where the (time) costs of waiting for another buyer do not decrease as
z becomes smaller and as, consequently, the seller’s commitment power decreases, we showed
that without a gap any sequence of equilibria must satisfy, however, the Coase conjecture.

In light of the results of Fudenberg et al. (1987), where the seller must leave the current buyer
in order to locate a new trading partner, it seems interesting to ask whether such a modification
would also change our key results. More precisely, suppose now for a moment that the seller
must actively look for a new buyer, in which case he cannot continue haggling with the old
buyer. However, we assume still that search will produce a new buyer according to the Poisson
process with arrival rate n. Hence, the average real time spent on searching for a new buyer is
unaffected by z.

Denote now g = min{q | f(g) < aR(0)}. To keep the discussion short, suppose also that f <
«R(0), e.g., as f =0. In our previous analysis we showed that § converges to 1 as time passes
without a new buyer arriving. Clearly, if the seller must leave the old buyer to start searching for
anew buyer, he will optimally not wait infinitely long. Despite this difference, we argue next that
Proposition 1 should still hold. As z — 0, it becomes almost costless for the seller to stay with
the current buyer just one more period in order to make yet another offer. By the arguments of
the Coase conjecture, as z — 0 the seller should thus trade almost instantaneously with almost
all types ¢ < ¢ at a price only marginally above his opportunity costs « R(0). But once this is
established, we can rely on the arguments of Section 3, given that & remains bounded away from
one.

In Samuelson (1992), a seller also has to leave the current buyer in order to find a new trading
partner. Embedding bilateral negotiations in a matching model, Samuelson (1992) focuses on
stationary strategies and allows for two possible types of buyers. Mirroring our “gap” result in
Section 4.1, he finds that an equilibrium where the seller never switches always exists, while if
the difference between types is sufficiently large there also exists an equilibrium in which the
seller only trades with the high-type buyer. Our results suggest, however, that this multiplicity
should vanish once we allow for the buyer’s valuation to have full support (over some interval of
valuations).

Finally, the model in De Fraja and Muthoo (2000) covers, as they put it, an intermediate posi-
tion between the more standard one-buyer models on the one hand and the model of Fudenberg et
al. (1987), as well as ours, with an infinite set of buyers on the other hand. In their model, a seller
can shuttle back and forth, albeit at strictly positive switching costs, between two different buy-

14 Based on our previous discussion we would conjecture that for z — 0 the seller’s expected payoff converges to
f(0) = 1. Proving this is, however, beyond the limited scope of this short paper.
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ers. Each buyer’s valuation can be either low or high. They show that the Coase conjecture still
holds if the costs of switching are kept fixed while the seller’s commitment power erodes. This
result is thus analogous to ours, though with one subtle difference. If the lowest valuation is zero,
i.e., if f =0, then as the supplier’s opportunity cost also goes to zero so does his effective cost
from waiting for another buyer, given that in our model these costs are incurred from discounting.
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Appendix A. Linear example

Here and in what follows, we use
£=68(1—p).

We discuss now first the auxiliary model. Optimality for buyers requires that 1 —y — P(y) =
£[1 —y — p*(y)], which transforms to

l—y—aW—)»(l—y—aW)zﬁ[l—y—aW—y(l—y—oeW)].

This holds as 1 — A = £(1 — y). For truncations ¢ < 1 — «W we obtain from the envelope
theorem dR(q)/dg = [—p*(q) + R(g)]/(1 — q) such that the first-order condition for y*(g) is
P(y)(1—¢) 4+ (y —g)dP(y)/dy — §pW =0, where we used p*(q) = P(y*(q)). Substituting
the (candidate) equilibrium strategies, we have p*(q)(1 — €) — A(y*(q) — q) — 8pW = 0, which
transforms to

[«W + (1 —g —aW)](1—0) _x(%} +a —aW)“TV —q) spW =0,

This holds as £y + A — 2y = 0. For brevity we now ignore the second-order condition, which is
easily checked.

To calculate the seller’s expected payoff R(0), we denote prices and truncations along the
equilibrium path of the auxiliary game by the sequences {p,} and {g,} such that g0 =0, g, =
y*(gn-1), and p, = P(qyn). Then

oo
RO)=Y """ [(gn = gn-1)pn—1 + (1 — g)8pW]
n=1
oo o0
=aW+ ) 0 qu(pat = Lp) = 80W )" g, (15)

n=1 n=1

which is obtained by collecting terms for each g, and substituting W = §pW Y 2, ¢! and
qo = 0. Substitute next p, =aW + y (1 — g, —aW). This yields

po—tpr=aWl =6 +y(l —aW —qo) —ty(l —aW —q1).
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Proceeding in this way for higher n, (15) transforms to

o0
RO)=aW +> gi[y(Il—aW —g,_1) —ty(1 —aW —g,)]. (16)
n=1
Recall next that
Y A-vy
Gn = 31+ (1 —aW)=—= 1n
holds by optimality. By this we have | —aW —¢q, =y (1 —aW —g,_1), where weuse y =y /X.
Moreover, the recursive definition of g, in (17) can be solved to obtain g, = y¢,—1 + (1 —
aW)(A — y)/A, which finally gives ¢, = (1 — aW)(1 — y") and thus ¢, (1 —aW —g,—1) =
(1 —aW)21 — )7”))7"_1. Substituting these expressions into (16), we obtain finally

RO)=aW +y(1— 7)1 —aW)?> 7" (1-7")

n=1

=aW +y(1 —£p)(1 —aW)?

1—yp2
Appendix B. Proof of Proposition 1

Consider the following auxiliary game. Each period the game ends with probability p, in
which case the seller receives the exogenously specified payoff W < [0, 1]. For a given equilib-
rium and a given W, we denote the reservation price strategy and the value function by P (g, W)
and R(q, W), respectively. In what follows, we neglect W in the argument of P and R whenever
this does not give rise to confusion. Rewriting (7), we obtain

R(g)= max [P —q)+ (1 —»)30 —p)R(y) + (1 — »)spW]. (18)

11—¢q

Let T(q) denote the argmax correspondence for (18) with #(g) = inf{7T(¢)} and S(q) =
P(t(q)). Without loss of generality assume that P is left-continuous. From the arguments
of Ausubel and Deneckere (1989) we know that the seller may randomize only in the first
period and offers thereafter prices S(g). Optimality for buyers then implies f(g) — P(q) =
8(1 — p)[f(g) — S(g)]. Define next the “unconditional value function” RU(q) =1 —-¢g)R(g)
and for all values x € [0, 1] the function qD (x) = max{q: f(q) = x}. The following lemma
extends a result from Ausubel and Deneckere (1989) to the auxiliary game.

Lemma B.1. For g < gP(aW) it holds that RY (q) is decreasing and Lipschitz continuous,
satisfying 0 < RV (q") — RV (¢") < q" — ¢ forall ¢’ <q" < qP(@W).

Proof. The strict monotonicity follows from the monotonicity of R(-) (Lemma 1). Define next
yo =t(q’), y1 = t(¢t(q")) and continue up to some value y; such that y; > ¢” and y;—| < q”.
Note for this that for all ¢ < g” (W), i.e., for all ¢ with f(q) > aW, we use that 1(g) > g. This
in turn follows as, by an argument analogous to that in Lemma 1, we have for all these types that
R(q) > aW.

Observe next that

n n
RY(q")=po(o—q)+ Y " pu(yn — yu-1) + ' RY (i) + Y 8p W (1 — yn).

n=1 n=0
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where the sequence of p, represents the respective prices. Optimality for the seller with beliefs
truncated at ¢” implies

RY(q") = " pilya —q") + € RY () + SpWE (1 — yz)
-1
+pW(—q"))y e (19)
n=1
Note that we use for this inequality that the seller could set a price of 1, which clearly no

buyer would accept, for n periods and then continue with a price of p;;. From (19) it then follows
that

RY(¢") - RY(¢")

n—1 n
< P00 —a) + Y Pan — Yo" + pi(q” — i) +8pW Y (g" — y)L".
n=1 n=0

Substituting 1 > p, > aW and o = 8p/(1 — £), this term bounded from above by ¢” — ¢’, which
proves the claim. 0O

We prove now a uniform version of the Coase conjecture for the auxiliary game. We turn to
the question of existence of a stationary equilibrium below.

Proposition B.1. Consider the auxiliary game. Then for any ¢ > 0 there exists 7 > 0 such that
forall z <z, all W € [0, 1], and any stationary equilibrium supported by a pair (P, R) it holds
that R(0) < max{aW, f}+ ¢ and S(0) < max{aW, f} +e.

Proof. Note first that it is sufficient to prove the final assertion, namely that S(0) <
max{a W, f}+ ¢. (The boundary on the expected payoff follows immediately as the price sched-
ule is nonincreasing in any equilibrium.) We argue to a contradiction and suppose that there
exists a value & > 0, sequences {zx}p2,; with z¥ — 0 and {Wi)p, with Wi € [0, 1], and a se-
quence of stationary equilibria described by {(Ry, Pk)},‘:il (respectively, {(RU, Pk)},‘:i 1) such
that Sy (0) > max{a; Wy, f}+¢.

Recall now the definition that oy = 8 px /(1 — 8k (1 — pg)), where §y =e™"% and py =1 —
e "% and denote c; = max{oy Wy, f}. (Recall that if ¢y = og Wy, then this represents the seller’s
opportunity costs from selling to the given buyer instead of waiting until W is realized in the
auxiliary game.) Without loss of generality we suppose that {W};2, converges to some value
W, implying that {cx}72, converges to some value c, {ng Joe, converges uniformly to some
continuous function RY , and { P}, converges pointwise for all rationals to some nonincreasing
and left continuous P. This can be assured by taking successive subsequences, while using from
Lemma B.1 that {R,EJ Jr= is an equicontinuous family and applying a diagonal argument for
{Pr}32,. Define next a sequence {g}2, with ¢ = ¢”(cx) and a value ¢? = ¢? (c).

Recall that any stationary equilibrium has sales with positive probability in each period as
long as the truncation type g has a valuation above o Wi. Hence, Sk (0) > ¢ + ¢ implies P (0) >
¢k + € such that g = 0 will indeed accept in the first period. Denote next

y=inf{r: P(r) <c+e/3} (20)

and observe that 0 < ¥ < ¢ < 1. (Formally, this follows from Lipschitz continuity of the val-
uation function and monotonicity of P;.) We show that for all sufficiently high k£ and thus
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sufficiently short period lengths the seller has an incentive to deviate from the supposed equi-
librium path by speeding up the sale.

We first suppose that RV (7) > (1 — y)c. In this case, the argument is completely analogous to
that in Ausubel and Deneckere (1989) and thus omitted. (Intuitively, RY (7) > (1 — ¥)c implies
that the seller’s expected payoff from y onwards will remain bounded away from this opportunity
cost even as z vanishes, which makes it strictly profitable to speed up the sale.)

In the second case, we assume that RV (y) = (1 — y)c. Here, we proceed as follows. We use
RU@) = (1 — y)c to show first that over two consecutive periods the seller would strictly prefer
to sell faster if the probability of trade was sufficiently small in the first period of these two
periods. We then use convergence to RY () = (1 — y)c to show that the probability of trade
must indeed be so small for high k as, otherwise, the seller would realize a strictly higher payoff.

Formally, for the second case we construct a sequence of rationals {yx}7>, converging to y
and find for any &1 > 0 an integer k(g1) such that for all k > k(g;) it holds that Py () < cx + %
and R,ij (k) < (1 — yr)ck + 1. This follows from the construction of y, the convergence of Py
on all rationals, the uniform convergence of RY, the convergence of cy, the equicontinuity of all
R,E’, and the assumption of Case 2 that R¥(y) = (1 — y)c.

Now suppose the seller deviates and offers a first-period price of cx + €/2. As by assumption
Sk(0) = cx + ¢, implying Py (0) > ¢ + €/2, optimality for a buyer of type g = 0 requires that the
price does not drop below ci + /4 before some real time ¢, where ¢ must satisfy

1—ck—§>e_’(r+“)<l—ck—§>.

We argue now to a contradiction by proving that the seller strictly prefers to sell faster. The
proof follows an argument in Fudenberg and Tirole (1992).

Choose my as the smallest integer satisfying my > t/zx. For simplicity we assume equality.
We denote the respective offers by p,, x and the set of buyer types accepting in n by [g,. k, gn+1.k]-
Note that by construction it holds that py = ¢ + /2. Choose zj sufficiently low to ensure 7 > zj.
Simple calculations show that there must exist two consecutive periods nx + 1 and ny + 2 with
0 < nx < my — 2 such that

Max{qgni+1.k = Gngk> dng+2.k — G+ 1.k} < 2£—ka(qu,k —q1.k)- 21

R,? (qn, k) can now be explicitly written as

Pe(gn+1,,000qn+1.6 — g 1+ LilGng+2.k — Gni+1.6 1 Pic(Gng+2,%)
+ 11 = g2,k Rk @2, + Wieiepre[ (1 = Gt 1.0) + € (1 = 2.0 (22)

Suppose the seller would offer p,, 41 already at ny, which yields from stationarity the (uncondi-
tional) payoff

Pe(qni+2.00)qn 42,6 — Gy k] + Lkl — G126 1Rk (Gni+2,6) + Wik ok [1 — grg12,6]. (23)

By optimality it must hold that (22) > (23), which by Pi(gu+1,4) = f(gne+1,6)(1 — £p) +
Lk Pr(qny+2.1) and after dividing by 1 — £, transforms to the requirement15

F @1, ng 1,k — Gng.k] — Pe (@200 @ng+2.k — Qi k] + il@ng+2.6 — Gng+1,k]
> (1 = G420 [ Rk (Gng42.6) — ¢k

15 We use here that in an equilibrium the seller will not randomize in the continuation game.
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For this inequality to be satisfied, it must finally hold by Pi(gn,+2.k) = ck and by f(qn,+1,k) —
Pr(qni+2.k) < 1 that

Gt 1k — gk = (1 = Gue 2,0 [ Ri(Guys2.0) — - (24)

‘We now contradict (24) for high k. For this we derive first a lower boundary for Ry (gn,+2.k),
where we can use from Lemma 1 that Ri(gn,+2.4) 2 Ri(qm; k) due t0 gp12k < Gy k- SUp-
pose now that in period my the seller chooses to sell to types (g, k. gk] by offering some price
D < Dmy—1,ks Where pp, 1k = ¢ + &/4. To determine for given g, a lower boundary for the
respective price p = p(gx), note first that the seller will never charge a price below c;. We thus
have from optimality for the buyer that

pg) — k= (1= )] f (qr) — e (25)

Note next that with f(g;,,) > cx + &/4 and with f(gu, +A) > cx +e/4— HA forall A >0
due to (1), we have for A =¢/(8H) that f (g, + A) = cx + &/8. Using first that
k _qu,k

q
Ri(gni+2,6) = R(gmy k) = ¢k +

1— qu’k [p(qk) - ck]’

we can next set gy — ¢,k = A and use also (25) to transform this further into

A
Ri(Gny12.4) = ck + ——— (1= L[ f (qr) — ],

1_ka,k
St — E gt
e+ ————0—4)-.
T g 8H 8

With this inequality at hands, (24) holds only if

1—
D2k (| gy &

_ >0
qni+1.k — qny k k 1= Ak SH 8

By 1 — gu+2.k 2 1 — qm, k and after substitution of (21) this yields then the requirement

Zk 1 g ¢
— >lp——. 26
PR (G k 611,k)1 A k (26)

2

Summing up, we have shown so far that to contradict (24) for high & it is sufficient to contra-
dict (26). We do so by providing an upper boundary for the interval g, x — q1 -

By construction of the sequence {yk}]fio we have R,’{J k) < (A = ye)er + €1 and Pr(yr) <
cx + /2 for all k > k(e1). Using the monotonicity of the value function from Lemma 1 and
Yk < q1.x from po x = cx + €/2, it holds that

Ri(q1,1) < R(yx) <

—[(1 = F)cx + &1,
1=y
and thus that

1 —q1k
1=

R (q1.6) < (1 —qip)ck +e1

This in turn implies

RY (q10) < (1 —q)ek + €1 (27)
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due to 1 — g1 x < 1 — y. But by construction, i.e., as prices along the considered sequence were
not below ¢y + ¢/4, we also have that

£
RY (q1.6) = (1 — qri) + €3 7 @mik = q10)- (28)

Together with ZZ”‘ > ¢t the two conditions (27) and (28) can only be jointly satisfied if it
holds that

_ €
k(1 —q1p) +e l(rﬂ)z(qu,k —q10) < =g+ e
and if thus
< 481
9mpk — 91k S m- (29)

Hence, while the right side of (26) is bounded away from zero, we must have from (29)
that the left side converges to zero for k — oo, which leads to a contradiction. More precisely,
substitution yields

1 4e 2k S e-artm) &8
t—zp et | — e=alr+w) = 8H 8’
where z /(1 —e™% (+1)) converges to 1/(r + i). We can then choose ¢; sufficiently low and
k > k(Sl).
This completes the proof of Proposition B.1. O

2

Before applying Proposition B.1, we turn to existence. Once more we can extend arguments
from Ausubel and Deneckere (1989) to ensure existence of a stationary equilibrium. The proof
is again omitted.

Proposition B.2. Consider the auxiliary game. Then for any 7 and W' < W" there exist station-
ary equilibria, supported by (P(-, W), R(-, W")) and (P(-, W"), R(-, W")) respectively, such
that R(0, W) > R(0, W’).

Observe next that for any z > 0 and any equilibrium it holds at W = 0 that R(0, 0) > 0, while
we obtain for W =1 that R(0, 1) < 1.

We now return to the original game where W is no longer exogenous. Substitute W = R(0).
Given the results for the auxiliary game at W = 0 and W = 1 and Proposition B.2, we obtain
by Tarski’s fixed point theorem a value W € (0, 1) satisfying R(0, W) = W. Finally, as Proposi-
tion B.1 holds uniformly for all possible values W € [0, 1] and as any equilibrium payoff of the
original game R(0) is restricted to this set, we have the following implication: For any ¢ > 0
there exists a value Z(&") > 0 such that for all z < Z'(¢’) it holds in any stationary equilibrium
that R(0) < max{«R(0), f} + &'. Proposition 1 follows now immediately after observing that «
converges to @ = fu/(r + ) < 1 as z — 0.

Appendix C. Proof of Proposition 2

The proof proceeds in cgmplete analogy to that of Proposition 1. Denote by A the difference
F@%uqC/lng® +r1— f(g°) and take first the auxiliary game analyzed in Proposition B.1.
Restrict now consideration to values W € [W, 1], where

G
w:[7(q0)+A/z]“qTZr,



236 R. Inderst / Review of Economic Dynamics 11 (2008) 220-236

and define p¢ = pg©. Denote also a% = 8p% /[1 — (1 — p©)] such that the seller’s opportunity
cost equals @ W. Then Proposition B.1 can be applied after exchanging p for p©. For all W >
W and sufficiently small z it then holds that «®W > ?(qc), implying that the seller will not
sell to types ¢ > g©. Moreover, the Coase conjecture applies uniformly for all W € [W, 1] and
the first offer converges for z — 0 to max{a®W, f(g9)). Setting W = R(0) as in Appendix B
concludes the proof.

Turning to the second assertion, we can again apply the proof of Proposition 1, albeit
with some care. To derive a uniform version of the Coase conjecture in Proposition B.1, we
used that condition (1) holds for all values of g. While this is now no longer the case due
to the interior gap, it still holds at ¢ = 1. This implies that the Lipschitz condition (with a
possibly higher value H) holds over a sufficiently small interval [g, 1], where g < 1. To ap-
ply the analysis of Proposition B.1, we next restrict the feasible values for W to some set
W € [0, W] such that ¢®(@W) > g. (Recall that over segments of continuity of f(g) we de-
fined ¢” (x) = max{q: f(g) > x}.) With this restriction on W the result in Proposition B.1 again
applies uniformly. Again, the proof is concluded by using W = R(0).

References

Ausubel, L., Deneckere, R., 1989. Reputation in bargaining and durable goods monopoly. Econometrica 57, 511-531.

Coase, R., 1972. Durability and monopoly. Journal of Law and Economics 15, 143-149.

De Fraja, G., Muthoo, A., 2000. Equilibrium partner switching in a bargaining model with asymmetric information.
International Economic Review 41, 849-869.

Ehrman, C., Peters, M., 1994. Sequential selling mechanisms. Economic Theory 4, 237-253.

Fuchs, W., Skrzypacz, A., 2006. Bargaining with arrival of new traders. Mimeo.

Fudenberg, D., Tirole, J., 1992. Game Theory. MIT Press, Cambridge, MA.

Fudenberg, D., Levine, D., Tirole, J., 1985. Infinite horizon models of bargaining with one-sided incomplete information.
In: Roth, A. (Ed.), Bargaining with Incomplete Information. Cambridge Univ. Press, London, pp. 73-98.

Fudenberg, D., Levine, D., Tirole, J., 1987. Incomplete information bargaining with outside opportunities. Quarterly
Journal of Economics 192, 37-50.

Gul, F.,, Sonnenschein, H., Wilson, R., 1986. Foundations of dynamic monopoly and the Coase conjecture. Journal of
Economic Theory 39, 155-190.

McAfee, P., McMillan, J., 1988. Search mechanisms. Journal of Economic Theory 44, 99-123.

McAfee, R.P.,, Wiseman, T., 2003. Capacity choice counters the Coase conjecture. Mimeo.

Osborne, MLJ., Rubinstein, A., 1990. Bargaining and Markets. Academic Press, San Diego, CA.

Riley, J., Zeckhauser, R., 1983. Optimal selling strategies. When to haggle, when to hold firm. Quarterly Journal of
Economics 98, 267-289.

Samuelson, L., 1992. Disagreement in markets with matching and bargaining. Review of Economic Studies 59, 177-185.

Stokey, N., 1981. Rational expectations and durable goods pricing. Bell Journal of Economics 12, 112-128.

Wang, R., 1995. Bargaining versus posted-price selling. European Economic Review 39, 1747-1764.



