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Abstract

We consider negotiations with an open time horizon where a buyer has private information about
his valuation and does not know whether the seller is committed to the advertised price. This setting
combines two common specifications made in the non-cooperative bargaining literature: one side
is privately informed about its valuation, which is drawn from a continuum, and the other side is
possibly committed to a fixed offer. We analyze the game both in discrete and in continuous time and
show convergence of the two settings, which extends results from Abreu and Gul [2000. Bargaining
and reputation. Econometrica 68, 85-117]. One interesting result is that as time proceeds, the non-
committed seller becomes less likely to concede in a given period, i.e., it appears as if he becomes
more “stubborn.” We further show that a seller may prefer to negotiate with a “worse” buyer as this
enhances the value of his possible commitment.
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1. Introduction

This paper considers bilateral negotiations between a buyer and a seller. The buyer has
private information about his valuation. While the good is advertised at a fixed price, the
buyer is not sure whether the seller is indeed committed to this price. For instance, the
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seller could be the actual owner of the good or, alternatively, he could be an agent of the
owner without the right (or the incentives) to change the price. We analyze this setting by

solving a bargaining game with open time horizon where the seller can repeatedly make a
new offer. We consider the so-called “gap” case, i.e., there is a sure gain from trade between
the buyer and the non-committed sefter.

We first analyze the game in continuous time and show that it has a unique equilibrium.
The equilibrium exhibits delay in reaching an agreement and has the features of a war of
attrition. We find that the non-committed seller concedes with a (weakly) declining hazard
rate. Hence, it appears as if the non-committed seller becomes more “stubborn” over time.

The intuition for the seller's (weakly) declining hazard rate is as follows. Along the
equilibrium path, a buyer type with a higher valuation concedes earlier than a type with
a lower valuation. To keep the non-committed seller indifferent between continuing to
pretend that he is committed and lowering the price, the buyer must concede with constant
hazard rate (or “speed”). But this requires that the seller does not concede with constant
speed. To see this, note that at a given time the marginal buyer type is just indifferent
between accepting the commitment offer now and holding out marginally longer in the
hope that the (non-committed) seller concedes in the meantime. As the loss from delay
increases with the buyer’s valuation, a high-valuation buyer is only indifferent between
conceding now and holding out marginally longer if it is not too unlikely that the seller
concedes in the next instant. In contrast, a buyer with a very low valuation is willing to
hold out marginally longer even if the seller is quite unlikely to concede in the next instant.

We further use the equilibrium characterization to show that—somewhat surprisingly—
the seller may strictly prefer to negotiate with a “worse” buyer, i.e., a buyer whose valuation
exhibits a worse distribution in the sense of First-Order Stochastic Dominance.

In a second step, we analyze the model in discrete time. We prove existence of an
equilibrium and show that it is generically unique. We finally show convergence for the
discrete-time game as the time between offers goes to zero.

Most of our results are extensions of those in Abreu and Gul (2000). There, itis assumed
that both the buyer and the seller are possibly committed to some fixed offer. With some
probability, however, either party is not committed and has a known (reservation) value.
After the first offer (and counter-offer), the number of commitment types shrinks to one.
That is, the respective party is either committed to this offer or it is flexible. By the Coase
Conjecture, revealing to be non-committed is equivalent to conceding immediately if the
game is set in continuous time. In both Abreu and Gul (2000) and our model, it is this
insight that generates a unique equilibrium, which furthermore has the structure of a war
of attrition.

Our assumption that the seller is possibly committed to a fixed offer follows the ap-
proach taken recently in, e.g., Abreu and Gul (2000), Compte and Jehiel (2002), and
Kambe (1999% Abreu and Gul (2000) show that with this specification the set of all
equilibria converges as time between offers vanishes—that is, even with two-sided pri-
vate information and two-sided offers. This is different if players’ have private information

1 Formally, there is a strictly positive “gap” between the lowest possible valuation of the buyer and the known
reservation value of the seller.
2 For an earlier formulation see Myerson (1991).
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about their reservation values but are free to make or accept any dffehis case, if
private information is two-sided, there is a plethora of equilibria with often widely differ-
ent outcomes, even if one restricts attention to the one-sided offer case (e.g., Ausubel and
Deneckere, 1992).

Our setting is restrictive in that we only consider the case with a “gap.” With one-
sided private information, if such a gap between the seller’'s known reservation value and
the buyer’s lowest possible valuation exists, it is well known from the seminal work of
Fudenberg et al. (1985) and Gul et al. (1986) that the Coase Conjecture holds. If there is
no such gap, Ausubel and Deneckere (1989) have shown that even as the time between two
consecutive offers goes to zero one can support equilibria with long expected delay where
the seller’'s expected profit remains bounded away from zero.

The rest of this paper is organized as follows. Section 2 sets up and solves the game
in continuous time. In Section 3 we analyze the game in discrete time and show conver-
gence of the equilibrium outcomes as the time between two consecutive offers goes to zero.
Section 4 concludes. All proofs are relegated to Appendix B.

2. Thegamein continuoustime
2.1. The model

We analyze negotiations between a seller and a buyer. The seller has a single good and
a reservation value of zero. There is an interval of possible types for the buyer, indexed
by ¢ € I =0, 1]. The seller holds the a priori beliefs that the buyer’s type is uniformly
distributed overl. The valuation of each type is specified by a nonincreasing and left-side
continuous functiory : [0, 1] — R4 with f(0) =1 and O< f(1) < 1. Hence, we restrict
consideration to the “gap” case where frgim= f (1) > 0 there is a sure gain from trade.
The buyer’s type is his private information. We assume @) is Lipschitz continuous
atg = 1. Thatis, it holds for aly that f(¢) — f(1) < H(1 — g), whereH > 0. This as-
sumption allows us to apply standard results from the literature on the Coase Conjecture.
It also proves convenient to assume that the distribution of valuations has no mass point
at p©.8 Defineg® :=max(q | f(¢) > p°}.

The seller may be committed to a fixed prigé with a commonly known probability
yo € (0, 1). Hence, only with probability & yg is the seller in a position to deviate from the
commitment pricep©. We assume thagi¢ lies strictly between the highest and the lowest
valuation for the buyerf < p¢ < 1. Both players discount future payoffs by the factor
0<é<1.

3 See Kennan and Wilson (1993) for an early survey of the literature.

4 f F(v) denotes the distribution of the buyer’s valuations, the funcjids given by f (¢) = inf{v | F(v) >
1—g}forqgel0,1].

5 Precisely, this assumption follows Gul et al. (1986). For weaker conditions see Ausubel and Deneckere (1989).

6 |fthere is a strictly positive mass gif , the equilibrium strategies of these types are not pinned down uniquely.
This case is treated in the working paper version.



930 R. Inderst / Review of Economic Dynamics 8 (2005) 927-944

In continuous time, we consider the following bargaining game. At each point of time a
(non-committed) seller and a buyer can choose whether to hold out or whether to concede.
If only the seller concedes at some timehe price isf. If only the buyer concedes, the
price is p. If both sides concede at the same time, we set the price equaf to f)/2,
though this will be without consequences as in equilibrium a mutual concession at the same
time will be a zero-probability everit.

Our motivation for these specifications is the following. Below we set out a bargaining
game in discrete time where in each period the seller can make an offer, to which the buyer
can respond by accepting or rejecting. A hon-committed seller can offer any price. We
show convergence between the outcome of the game in discrete and that in continuous time.
The main intuition is that by the Coase Conjecture a non-committed seller who reveals his
type by offering a price different t@¢ will almost instantaneously offer a price that is
arbitrarily close tof as the time between offers goes to zero.

In the game in continuous time the strategy of the non-committed seller is a distribution
function Hg(¢) overt € [0, o0), where each realizationdenotes a time of concession.

A committed seller never concedes. A buyer with type- ¢¢, who has a valuation
strictly below the commitment price®, also never concedes. For a buyer with valua-
tion f(q) > p°, i.e., for allg € [0, ¢°], a pure strategy is a functia : [0, g] — [0, co],
which denotes the time at which tygeconcedes by accepting the commitment pri€e

By optimality, givens < 1 a buyer with a higher valuation must not concede later in any
given equilibrium (“skimming property”). Without loss of generality, we may thus assume
thatr is nondecreasing and left-continudus.

2.2. Analysis

Define Gs(t) by Gg(t) = (1 — yo)Hs(t) for t < oo and Gg(oo) = 1. Note thatGg
includes the behavior of the committed type. Define n@xt(r) by Gg(t) = maxq |
tg(g) <t} fort < oo andGpg(co) = 1. Again, G includes also the strategy of all types
q > q°. If the seller chooses to concede ahis expected payoff given the buyer’s strategy
G p equals

. / - 1,
US(t,Gg) = p° / e dGp(t) +e7[1- GB(t)]i+e_”GB(t)§(p‘ +f),
t'<t
where we us& 3 (1) := G g(t) — lim,_,, G(t"). For a buyer of type < ¢ the expected
utility from conceding at equals

U%(q.1.Gs) = / e (f(g) - f)dGs(t) + e (1 Gs(0))(f (@) — p°)

t'<t

—7f A 1 c
+e’ Gs(t)[f(q)— E(p +[)},

7 The game has the features of a war of attrition (see, e.g., Hendricks et al., 1986).
8 If £(-) is not strictly decreasing, the “skimming property” holds if types in the flat segment are adequately
perturbed.
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whereGg(r) := Gg(t) — lim,_,, Gs(t'). We look for a sequential equilibrium. We find a
unigue equilibrium, in which all possible gains from trade (with the non-committed seller)
are realized for sure in finite time.

Proposition 1. The game in continuous time has a unique equilibrium, which has the fol-
lowing characteristics

(i) The probability of immediate concession can only be strictly positive for one player,
i.e.,Gg(0) > 0impliesGs(0) = 0 and vice versa. These probabilities satisfy

o Je (1)
1-Gs(0)

(i) There is a finite time by which there is sure trade with all buyers whose valuations
exceedp®, wheref is given by

_ (P = f 1—Gg(0)
z=< 7 >In< T > (2)

(iii) The buyer’s path of concessions o@eg 1 < 7 is given by
1-Gp(t)  —rit

t

Z 8V e T , 3

1-G3(0) ®)
while the seller’s path of concessions is given by

Mz Gczf(g;_%ipcﬁdq. (4)

1-Gs(0)

Proof. See Appendix A.

Equation (3) characterizes the buyer’s strategy. If no sale has taken place by some time
t < t, then the non-committed seller must be kept indifferent between conceding or holding
out further. To keep the seller indifferent, types with valuatigiig) > p¢ must concede
with constant “speed” (hazard rate). This requirement gives rise to condition (3). For buyer
types who do not concede instantaneously-at) and who concede for sure by=1, i.e.,
all ¢ satisfyingG g (0) < g < ¢¢, we can derive from (3) the stratetyy

- 1- Gy
tB(C])=<prfi) In( 1?2( )). (5)

We come next to the seller’s strategy. To ensure that buyer tygeg“ concede with
constant speed, the seller must not concede with constant speed—that is, fi(gless
constant for ally < ¢°. In Appendix A, we derive the seller’'s path of concessions in (4)
from the requirement

8sttp(@) . f(q)—p°
1-Gs(rp(q)) p—r

: (6)

9 Note that substituting = ¢¢ into 75 (¢) yields (2).
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wheregg is the density o7 . Hence, by (6) and ag(q) is (weakly) decreasing, the hazard
rate for the seller's concession (weakly) decreases over time. Moreoveéfyif = p°©
holds the hazard rate converges to zerp-ast.

In our model, the non-committed seller thus appears to become more stubborn over
time. This feature distinguishes our results from those in Abreu and Gul (2000). The dif-
ference follows naturally as we allow the buyer to have a range of different valuations,
while in Abreu and Gul (2000) a non-committed buyer can only have a single reservation
value. In contrast to our model, they allow, however, for multiple commitment types for
both the seller and the buyer.

How does the equilibrium change in the initial probability that the seller is committed?
To answer this question, note first that by Proposition 1 we have to distinguish between
two cases. By inspection of (1), there exists a thresholdi®) < 1 such thatGz(0) =0
andGg(0) > 0 for y9 < 70, Gp(0) =0 andG(0) = 0 for yp = o, andG g (0) > 0 and
Gs(0) =0 foryy > yo.

In the caseyn > yo, we have

q(‘
fle)—p° 1
—Inyg = EAS VA S 7
nyo / 7 14 q ()

Gp(0)
such thatG 3 (0) is continuous and strictly increasing g with G5(0) — ¢¢ asyp — 1.
That is, the more likely it is that the seller is committed, the more types concede im-
mediately att = 0. As yo — 1 almost all types whose valuation excegelsconcede
immediately. Moreover, by (2) we have thats strictly decreasing ing with 7 — 0 as
yo — 1. As an immediate consequence, the expected delay with a non-committed seller
converges to zero. Finally, a5 (0) changes continuously ipp by (7), we have from
Proposition 1 that also equilibrium strategies change continuously.

In the caseyp < o such thatGg(0) = 0, it is immediate from (1) thaG¢(0) and
thus also all equilibrium strategies are continuous and decreasingvilith Gs(0) — 1
asyp — 0. Hence, as it becomes arbitrarily unlikely that the seller is initially committed,
in equilibrium the non-committed seller concedes with almost probability one at the first
instance. (More formally, front; s (0) = (1 — y0) Hs(0) we have thatGg(0) — 1 implies
Hg(0) — 1.) It is now interesting to note from (2) thatdoes not change iy when
Gp(0)=0.ButasHg(0) — 1 from Gs(0) — 1, the expected delay with a non-committed
seller converges to zero 5 — 0.

One upshot of this analysis is that both jer— 1 and foryg — 0 the expected delay
with the non-committed seller converges to zero. Unfortunately, we were not able to estab-
lish more generally how the expected delay variegioveryg € (0, 1). Finally, we turn to
the expected profits of a non-committed seller. As the non-committed seller is indifferent
over O< t < 1 between conceding and holding out (marginally) longer, his expected profits
are simply given by

GpO)p° +[1- G5 (0)]f. (8)

Substituting forG g (0) from our just derived results, we have that (8) is continuous and
(weakly) increasing iryo. The respective limits arg asyp — 0 andg“p + (1 —¢°) f as
yo — 1. Hence, while fogg — 0 the non-committed seller does not gain from the presence
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of buyer types with valuation abovg, he can foryp — 1 extract the full difference® — f
from all types with valuation exceeding .
We summarize the key insights from this comparative analysis as follows.

Corollary 1. The equilibrium of the game in continuous time is continuoygifhe non-
committed seller's expected profit(igeakly increasing inyg, with the limits f for yg — 0
andq®p¢ + (1 —¢°) f for yo — 1, while the expected delay with the non-committed seller
approaches zero both 3 — 0 and asyp — 1.

2.3. Example

By way of an example we now want to analyze how the equilibrium changes as the
“gap” becomes smaller. For this we consider a piecewise linear valuation funttipn
Supposef(g)=1—qgfor0<g<g<landf(g)=1—gq forqg >q with 1 —¢q < p°.

Note thatf =1 — ¢, while ¢ =1 — p¢. - B -

We consider a change in the “gafy’while leaving the valuation function unchanged
for ¢ < g, i.e., for all types who would be willing to buy from a committed seller. By
inspection of (1) it is immediate tha&s(0) = 0 andG z(0) > 0 must hold if f is suf-
ficiently close to zero. Moreovet; 3 (0) strictly increases ag decreases with the limit
G(0) — ¢¢ asf — 0. Hence, as the gap becomes smaller it becomes more likely that the
buyer concedes immediately. As the gap becomes arbitrarily small, almost all types with
valuation exceeding“ must concede immediately. To ensure that this is optimal for the
buyer it must become very unlikely that the non-committed seller concedes soon. In fact,
we obtain from (2) that — oo as f — 0, while from (6) we have for any finite that
Gs(t)— 0asf — 0. o

These results imply that ag — 0 the outcome converges to one where the seller is
surely committed, i.e., where a buyer with valuation exceegihignmediately accepts the
fixed offer while there is no trade with a buyer whose valuation is begléw

We finally analyze how the non-committed seller’s profit changeg.iDifferentiating
(8), we obtain the derivativep® — 1)(dGz(0)/df) — G (0), where we can show from (1)
that dG 3(0)/df — —oo as f — 0 and thusG z(0) — ¢°.10 Hence, if the gap is already
small, the non-committed seller strictly gains if it is further decreased. Intuitively, as
decreases, the seller has more to lose when revealing that he is of the non-committed type.
This makes him tougher and, consequently, the buyer weaker. Note finally that (in the
considered class of piecewise linear functions) a lower valyéerepresents a buyer whose
distribution of values is worse in the sense of First-Order Stochastic Dominance. In this
sense, our result implies that the seller may prefer to face a “worse” buyer.

10 Formally, we obtain from (8) the requirementf Inyp = (1 — p¢ — G) + p°[In(p®) — In(1 - G)], such that
by implicit differentiation &5 g (0)/df = Inyo/[1 — p¢/(1— G g(0))]. Note that as5 5 (0) — ¢¢ we have from
p¢=1—¢° that 1— p/(1— G g(0)) goes to zero.



934 R. Inderst / Review of Economic Dynamics 8 (2005) 927-944

3. Thegamein discretetime

In discrete time, the seller can make an offer at tiftes, 2z, ...} spaced equally apart
in real time, wherez > 0. The buyer can either accept or reject the current offer. Both
players discount future payoffs y= e~"* with r > 0. We solve again for a sequential
equilibrium1?

It is now useful to review some of the results for the (standard) game where the seller
is surely non-committe#® The game ends in finite time and has a (generically unique)
equilibrium. Along the equilibrium path, the seller strictly decreases his offer and each
period the buyer accepts with strictly positive probability. Moreover, the Coase Conjecture
holds. That is, ag converges to zero the first offer of the seller becomes arbitrarily close
to f and the game ends almost immediately in real time.

These results prove useful also for our model: they apply to the continuation game
after the seller makes an offer other thafy revealing that he is non-committed. After
the seller revealed that he is non-committed, i.e., after making an offer differentgffom
these results apply to the continuation equilibrium. In particular, this implies that once the
non-committed seller reveals his type the final price will convergg sz — 0. In the
limit, the price that is offered by a non-committed seller who reveals his type isfthus
This was precisely what we assumed in the game set in continuous time. a

These observations suggest that the outcome of the game in continuous time can be
obtained as a limit of the game in discrete time. Building on arguments in Abreu and Gul
(2000) we can indeed confirm this result. To formalize this, denote an equilibrium of the
game in discrete time by € X (z), where we have made explicit that the equilibrium set
depends on. We denote the random outcome corresponding by 6 = (5, 7), where a
realization(p, ) denotes a price paid at some real tima which agreement is reached.

Proposition 2. Let {c*} be a sequence of equilibria whesé € X (zF) andzF — 0. Let
6% denote the random outcome associated withand letij denote the random outcome
associated with the unique equilibrium of the game in continuous time. &enverges
in distribution to7.

Proof. See Appendix B.

The proof differs from that in Abreu and Gul (2000) in only one aspect. In their model,
after the first round of offers the seller and the buyer can both be only non-committed or
committed to a single known price, while their reservation value is common knowledge.
In the proof of Proposition 2 we must, in contrast, derive convergence for all fyges’,
who have potentially different valuation¥gq).

What is still missing is to show existence of an equilibrium of the game in discrete time
for anyz. Our final result closes this gap.

Proposition 3. X' (z) is non-empty and generically a singleton.

11 The formal description of strategies and equilibrium requirements is standard and thus omitted.
12 For proofs see Gul et al. (1986).
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Proof. See Appendix B.

4. Conclusion

This paper analyzes a strategic situation which seems to be common in markets where
anonymous agents trade. If the product represents a standardized good, there should be
much more information asymmetry regarding the buyer’s reservation value than regarding
a seller’s costs of production. However, the seller may have private information about his
possibility to renegotiate his advertised price. For instance, he may refuse to do so claiming
that he is an employee of a distant principal.

This paper analyzes this game both in discrete and continuous time and shows addi-
tionally convergence between these cases. One interesting feature of the game is that the
non-committed seller concedes with a strictly decreasing hazard rate, making it less likely
that agreement will be reached as time proceeds. With a piecewise linear example we have
also derived two interesting comparative results. As the gap in the buyer’s valuation closes,
the outcome approaches that of a game where the seller is surely committed, while the
seller is strictly better off if the gap becomes smaller.

One restriction of our analysis is that the buyer cannot make counteroffers. A non-
committed seller hesitates to reduce his price as this immediately reveals his type and thus
immediately drives down the final agreement price. This feature, which basically excludes
the possibility to make gradual concessions, makes it credible that the seller plays tough.
If the buyer could make counterproposals instead of only replying to the seller, this rea-
soning may no longer work as the buyer could counter wittintermediateprice offer.
However, as the buyer’s counter-proposal may be interpreted as a signal of high valuation,
this strategy may not be used in some of the equilibria of a game with alternating offers.
These issues remain to be explored.
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Appendix A. The gamein continuoustime

We first derive a number of properties that must be satisfied in any equilibrium. We
omit or abbreviate some arguments as they are well known from the literature on the war
of attrition (see also Abreu and Gul, 2000).

() Gs and G g have no common discontinuity ak co.

(i) The support ofHs has a finite upper bound> 0, where alsaG g (f) =¢°. As f >0
andg¢ < 1, the boundedness of the supporihf follows immediately from optimality for
the seller. For a buyer with valuation exceedjpfgit is also not optimal to hold out if he
puts probability one on the committed seller, while a buyer with valuation betowill
never concede. This establish@g (7) = ¢°¢.
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(iii) Gs and G p are continuous and strictly increasing ovig, 7].13

By properties (i)—(iii),t5 (¢) is continuous and invertible ane (0, 7] (with G5 (¢) its in-
verse). Optimality implies thdt' 3, G p) is constant over € (0, 7] and thus differentiable.
This yields for the density g of G g the requirement

gB(t) _, f
1-Gg(@t) p°—f

Using properties (i)—(iii), we next rewrite for alt> 0 the buyer’s payoffa&’ 2 (¢, ¢, Gs) =
f(g@)t1(t) — 12(r), where we definery(¢) := fg e dGs(t)) + e (1 — Gg(r)) and
(1) 1= ifé e dGs(t') + e (1 — Gs())p¢. Fort > 0, 11 and 2 are continuous
and monotonic and thus a.e. differentiable. Optimality implies now for any paig0<
q' < ¢¢ that

F@[r(ta@) — 1a(ts(g))] = r2(t8 (@) — w2(t8(@)). )
Astp(q) is forg > Gp(0) a.e. differentiable and g is a.e. continuous, (9) yields a.e. for
Gp(0) < g < ¢° the requirement
Fla) = gs(te(@)(p° — f) +r[1— Gs(tp(g)]pe

I r1— Gs(ip(@)]

wheregg denotes the density @fs. By (10) and as; s has no mass on> 0, we can thus
derive forg > G 5(0) a.e. the requirement

8s(t(q) . f@) —p°
1-Gs(tp(q)) pe—f

: (10)

By the invertibility of 75(¢) on 0< 7 < t we obtain next (4), where we substituted from
(5) that a.e. t(g)/dg = ”;;iﬁ. Finally, (1) and (2) follow from (3), (4), and prop-
erty (ii).14 -

We argue finally that the characterization is unique. Observe first that, giye0)
and G g(0), the final period:r and the distribution functions overe (0, 7] are uniquely

determined. Moreover, uniqueness®$(0) and G g (0) follows from the requirement in
(1) together with property (i). This completes the proof of Proposition 1.

Appendix B. Thegamein discretetime

It is useful to consider first the game where the seller has already revealed by mak-
ing an offer p # p¢ that he is not committed. If the current state, i.e., the truncation
of buyer types, ig;, defineM(q) as the set of optimal states following Define also
t(q) :=inf M(gq) and P(z(q)) as the reservation price for the respective ty@g. The set

13 Observe that this admits atomsrat 0.

14 Note that the local incentive compatibility used for the constructiomgofmplies by monotonicity off
and continuity oftg that any typey < ¢¢ with t5(q) € (0, 1) preferstg(¢) to some (alternative)) € (0, 7). The
extensions to =7 andr = 0 are immediate.
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of the seller's optimal next offers is denoted By(q). From Gul et al. (1986) we know that
t(q) € M(q) and thusP(¢(q)) € I1(g), while P(t(q)) is unique and (¢) is generically
unigue. Given some state and that the non-committed seller has revealed himself, we
denote his expected payoff in a continuation equilibriumiyy). It is also useful to de-
fine R(q) := (1—¢)R(g). We know from Gul et al. (1986) thak(g) is continuous, which
clearly also extends t&(q).

The following results used in the proofs of Propositions 2 and 3.

Claim 0. (i) The game with a non-committed seller ends in finite time.

(i) If p¢ has been offered in all previous periods and the statg ihen the next offer
must bep € I1(g) U p°. Following any offerp # p¢, there exists a unique continuation
equilibrium.

(i) In equilibrium, if the non-committed seller has previously offered grilyhe must
not offer p¢ with probability one in the next period. Each period the buyer must accept
with positive probability untiy = ¢¢ has accepted.

Proof. We omit the proofs of assertions (i) and (ii) as the arguments are standard. Consider
next assertion (iii). We argue by contradiction. Assume that the non-committed seller offers
p¢ with probability one over some periods, ...,n + m}, wherem must be finite from
assertion (i). After rejection in period+ m, the seller by assumption reveals his type with
positive probability and offers a prige # p¢. From assertion ii) his equilibrium payoff is
thenR(g,+m+1) > 0, whereg,, 1., +1 denotes the respective state. Optimality for the buyer
now implies zero acceptance probability betweeandn + m such thatg,4,+1 = gn.
Hence, byR (¢,+m+1) = R(gn) > 0, the seller would be strictly better by offeriggin n.

This proves the first part of assertion (iii). The second part follows directly from results in
Gul et al. (1986) if the non-committed seller has been revealed, while along a sequence of
offers p¢ it follows immediately from the preceding arguments

By Claim 0, the non-committed seller's equilibrium strategy is thus described as fol-
lows. In periodsn = 0 ton =i > 0 the seller offers a price from the sgi¢} U I1(g),
i.e., he either continues to offer, thereby pretending that he is committed, or he reveals
his type. We denote by? the probability that the non-committed seller offersin some
periodn and byy, the updated probability that the seller is of the commitment type at
the start of period:, both conditional orp¢ having been offered in all previous periods.
Hence, aftep® has been offered in all periods upripthe probability thap® is offered in
periodn is given by, 1=y, + (1 — y,)p5. In periodn = 7i + 1 the seller finally reveals
his type for sure.

B.1. Convergence: proof of Proposition 2
It is useful to restate the Coase Conjecture formally.

Claim 1. For anye > 0 there exists a valug(e) > 0 such that for allz < z(¢) it holds that
R(q) < f +eandsupll(q) < f +e.
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We now consider a sequence of valye$} with z¢ > 0 andz¥ — 0 and a corre-
sponding sequence of equilibria®} such thato* € ¥ (z¥). For each equilibrium we
make the dependency on the respective vafuexplicit, e.g., by writing for the sell-
er's payoff R(q, z). We furthermore choose all value$ sufficiently small such that
supl1(0, z5) < p¢ — A holds for someA > 0.

In o* the non-committed seller is surely revealed for the first time at the beginning of
period* 4+ 1. Denote the respective finite real time By = (7* + 1)zF. We next choose
for givent the smallest integer such that:z* does not exceedand defineQ* (1) := g*.
Define alsor*(¢) := min{r | Q¥ (r) > ¢} and Q®*(r) with QF*(r) := lim,_,, Q¥ () for
t > 0 andQ®-*(0) = 0 for r = 0. Note thatQ*(r) and Q*-*(¢) differ only at points where
t = nzF holds for integers & n < 2% + 1. Using nextQ*(¢) := min{Q*(¢), ¢°}, we then
have for all high-valuation types the distribution of concessiﬁést) = Q%(t)/q¢. For
the non-committed seller define tf)é (1) the aggregate probability with which he reveals
himself by real time'. Note thatl“_é‘(T") =1, while the upper bound of the supportlﬁg
is eitherT* or T* — £,

We next extract subsequences in the following order. First, as by optimality there exists
some upper bound in real time until which the non-committed seller has surely conceded
in any equilibrium and for any, we can extract a subsequence such ftfat> 7 with
finite T. (For convenience, we suppose that the original sequence converges.) Second, by
Helly’s theorem we can further extract subsequences sucﬂﬂg'(al and F_é‘(t) converge
in distribution to some distribution function; (1) and I's (r).1° Given I'z (1), define next
O(t) :=q°I's(t) and, for 0< g < ¢, (¢) = min{t | Q(r) > ¢q}. To establish properties of
the limits, we first derive the following assertions for the equilibria along the sequence.

Claim 2. (i) T > 0. ]
(ii) For anye > O we can findk andz > 0 such that for any pair, 7 with 7 > 7 + ¢ and
i < T and for allk > k it holds thatQ®-*(7) — Q®-*(f) > &.

Proof. Consider first assertion (i). We argue to a contradiction. Suppose thus that for any
¢ > 0 it holds for all high values of that T* 4+ z¥ < ¢. Observe next tha@* (7% + z*) > ¢¢
andFS"(T") = 1. Consider now the typg = 0, which is supposed to accept before real
time ¢ in case onlyp© has been offered so far. Blysk(e) =1 and Claim 1, rejecting any
offer of p¢ until T* + z* yields typeg = 0 a payoff not below &¢(1 — f — £)(1— yo) +

e ¢(1— p“)yo in casezX < z(e). This yields a contradiction if we choosesufficiently

low and thusk sufficiently high.

Suppose next that assertion (i) does not hold for semg and7. As T — T and
¥ — 0, we can for sufficiently largé choose periodg* andi* such thaig < Q*(7),
gp = OF(@), % > 0, AF < ¥, and X (A% — 7iF) > /2. We know from Claim 0 that the
expected payoff of the non-committed seller equlg;, z*) if he has offeredp¢ un-

15 see Abreu and Gul (2000) for details.
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til 7% — 1. Similarly, the payoff ina* equalsR (g4, z*). As R(-) > f > 0, we have by
optimality for the seller that

R(gzt, 2) = R(qa, ) = fe@ @0, (11)
Moreover, optimality for the buyer implies for all valugs> ¢ that
R(gi.2*) (1= gz) — R(qpe. )1 = ga) < g — qzr. (12)

where we use that (0) = 1 represents the maximum valuation. To complete the proof we
show a contradiction between (11) and (12). To see this, note that by assumption we can
find a subsequendg such thaig,;, — g — 0, while g« < ¢° remains bounded away

from one. This implies by (12) tha? (g;. z5) — R® (g;x. z) — 0, which byz* (% — %) >

¢/2 contradicts (11). O

It is helpful to rephrase assertion (ii) in Claim 2. It simply states that the buyer must
concede sufficiently fast as long as the non-committed seller has not revealed himself.
Intuitively, it would otherwise not be optimal for the non-committed seller to hold out—
which is also what we have used to prove the claim by contradiction.

Claim 3. (i) I'p(z) is strictly increasinguptoe =T.
(ii) The support of 3(¢) and I's(¢) is [0, T'].
(iii) I'g(r) and I's(z) are continuous at > 0.
(iv) I"(¢) and I's(¢) do not have both a discontinuity at= 0.
(v) The supports of 5(¢) and I's(¢) are convex.

Proof. Regarding assertion (i), we argue to a contradiction. Supposé&giah = I'g(t”)
holds for some’ <" < T. As I's(¢) is a distribution function, we can find two points
t' <t andi” <t” in the immediate neighborhood of and+” respectively (implying
' <) at whichI'g is continuous, implying“}_{;(f/) — I'g(t") and Fl’;(f”) — I'g("). By
Claim 1 it must hold thap* (i) — Q* (') > ¢ for somes > 0 and all sufficiently largé.
By construction of]“],f and g this contradicts convergence.

Regarding assertion (ii), note first that it holds 1arby construction of”. If I'g(T) <1
this would contradict convergence at somie the right-side neighborhood @f wherels
is continuous. For assertion (iii) suppasghas a discontinuity at some<0t < 7. Denote
the size of the respective atomraby ¢. Choose next & ¢’ <t < ¢’ in the respective
neighborhoods such tha‘g" converges at’ andt”. As a consequencé:s"(t”) - FSk(t/) >
¢/2 holds for sufficiently highk. By standard arguments, optimality for the buyer implies
existence of’ > 0 such that for all sufficiently highit holds thatQ* (¢') — Q* (' —¢’) =0,
contradicting Claim 1. (Observe that we can use that any revealing pféatisfiesp <
pe—A)

Consider next assertion (iv) and suppose that both distributions have an ateaDat
Suppose, in particular, thdfs(0) > ¢ and I'g(0) > ¢ for somee > 0. For highk this
implies from the Coase Conjecture that by optimality the non-committed seller must offer
p* with probability one im = 0. By I's (0) > ¢ and convergence, we can thus for arbitrarily
smallt > 0 choosek sufficiently high such that the non-committed seller reveals himself
with probability not belowe betweem = 1 and real time. As revelation implies offering
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a pricep < p¢ — A, acceptance gp¢ in n = 0 is not optimal for typey = 0 if ¢ is chosen
sufficiently low andk is chosen sufficiently high (implying that & becomes close to
one). Summing up/s(0) > ¢ and I'g(0) > ¢ imply for high k that with probability one
there is no trade in = 0, which contradicts Claim 0.

Assertion (v) follows from assertion (i) for the buyer. Suppose it does not hold for
the seller such thafs(+') = I's(t”) for some O< ¢t <t” < T andt” —t > ¢, ¢ > 0.
Consider now the time intervgl” — /2, t"]. As k becomes arbitrarily high, we can use
by now standard arguments to show that the buyer will concede with zero probability in
[t" —&/2,1"] ask becomes sufficiently high. Intuitively, as delay is costly, he will prefer
to do so before” — /2. This contradicts Claim 0. O

Observe that Claim 2 implies thﬁtS" and F],f converge at alt > 0, while at least one
sequence converges additionally at 0, i.e., everywhere.

Claim 4. t¥(q) — t(g) uniformly for all0 < ¢ < ¢¢.

Proof. The proof is by contradiction. If the claim does not hold, we can extract the follow-
ing subsequences. First, there exists 0 such that we can extrag*'} and a sequence
of equilibria such thajz (¢*) — 7(¢*")| > e. We can further extract subsequences where
g% converges towards some valigeObserve also that(¢*) — 7() holds by Claim 3,
which asserts continuity of. Finally, by the finiteness of ali(-) for given f we can fur-
ther extract subsequences such tHatj) converges towards some finite valtie= 0. We
suppose for simplicity that the original sequences satisfy all these properties.

Summing up, we have thaf () — T holds for somej, where|T — 7(7)| > ¢. We dis-
tinguish between two cases. In Case (i) we can extract a sequencenkitigie> v (7) +«.
In Case (i) we can extract a sequence wheié;) < t(7) — e. Consider first Case (i). If
7(g) =0, choose some arbitrarily close time> 0 to ensure that“/,f converges at'. Oth-
erwise, set’ = t(g). By construction it holds for higk; that Q% (7) < g, while Q(¢") > g.
As Q(.) is strictly increasing by Claim 2 (due to the strict monotonicityl&f), this con-
tradicts the convergence dtand 7. (Recall from assertion (iii) in Claim 2 thafp is
continuous for alk > 0.) Consider next Case (ii). f = 0, take some’ > 0 to ensure con-
vergence at’. Otherwise, set’ = 7. By construction it holds for high; that Q% (') > g
andQ(t’) < g, where we use continuity @(-). By the strict monotonicity of the functions
Q% for highk; due to Claim 1, this yields a contradictionC

Denote nowGk (1) = I'é (1) (1 — yo) andGX (1) = I (1) (1 — ¢©).

Claim 5. For any e > 0 and any0 < g < ¢¢ there exists a finité 3 (¢) such that for all
k > kp(e) and all > O'it holds that

U8(q,t8(q). Gs) > UB(q,1,Gs) —e. (13)

Proof. We heavily abbreviate the proof at points where we use arguments that are fully
identical to those in Abreu and Gul (2000). We distinguish between two cases.
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Case(i) G5(0) =0. In this caseG’; converges everywhere by Claim 3. Moreover, ob-
serve that/ 8 (¢, t, G ) is bounded and continuous4inBy the arguments from Abreu and
Gul (2000) this implies/ 8 (¢, ¢, GX) — U8 (q,t, G) (uniformly) over allt andg. Recall
next thatr*(¢) — 7(g) holds uniformly by Claim 4, while fok — oo all pricesp # p©
offered ino* converge tof by Claim 0 and the Coase Conjecture. This allows us to apply
the arguments of Abreu and Gul (2000) to prove (13). Observe also that the inequality (13)
extends ta =0 andg = 0 in Case (i).

Case(ii) Gs(0) > 0. By Claim 3 this impliesG 3 (0) = 0 and thusrg(g) > 0 for all
g > 0. The rest of the argument is analogous to Case (i).

We consider next the seller. The following result can be proved by complete analogy to
Claim 5.

Claim 6. For any ¢ > 0 there existsg(¢) such that for allk > ks(¢) and allz,+' > O it
holds that

US(t,Gp)>US(',Gp)—e ift<T.

As Claims 5-6 hold for alt and asG3(T) = ¢¢ andGs(T) = 1— yp hold for the same
valueT, the distribution of concessions for the non-committed seller and tygesg©, and
the final real timel" must be identical to those derived for the unique equilibrium of the
game set in continuous time. Finally, as all offered and accepted prigep® converge
to f, we have finally proved Proposition 2.

B.2. Existence: proof of Proposition 3

We use that as soon as the seller offers a ppicg p¢, there exists by Claim 0 a
unique continuation equilibrium. Moreover, the first revealing offer is generically unique.
Precisely, we know from Claim O thate I1(g) U p¢, where genericallyI(g) is a single-
ton. To establish existence, we take in cé&Bgy) is not a singleton the (maximum) offer
P(t(g)). Hence, it remains to specify for all periods< 7 a probabilityp; that the seller
offers p¢, conditional on having offeregc in all previous periods. This sequence of prob-
abilities must make the corresponding strategy of the buyer, i.e., the respective sequence
of states,,, optimal.

Claim 7. In any periodn > 0 such thatp® has been offered in all previous periods and the
current statey,, satisfies

R(gn) > P°(¢° — an) + 8R(q°), (14)

the non-committed seller offers” with probability zero, i.e.pg =0.

Proof. The payoff from offeringp® is at most

9“—qn ., 1—q° .
p-+4é R(q°).
1-yg, 1-g, ( )
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Since offeringP (¢ (q,,)) # p° yieldsR(g,) by Claim 0, (14) implies that offering® cannot
be optimal. O

Define next for any; > 0 such thatR(¢g) < p°(¢¢ — q) + SR(¢°) the valueQ*(g) by

the equation
R(q) = p(0Q*(q) —q) + R(Q*(9))- (15)

Note that such a value exists since the right-hand side of (15) is too highi(g) = ¢°,
too low at 0*(g) = ¢ and continuous iy by continuity of R(g). Moreover, we next
show thatp¢q + R(q) is increasing, from which it follows tha®*(¢) is unique and also
increasing ing. Given the buyer’s (reservation-price) strategy in the continuation game
after the seller has been revealed to be non-committed, it is immediate th#&(9) —
R(¢") < P(¢)(¢’ — ¢) holds for anyg’ > ¢, while we haveP (¢) < p¢ as otherwise typg
would have already accepted the commitment offer. These two inequalities jointly imply
thatR(q) — R(q") < p°(¢’ — q) and thus thap‘q + R(q) < p°q’ + R(q").

For alln > 1 we also defing; (¢) recursively byQ;; (q) :== 0*(Q}_1(q)).

Claim 8. If
R(0) < pq° +8R(q°), (16)

then in period zero the seller offegs” with positive probability, i.e.0 < pg <1 Thisis
accepted by typege [0, gol, wherego > Q*(0), and eithergg = 0*(0) or p3 = 1.

Proof. By (16) the seller must offep® with positive probability. Otherwise, his payoff
would be at mus®(0), while deviating and offering¢ would yield p¢q¢ + §R(¢¢). By
definition of Q*(-), offering p¢ is optimal only if it is accepted with probabilityg >
0*(0); and if this inequality is strict, offering® yields a strictly higher payoff than any
pricep # p°. O

Claim 9. For anygo > Q(0), definen* as the largest integer satisfying

R(Q7+-1(90)) < P[4° = Qv _1(q0)] + 8 R (¢°). a7)
This integem™ exists and is unique and finite fér< 1.

Proof. If R(0) > p°q° + 8R(¢°), then sets* = 0. Otherwise, existence and uniqueness
follow as by Claim 0 the game ends after a finite number of periods agd @3 is strictly
increasing. O

Claim 10. Consider any period < n < n* such thatp® was offered in all previous periods,
and the state in period 1 wag > 0*(0). Then
(i) the current state i€ _;(qo);

(i) the monopolist chargeg® with probability ,o,f € (0,1), and P(1(Q; _4(q0)) with
probability 1 — p3;
(iii) the pricep® is accepted by all typeg< (Q;_;(q0), O (q0)].
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Proof. If p¢ has been offered in all previous periods, then it follows from Claim 1 that
the non-committed seller cannot offef with probability one. (Otherwise, any type will-
ing to acceptp® would have done so earlier so the seller could deviate by “jumping
ahead” and offep # p© with positive probability.) The seller also cannot offgf with
probability zero as the resulting payoff would &&1)/(1 — ¢), while in this case devi-
ating to p¢ would “convince” the buyer that he was surely committed, yielding him from
R(g) < p€(¢° — qn) + 8R(¢°) a strictly higher payoff. Together with Claim 0 this im-
plies that the seller must strictly randomize betwegenand P (¢(g)). By definition of
0*(q), this randomization is indeed optimal if the pripé is accepted by all buyer types
q' € (g, 0*(¢)]. By iterating this argument (and starting frajp > Q*(0) in n = 1) we
thus have that the state in periadnust beQ” _,(go). This proves parts (i), (i), and (iii),
noting that by definition of*, the stateQ _, (go) in any period 1< n < n* indeed satisfies

the inequalityR(Q* _;(q0)) < p°lg° — OF_1(qo)1 +8R(g%). O

To conclude the proof of existence, it remains to show that there exists ajgtditd-
lowing the first offer ofp¢) together with a sequence of probabilit'{ex;f}zlo which make
the buyer’s behavior (as described in Claim 10) optimal. Moreover, to complete the proof
of Proposition 3 we also have to show that these values are generically unique.

Consider any period * n < n* such thatp® has been offered in all previous periods,
and suppose that the seller again offgfs Then the current state 87 _,(go0), and the
buyer expects the next offer to satighye P(¢(g)) U p©. Optimality requires that all buyer

typesq € (Q*_;(qo), Q}(q0)] acceptp®, i.e., that

(1=8)f(0n(q0) = p¢ = 8[nt1p + (L= 101 P(1( Q5 (q0))) ],

1=8 _lim  f(q) = p° —8[mn1r’ + A —ms) P(t(0}(q0)))]- (18)
05(q0)<—q

To satisfy (18) for alln =0,1,...,n*, we choose{,o,f}z*z0 such that for alln =
1,2,...,n*+1,

_ 10+ 1= 005 [Tpo P
o+ Q-0

pe —8P(t(QF_1(q0)) — (L—8) F(QF_1(q0))
- 8(p¢ — P(t(QF_1(q0)))

n

(19)

where we use thagful = 1. Note that the first equality in (19) just uses Bayes’ rule, while

the second equality chooses the sequence of valyes as to satisfy the first equation in

(18) with equality. Generically, i.e., with functiong(g) that are also right-continuous at

the respective points, (19) is also the only sequence that satisfies (18). Solving the system
of equations in (19) yieldsfor =1, 2, ..., n*,

l—ln* SLlp =P (@), @] _ ¢
s Alm=n "5=P0; o) (20)
Pn = T, W —P@ Gl
m=n—1"p°—~P(0} (q0))
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and
s v (15 8p¢ = P(t(Q%(q0)]
= —1]. 21
T T ,EO P — P(Q}(q0) =)

Recall now that we need eithg§ = 1, or p§ € (0, 1) andgo = Q*(0). If the right-hand
side of (21) is below one if evaluated@t= Q*(0), then setjo = Q*(0) and evaluate (20)
and (21) at this value. Otherwise, a%stz 1 and evaluate (20) and (21) at the valueyef
which solves (21). This completes the proof of Proposition 3.
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