Pierc Sraffas Theorie der Kuppelproduktion,

des Kapitals und der Rente

(Mr. Sraffa on Joint Production)

Dissertation
zur Erlangung der Wirde eines Doktors

der Philosophie

vorgelegt der Philesophisch-Historischen Fakultdt

der Universit&t Basel

von
Bertram Schefold
von

Basel

Basel 1971

o=~print



.

Genehmigt veon der Philosophisch-Historischen Fakultit

der Universit&t Basel auf Antrag der Herren

Prof. Dr. G. Bombach und Dr. L. Pasinetti

Basel, den 10. Juli 1971

Der Dekan:

Prof. Dr. Hans QOesch

- Alle Rechte vorbehalten -
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Vorwort

‘It is no wonder that this book* took a long time to weite. It
will not be read quickly***, Sg begann Joan Robinson vor zehn
Jahren ihre Rezension von Piero Sraffas Production of Commodities
by Means of Commodities”. Und in der Tat: trotz einer Flut von
Artikein (s. Harcourts Uebersicht***) ist das Werk noch immer
erst partdéll rezipiert. Nicht nur ist die Kritik an der Neo-
klassik noch nicht wirklich aus dem Stadium des "Priludiums®
hervorgewachsen, Sraffas Buch selbst st erst zum Teil durch-
diskutiert. Ausser Manara**** dessen Verdienst mehr in seinen
Fragen als seinen Antworten liegt, hat unseres Wissens noch
kein Autor sich ausflihrlich mit der Kuppelproduktion als dem

Hauptteil des Buchs auseinandergesetzt.

Dies ist umso erstaunlicher, als Sraffa sich mit einem zentralen
Thema der gwossen Oekonomen seit der Klassik beschdftigt, nimlich
dem Kapitalbegriff. Nach Sraffa ist in der Tradition von Torrens,
Ricardo usw, *¥*** fixee Kapital nur als Kuppelprodukt zu vep-
stehen. Demgegeniber hat die Diskussion in den Fachzeitschriften
sich bisher auf Modelle mit ausschliesslich zirkulierendem Kapital

beschrinkt.

* Pierc Sraffa, Production of Commodities by Means of Commodities (/11:
** Jean Robinson (/337). ¥#+ {7217}, #=== (1513,
FREsk (Sraffa,/11/. Appendix D).
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Die vorliegende Dissertation soll dazu beitragen, die Liicke zu
schliessen. Zu danken habe ich fir wichtige Gespriche beim
Zustandekommen dieses Buchs den in der englischen Einleitung
Genannten, vor allem aber Herrn Professor Dr. G. Bombach, ohne
dessen verstdndnisvolle Beratung dch nie soweit gelangt wire.
Fernar gilt mein Dank fir Forschungsstipendien dem Schweizerischen

Nationalfonds ( 1569 } und King's College, Cambridge { 1970 .

Basel, im Mai 1971

Bertram Schefold
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Zur Einflhrung

1)} Piero Sraffa {geboren 1898) trat zum ersten Mal 1925 mit

einem Artikel "Sulle relazioni fra costo e quantita prodotta*®
{Uber das Verhdltnis von Ertrag und Kosten} ails Kritiker der
Marshall‘schen Theorie des partiéllen Gleichgewichts hervor.
Ausgangspunkt seiner Kritik war die damals weithin ungeniigend
reflektierte Unterscheidung zwischen steigenden, fallenden und
konstanten Skalenertrigen. Entgegen der Meinung, wonach die
Schwierigkeit diese Unterscheidung in der Realitdt zu verifizieren,
auf das Ungentigen der Statistiken zuriickzuflihren sef, griff Sraffa
das "fundamentum divisionis” selbst an: ob in einer bestimmten
Industrie steigende, fallende oder konstante Ertrige vorliegen,
hdngt vom Standpunkt des Bechbachters ab. Je nachdem, ob man die
kurze oder die lange Pericde, den ganzen Industriezweig oder nur
eine efnzelne Unternehmung in Betracht zieht, kann der eine oder
der andere Fall eintreten. Ausserdem wird allgemein die Idee

der Abhfingigkeit der produzierten Warenmenge von de# Produktions-

kosten bei vollkommener Konkurrenz ** durch die ‘Erfahrung nicht
suggeriert™*; nach Sraffa wurde diese Abhangigkeit vielmehr erst
von den Nutzentheoretikern postuliert, die der fallenden Nachfrage-
kurve gewissermassen aus Symmetriegriinden eine steigende Angebots-
kurve gegeniiber stellen wollten. Dies geschah in Opposition zu den
Klassikern, die mit Ricardo flir die meisten Waren konstante Skalen-
ertréige annahmen. Von den Neoklassikern hatten sich einige konstante
Skalenertrige Uberhaupt nur als Sich-aufheben der gegenldufigen Tendenzeﬁ
von steigenden und fallenden Zahlenertrdgen vorstellen konnen. Sraffa ‘
dagegen bemerkt, wieviel natiirlicher es ist, von der

* /37 /7 Fd.h. im lanofristigen, stationdaren Gleichgewicnt
% Joc.eit. Seite 279
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Sbwesenheit baider Tendenzen auf konstante Skalenertrdge, die dann
nicht die Ausnanme, sondern die Regel sind, zu schliessen. In einer
langen und komplizierten Argumentation versucht er, susserdem nach-
ruweisen, dass die Theorie der partiellen Gleichgewichiz in einem
statischen System unter vollkommener Konkurremz bis auf bestimmte
saltene Ausnahmen Uberhaupt nur wit kenstanten Skalenertrigen
vertriglich ist, sodass die Preise nur von der Kostenseite, nicht
von der Nachfrageseite her bestimmt erscheinen. Seine Argumentation
beruht wesentlich darauf, dass die Interdependenz der Mivkte bei
vaFﬂabi@ﬂfSka§enertr§geﬂ mit der flr die Theorie des partiellen
Gleichgewichts notwendigen Unabhingigkeit von Angebots-und MNachfrage-
kurven im Yiderspruch steht. 1926, in seinem Artikel im Economic
Journal {The faws of Return under Competitive Conditions®) folgerte
er welter, dass (wie auch die Erfahrung zeige) das Verkaufs-
volumen miteinander konkurrierender Betriebe nicht durch den Kosten-
verlauf, sondern die Nachfrage gegeben sei. Wenn sich aber jedes
einzelne Unternehmen einerindividuellenNachfragesituation gegeniiber
sieht, so verkauft jedes Unternchmen in einem besonderen Markt)

in dem es als Monopolist oder Oligopolist auftritt.

bie sekonomische Forschung wandte sich bekanntlich in der Folge*s
der Theorie der unvollkommenden Konkurrenz zu,ohne den Marshali'schen

Ansatz grundsitzlich aufzugeben,

Sraffa jedoch unternahm seit spdtestens 1928%% etwas radikal anderes.

*Napoleoni, Grundziige der modernen Skonomischen Theoriem S. 45 ff (/27/),{

#% Yorwort ®roduction of Commodities by Means of Commodities’, {/11/).




-YIILI~

Er untersuchte,wie die Produktionspreise ohne Riicksicht auf
Skalenertrige und Nachfragekurven gerade aus der Interdependenz
der Mirkte erkiirt werden kinnen und figte also die Elemente
seiner Kritik am der vorherrschenden Theorie neu Zusammen , um
mit einer vertieften Kritik auch eine alternative Theorie zu

konstruieren.

Zur Durchflihrung dieses Programm§ war ein volliges Umdenken er-
forderlich. Wahrscheinlich empfing Sraffa die entscheidenden
Anregungen von der Lektiire der K1gssiker, insbesondere Ricardos,
dessen Herausgeber er auf Anregung‘vOn Keynes bald darauf wurde,

In jedem Fall gind in Sraffas Vorwort zur Ricardo-Ausgabe dte
Grundgedanken zu dem, was spiter ‘Production of Commodities by Means
of Commodities‘wurde,zu finden. Da andere Veriffentlichungen Sraffas
aus jener Zeit nicht vorliegen,wollen wir auf dieses Vorwort® zur
Einflibrung in die Gedankenginge von Production of Commodities by

Means of Commodities®etwas niher eingehen.

2) Ricardo betrachtet bekanntlich eine geschlossene Volkswirtschaft
mit uniformer Lohn-und Profitrate und fragt nach der Verteilung des
Sozialprodukts auf die Klassen. Wodurch diese Verteilung bei ihm
bestimmt ist (Arbeitsproduktivitit auf dem marginalen Land, usw.),
wollen wir hier offenlassen - uns interessieren viel_mehr die
Preise bei werschiedenen, gegebenen Verteilungen, genauer, die

"natirlichen Preise". Der natirliche Preis einer Ware ist gleich der

* in Ricardos "Principles" (/31/)
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Summe der Werte der in die Herstellung der Ware eingehenden Produktions-

mitte] einschiiesslich der Arbeit (die auch einen durch die Lebeng-
bedirfnisse der Arbeiter bestimmten Wert besétzt}gzuzagiich dem

bei der Herstellung erzielten und durch die vorgegebene Profitrate
determinierten Profit, sowie gegebenenfalls noch zuziiglich der Hente.

Der natiirliche Preis ist alse der durch die »Profit und Lohnrate

uni formisierende-Konkurrenz in der langen Periode hergestellte Durch-

schnittspreis in einem statischen System. Ihm steht der von Angebot

und Nachfrage bestimmte Markipreis der kurzen Periode gegentber,

’

der uns hier hichts weiter angeht.

1816, wihrend der Arbeit an der ersten Auflage der Principles,
machte Ricarde die Ubsrraschende Emtdeckung, dass unter den Badingungen
eines solchen Systems ( in dem der natiirliche Preis jeder Were fest-
gelegt ist) die Preise von Waren, die "hayptsichlich mit Hitfe von
Maschinerie und fixem Kapital hergestellt werden” infolge aimer
Lohnsteigerung relativ zu den Preisen hauptsdchlich durch direkle
Arbeit hergestellter Waren fallen kinnen®, Eine Steigarung der

Léhne hat also nicht unbedingt eine Steigerung aller Preise (aus-
gedriickt etwa in Gold) zur Folge. Wie sind Aenderyungen der Yer-
teilung zwischen den Klassen der Lohnarbeiter, der Kapitalisten und
Landbesitzer zu beschreiben, wenﬁmzas zu verteilende Produkt mit

der Verteilung dem Wert nach dndert?

Ricardos erste Antwort bestand in einem Versuch, das Problem zu

umgehen®**, Man nehme an, in allen Zweigen der Produktion wird

* Jpc. cit. Seite XVI

#% Joc. cit. Seite XXXI, Sraffa Proguction of Commodities by Means
of Commodities’, Appendix D1




Korn, das heisst Arbeit, direkt oder indirekt als Produktionsmittel

verwendet, widhrend in die Produktion ven Korn selbst nur Korn

hls einziges Subsistenzmittel der Arbeiter sowohl wie als Saatguﬂ
eingeht. Wenn wir von Rente absehen, so bestimmt der Kornbedarf

der Arbeiter zusammen mit der physischen Reproduktionsrate des Korns
den Profit in der Landwirtschaft und damit in allen anderen Produktion
zweigen. Die Verteilung des Volkseinkommens erscheint hier zug]eich
determiniert und anschaulich beschrieben. Auf Kosten einer starken,
Jedoch im England Ricardos nicht véliig abwegigen Vereinfachung, ist
die Profitrate ausgedriickt als der Quotient zweier gleichartiger
Grifssen: der Profit und das Kapital sind beide in Korn gemessen, und

alle andewn Profitraten haben sich nach dieser einen zurichten,

Was aber, wenn in Zdhler und Nenner der Profitrate eine heterogene
Samm1ung>verschiedenartiger Waren mit ihren Preisen auftritt?
Eine Aenderung der Profitrate induziert Aenderungen der Preise und
umgekehrt. Der Wert des Gegebenen, des Kapitals, sowohl wie der

des zu Verteilenden, des Volkseinkommens , fluktuiert.

Ricardo unternahm es nun(und nach Sraffa liess ihn die Frage sein
Leben Tang nicht los), eine Ware zu suchen, deren Preis bei einer
Aenderung der Verteilung invariant bleibt. Fiir ihn hatte die Kenntnis
einer solchen Standard-Ware nicht nur den grossen, aber vielleicht
bloss akademischen,Vortei1, dass sie die Aenderungen der Verteilung
exakt zu beschreiben erlaubte, sondern sie hatte auch das eminente
peaktische Interesse, als Masstab absoluten Werts verschiedener

Kapitale dienen zu kbnnen*. Er scheint sogar gehofft zu haben, einen

* vgl. Brief an McCulloch (Toc. cit. Seite xlix )
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Begriff absoluten Werts finden zu konnen*, der auf Verbesserungen
der Produktionsmethoden magiert, dagegen bei Verteilungsénderungen |
konstant bleibt. Wie im ersten Kapitel der "Principles” dargelegt
wurde, wusste Ricardo, dass eine solche Standard-Ware nicht in
Wirklichkeit existieren kann und ein Masstab solchen absoluten Werts
noch weniger. Aber er glaubte, wenigstens eine gute Anndherung an i
die Standard-Ware gefunden zu haben, wenn als Mass ein Produkt
genommen wurde, bei dem das Verhdltnis von aufgewandter Arbeit zu
verzehrtem Kapital dem Durchschnitt in der ganzen Volkswirtschaft
entsprach. Der Wert einer solchen Durchschnittsware wird sich mit
der Verteilung wenig dndern. Ausserdem sind in diesem Standard sowohl
der Durchschnittspreis aller GUter, wie ihr aggregierter Wert in-
variant gegen Aenderungen der Verteilung**. Die beiden ange-
schnittenen Probleme hingen insofern zusammen. Was die Praxis an-
geht, so schien Gold ihm als ein solcher Standard durchaus infrage

zu kommen*¥¥,

3) Es ist Sraffas grosses Verdienst, die Grundgedanken Ricardos

zu einem kohdrenten logischen System, das zur Preistheorie der
Marginalisten eine echte Alternative bildet, ausgearbeitet zu haben.
Wie weit er dabei Ricards entnommene Ideen weiterspann oder wieweit
er Ricardo verstehen konnte, weil er diese Ideen selbst unabhingig
entwickelt hatte, ist gleichgliltig. Als Resultat liegt jedenfalls g

in Production of Commodities by Means of Commodities ein Werk vor,

*1ge. cit. Seite xlvii ** Joc,cit, Seite ylav

*** Joc., cit. Seite 46
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das neben der Neoklassik Marshalls und der Marxistischen Oekonomie
eine neus dritte Fortsetzung Ricard%%?SCher Tdeen darstellt, die
zu den beiden andern in fruchtbarem Gegensatz steht®, Map darf
wohl hinzuflgen, dass die schtne klassische Form, in die Sraffa
seine Abhandlung gekleidet hat, der Pratention solchen Inhalts ent-

spricht.

Die in diesem Zusammenhang gehbrigen weiteren geistesgeschicht?icheﬂ,
methodologischen und auch empirischen Betrachtungen missen wir uns
Teider versagen Unser Ziel ist ja nur, flir Sraffas Behandlung der
Kuppe?produkt1on ,den technisch schwierigsten Teil seines Buchs , eine

mathematische Ausarbeitung zu geben. Zum Verstindnis des mathematisch

* Sraffas Opposition zur Neoklassik wird unten noch weitep begriindet
werden, $ie betrifft nicht alle Zilge der necklassischen Theorie,

Ebenso steht Sraffa auch zur marzistischen Oskonomie nicht dn williger
Opposition: sein Ansatz st formal dhrlich dem von Marx in "Das
Kapital®, Band 111, verwendeten, Daher wird Sraffa von Jean Robinson
u.a, zur Erkldrung spezieller Fragen bei Marx, insbesondere des
Transfsrmatiansprob?emg {s.h. 2.B. Jean Robinsen "Value and Price®,
(/347 )) herangezosen . Production of Commedities by Means of Commodities

ignoriert aber sowohl die Ausbeutungslehre wie die dialektische

Methode,
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gehaltenen Texts ist eine vorhergehende Lektiire des ganzen Buchs

Production of Commodities by Means of Commodities unerldssiich.

Wir beniitzen den Rest dieser Einfilhrung,um zu zeigen, wie die
Yerbindung von Ricardos Grundgedanken zu der mathematischen Struktur,
die im vorliegenden Buch diskutiert wird, herzustellen ist. Die
folgenden Abschnitte 4-3 unterscheiden sich in der Darstellung

von der Sraffas, fligen jedoch inhaltlich nur wenig Neues hinzu.

4) Heute, nach Leontief und von Neumann, ist es leicht geworden,
Ricardos Modell einer geschlossenen Volkswirtschaft ohne Kuppelproduktion
mathematisch auszudriicken. Nehmen wir an, es gibt n Waren j=l,...,n

und die Industrien des Landes gliedern sich entsprechend in n Sektoren
i=1,...,n, die je das Gut i herstellen. Die i-te Industrie verwendet

pro Produktionsperiode die Quantititen a},..., al als Inputs

sowie I, Arbeitsstunden, um eine Einheit des Guts i herzustellen;

symbolisch:
(af ... 0] &) —s (o,..‘p,?,o,-..,o),
oder flr alle Industrien zusammen: ¢
(as,...,00 &)—— {4, ... 0]
(0f,. -, a0, h)—> (0, - -1 1)

Die Bedingung der Reproduktion des Wirtschaftsystems als ganzem
erfordert, dass von jedem einzeTnen Gut mindestens so viel produziert
wird, wie in der Produktion aller anderen Giiter aufgezehrt wird:

wenn von jedem Gut j gerade eine Einheit hergestellt wird, so muss

Q’:..._’ 4 QE‘ < Ao sein. Wir normieren £,+ ...+ L.=A.




W ir berechnen nun die Arbeitswerte. Zuyr Produktion des

Gutes 1 wurden im Taufenden Jahy mit Hilfe der Arbeit ,@g die

oy aufgewandt. In einer Einheit des Gutes 1

A
Glitermengen Gipeee 0

steckt also jedenfalls die direkte Arbeit Eg aus dem laufenden

Jahr, ebenso aber auch die indirekte Arbeit aus friheren Jahren,

&Wd
.,.5 é;
@

betriigt diese indirakte Arbait? Hehmen wir @, & ist der al-te
& & &

die ¢dch in den Produktionsmitteln ﬁfe* verkbrpert. Wielel
Tedl der Gesamtproduktion von Gut 1 im vorigen Jahr und enthilt
somit o/l an direkter Arbeit aus dem vorigen Jahr, sowie die in

den Produktionsmitteln aﬁ@fu.g@i?} verkirperte indirekte Arbeit. Diese
kann weiter aufgelifist werden in direkte Arbeit aus dem vorvorigen
Jahr upd indirekte, in den Produktionsmitteln verkirperte Arbeit

aus noch friheren Jahren.

Wenn wir die in der Produktion des Gutes 1 im laufenden Jahr aufge-
wandte direkte Arbeit L mit L) bezeichnen, die in 1 {ndireks
eingehende Arbeit aus dem Vorjahr mit LN die aus dem Yorvorjahy

mit Li usw., so haben wir

LY -4
L =off,+...vol L.
TR TN S WY PP

= ® P B o e o e o

sodass sich die ganze in einer Einheit des Gutes 1 verkSrperte
Arbeit L; aufltsen lisst in
{ &) tay €3]
E_i‘aLiu&-L&*‘Lg ‘P-»..‘
Unter Benlitzung der Natrixschreibweise kann man diese Formein

vereinfachen. Fiir die Inputmatrix der (a?) schreiben wir A,




P4 P

4 L

. G’hl"*iqd
(o)): =A|

0 o~ O

wy
die Qutputmatrix ist die Einheitsmatrix I.

2,
ﬁ'= é 1 ist der Vektor der direkten Arbeit,sodass sich die
L)

Produktion symbolisch so ausdriickt:
(A 2) — T,
Mit L als dem Spaltenvektor der direkten und indirekten Arbeit,
b
ﬂ )als dem Spaltenvektor der vor k Jahren aufgewandten Arbeit,

erhalten wir, wie man leicht lberlegt:

L(o) - X
)
Y = Al
[} : k3
L = A Al - A t
Andererseits ist es klar, dass die totale in einem Gut i ver-
krperter Arbeit L; der Summe der direkten in i eingehenden Arbeit
,fi plus der gesamten in dem Inputs nf;l.._,a:‘ verkdrperten indirekten
Arbeit, die gleich Q?L +...+o’L, sein muss, entspricht. Also ( in
Vektorschreibweise):
L=4+ AL,
oder
-9
L=(z-A7'4,
sodass wir die Identitdt

L=(T-A'A=g+ AL+ AL+ _.

gewonnen haben.

Diese Identitdt ldsst sich auch streng mathematisch beweisen,
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-
vorausgesetzt, dass die Bedingung der Reproduktion ;E@?slq flir
=4

alle j erfillt ist=,

5} Nun wenden wir uns von den technischen zu den tkonomischen

Produktionsbeziehungen.

)
Sei p= Ef der Preisvektor der n Waren,
Le-

sei w die Lohn-, r die Profitrate. Dann Tauten die Preisgleichungen
des Ricardo-Sraffaschen Systems :
{a+7) AP +wh = P,
oder ausgeschrieben:
(ase) (0 Pat_ . "“}&:P“‘) rwi, = Pa

M-M} (@\ﬁw fg‘“@'- - ¥ G':; Fmb"e‘wgh = ?ﬂu
Dieses Gleichungssystem in den n+2 Unbekannten F‘W“'g Pﬁswi«f" hat

zwei Freiheitsgrade,

Den ersten interpretieren wir als die Verteilung. Diese ist entweder
durch eine irgendwie vorgegebene Profitrate determiniert analog
Ricardos Korn-Korn-Modell oder sie winddurch einen fixen Reallohn
aus den Gitern b .. &' durch eine zusitzliche Gleichung

bipav... EhPME w  gegeben.

Bel vorgegebenem w oder r hat das verbleibende Gleichungssystem
noch n+i Unbekannte und bestimmt die relativen Preise. Um von den

relativen Preisen zu den absoluten 2u kommen, muss ein geeigneter

* s.h. unten £§ 4,6,
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Standard definiert werden.Ricardo hatte gewisse,in mancher Hinsicht
zuweit gehende Postulate fir einen solchen Standard aufgestellt.-
Sraffa zeigt,durch welche Konstruktion diese Postulate wenigstens
zum Teil erfullt werden konnen. Die den Standard definierende

Gleichung kann vorldufig zum Beispiel Pi=4 fiir irgendein i lauten.

6) Wir versuchen uns zunachst an einer Dikkussion der absoluten
Preise.ohné uns auf einen bestimmten Standard festzulegen. Was
immer er sei: wenn ein Preisstandard und w durch je eine zusdtzliche
Gleichung gegeben sind, so lassen sich die Preise aus

s ) Ap+rwl =p
gemass

pew (1= (e ATL

berechnen und die Profitrate ist determiniert.

w ist in einem Okonomischen System zu jedem Zeitpunkt in Wirklichkeit
ein festes Datum. Um den Charakter der hier ins Auge gefassten
"natiirlichen Preise” zu verstehen, &ndern wir die Verteilung in Ge-
danken, indem wir w dndern und beobachten die Auswirkung dieser

. ouf
virtuellen Verschiebungen r und p.

Der Lohn w wird fir einen bestimmten Standard sein Maximum wy,

erreicht haben, wenn der Proﬁ‘t' also r, gleich Null ist, d. h.

wenn das gesamte Volkseinkommen den Arbeitern zufdllt:
Ap+w.l =p

Wird der Lohn gesenkt, so steigen die Profite bis zu einer maximalen
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Profitrate R, bei der der Lohn gdnzlich verschwindet. Diese maximale
Profitrate ist offensichtlich unabhdngig vom gewdhlten Standard und
sie ist, darin Tiegt die eigentliche Entdeckung*f’endTich. Sie

ist Losung der Gleichung
(4 +R) Ai” =p.

Dazwischen hingen w und v funktionell zusaminen. Es liegt nahe zy
vermuten.und kann (wenn keine Kuppelproduktion voriiegt) streng
bewiesen * werden, dass r bei Jjedem Standard monoton steigt, wenn

w fallt:

Diese Relation ist die Grundlage aller folgenden Ueberiegungen, =
Bel der entgegengesetzten Bewegung von w und r dndern sich die
Preise kontinuierlich. Einerseits folgt dies direkt aus

p=w (z - M*ﬂi\\imﬁi,
Andererseits 1dsst sich dieser Ausdruck wie oben in eine Reihe ent-
wickeln

P v (T beahrGobhie 12,

k%

**ygl. jedoch Sraffa (/11/), Appendix D3. Zur Identifizierung des

korrekten Wertes von R bei mehreren miglichen s.h. weiter unten §7
und Sraffa Appendix B und C.Zur Bestimmung der maximalen Profitrate
darf nur das "Basissystem® (s.h, unten) in Betracht gezogen werden.

* 5~h.u§ 17, **% Boweis s.h. unten §6.
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die sich unmittelbar tkonomisch interpretieren ldsst: die Akf.
stellen ja, wie wir gesehen haben, die vor k Jahren aufgewandte
Arbeit, die indirekt in die gegenwdrtige Produktion eingeht dar:
A¥L -1

So haben wir

F - (l!ﬂﬁ' (ave) t4)+“+'\1 le\*-— ) \;
d.h., Jedes B w 1dsst sich darstellen als die Summe aller in
frilheren Perioden zur Produktion des Gutes i augewandten Arbeit,
wobel nur jeder Summand mit einer Potenz von 1+r zu mulitplizieren
{st, die angibt, um wieviél Jahre die betreffende Arbeitsleistung

zurlickliegt.

Hieraus lassen sich eine Anzahl von Schliissen ziehen.
1) rS(,hat de Dimension "Zeit pro Einheit des Gutes i%; es
ist der Preis des i-ten Gutes pro Lohnrate oder”pro Stunden-
lohn®. Also gibt P“/w die Zeit an, die ein Arbeiter beim
gegebenen w bwz. r arbeiten muss, um den Gegenwert einer
Einheit des i-ten Guts zu verdienen*. Aus

-\;L s L. + (h,v) L‘"ﬂv (l#v)" l?‘#-- -

folgt,dass diese Zeit fir jedes Gut widchst, wenn r wichst,
bzw. w fdllt. Anschaulich: bei sinkendem Lohn muss sich

ein Arbeiter um den Erwerb jeder beliebigen Ware ldnger mihen.

*0der umgekehrt: *The value of any commdity, therefore, to the
person who posses it, ... , is equal to the quantity of labour which
it enables him to purchase or command”. (Adam Smith, The Wealth of
Hations, Vol. 1, Seite 34 (/36/).

V¥gl. auch Sraffa é 49, ferner §32.




2} Dies steht zu Ricardos erstauniicher Beobachtung, wonach

der Preis gewisser Waren bei einer Lohnsteigerung fallen kann,

nicht im Widerspruch, denn Ricardo meint den absoluten Preis

in einem Standardpder sich von der Lohnrate unterscheidet. Wie

wir gesehen haben, fillt r, Wwenn w steigt. Die einzelnen Preise
in Psw(j_@")AE"i werden sich also bed Bewegungen von

W, zu denen die entsprechenden von r stets entgegengerichtet

sein werden, verschieden verhalten®

Es Teuchtet ein, dass bei einer (kleinen) Zunahme von w und

der entsprechenden (kleinen) Abnahme vo%r der Preis einer

mit direkter Arbeit ohne Zuzug anderer Produktionsmitteq
hergestellten Ware steigen und der einer mit geringer direkter
Arbeit, daflir umso grisserem Aufwand an anderen Produktiong-
mitteln hergestellten zweiten Ware fallen wird, Man wire geneigt,
den ersten Herstellungsprozess als %rbeits«ﬁntensivﬁ den zweiten

als kapitalintensivt zu bezeichnen,

Es kann aber sein, dass der Schein trigt, und die Preisbewegungen
anders ausfallen. Wenn zum Beispiel im zweiten Prozess die
Produktionsmittel ganz besonders ‘arbeitsintentsive’ Giter sind,

so werden ihre Preise mit w steigen und es kann sein, dass ihr
Steigen mit w das Fallen von r Ubertrifft, sodass die produzierte

Ware paradoxerweise im Prejse steigt.

Der Charakter der Fluktuationen der absoluten Preise héngtzu

* vgl. hierzu Sraffa §§ 13-22.
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zum Teil vom gewdhlten Standard ab. Daher die Bedeutunq der
Konstruktion eines geeigneten Standards. Die Moglichkeit
paradoxer Bewegungen ist aber schon bei relativen Preisen, wie
wir gleich sehen werden,gegeben.
3) Aus
p=w {1+ @en S (uv\ll-m*-—-)
§ieht man, dass die Preisbewegungen anschaulich besser nicht
aus dem Verhiltnis von direkter Arbeit zu andern aufgewandten
Produktionsmitte1n abgeleitet werden, sondern sich exakt aus
der zeitlichen Verteilung aller, d.h. direkter und indirekter,
im Produkt verkdperter Arbeit, erkldren, Dies sei an einem
Beispiel Sraffas (der seinerseits Vorbilder hat) deutlich ge-
macht. Eine Flasche Wein (et} verkdrpere zwanzig'acht Jahre
zuriick1iegende Arbeitsstunden,‘eine Eichentruhe (f!) ebensoviel,
wovon jedoch eine fiinfundzwanzig Jahre zuvor aufgewandt wurde,
wihrend die neunzehn verbleibenden in der Gegenwart geleistet
wurden. Also:
P
Pe= ™ (a8 + Q*')zg).

.8
Um w zu eliminieren, betrachten wir das Verhdltnis {%;, gehen

w e - 20 ,

1]

also zu relativen Preisen iber:

Pa _ 20 (4+v)

e

e A3 len)iT

Fiir r=o sind Wein und Eichentruhe gleich viel Wert (R, = fa ).
Mit wachsendem v wird der Wein zundchst teurer als die Truhe,

£fi11t dann jedoch wieder und fiir res17% ist erneut f§‘=s f‘;.




Sraffa schreibt hierzuf 74/, §48)s

* The reduction to dated Jabouyr terms has some bearing

on  the attempts that have been made to find in the 'period
of production’ an indipendent measure of the quantity of
capital which could be used, without arguiﬁg in a circle, for
the determination of prices and of the shares in distribution.
But the case Just econsidered seems conclusivein showing the
1mpossibi1ity of aggregaéing the ‘*periods® beienging tc

the sewera] quantities of Taboyr into a single magnitude
which céuld be regarded as representing the quantity of
capital. The reversals in the directiqn of the movement

of re]ativeprices, in the face of unchanged methods of
production, cannot be reconcited with any notign of capital
a5 a measurable quantity iﬁdependent of distribution and

prices,"

7} Es wird dem aufmerksamen Leser nicht entgangen sein, dass im Beispiel
von"Welin ung Eichentruhe"die maximale Profitrate R nicht in Ep-
scheinung getraten ist, Dies muss man darauf zurﬁckahren, dass Wein

und Eichentryhe hier zup Hersteiiung keine anderen Pfoduktionsmittel

als Arbeit erfordern, Wip betrachten aber eigentlich Systeme, bei

denen einige dep produzierten Giter auch als Produktionsmitte] ver-
wendang Finden. Dann wird fijr das System als Ganzes stets eine

endiiche maximale Profitrate existierent*

% Vorausgesetzt, wir haben Einze?pmduktindustrien,d.h° keine Kuppel-
Produktion yop uns. Bei Kuppe) roduktion ist die Fyxis e orn R eine
schwierige Frage, die im aupgiei? dieses Buchs ausfy rq%cx abgé%ande]t
wird,
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Alle Giiter kinwmen danach unterschieden werden, ob sie direkt und
indirekt fiir alle andern Glter als Produktionsmittel Yerwendung finden
{scgenannte "Basisgliter™) oder nicht ("Nichtbasisgiiter"). Nicht-
basisgliter konmen den Charakter reiner Konsumgiiter haben (z.B. "Speise-
gis") oder in die Produktion einiger anderer Nichtbasisgliter eingehen
{z.B. "Efer®). "Wein" und “"Eichentruhe” oben wiren als Beispiele
von Néchtbasisglitern in einem Gesamtsystem mit Basisglitern anzusehen.
fichtbasisgliter gehen nur dadurch in den Gkonomischen KreisTauf ein,
dass sie direkt oder indirekt dem Konsum aus Lhnen und Profiten
dienan. Basisgiter wie "Kohle® und "Stah1® sind dagegen in jedem Fall
direkt in den Kreislauf der Produktion einbezogen. Entsprechend
Tdsst sich die Inputmatrix A und die Outputmatrix I nach geeigneter
simultaner Umnumerierung von Industrien und Giitern auftailen in
Untermatrizen

ayoml [ AL O (1% o

A-
PR N I 1 B [ B

W
}

=

4z
wohet AL A gquadratische Matrizen uncﬁtﬂ T Einheitsmatrizen gleicher
Wy A yend b/

Ordnung und wobed Ai%& O . Dieser technischen Zerlegung des Systems
entspricht eine Gkonomische:

((ﬁ-»i-vf) A E:} -+ W é" EP
zerfdilt in

(aeed Ra Pa -+ whi = pa

4 2
(jﬁvk)(ﬂz £ Aa., f&}‘% \N'(’L = ?Z'i

wobei p, den Pegisvektor der Basisgﬁter,€4den Arbeitsvektor der




Basisindustrien,ra den Preisvektor der Nichtbasisguter,@zden Arbeits-

vektor der Nichtbasisindustrien bedeuten, Nun zeigt sich, dass bei
gegebener Verteilung w,r und irgendwie gegebenem Preisstandard die
Preise Py unabhéngig von Py bestimmt sind,

Pazw (Th=(m) ALY,

wihrend R sich erst nach vorgangiger Berechnung von - angeben lisst,

Damit die VoTkswirtschaft nicht in zwei nicht- ~iiberlappende Teile

man
auseinanderfillt, hat die Existenz mindestens eines Basisqutes anzuy-
nehimen, Im System von Ricardos Korn-Kopn- ~Mode11 ist Korn das einzige

Basisgut.

Die hier betrachtetennatiir!ichen Preise"scheinen im Gegensatz zy
“Marktpreisen® und im Gegensatz zu den Vorstellungen der necklassischen
Theorie unabhiingig von der Nachfrage* zu sein. Rachfragekurven der
Wirtschaftssubjekte waren zyp Preisbestimmung nicht erfoderlich. Der
Schein trigt jedoch insofern, als der Geschlossenheit des Systems
wegen der Gebrauch eines Guts als Produktionsmittel seinen Peeis
ebenso beeinflusst wie die Figenschaften des Guts, eine Ware mit be-
stimnten Produktionskosten zu sein. Nur von den Preisen der Kons um-
gliter, niemals dep Basisgliter, kann man sagen, dass gie rein von

der Kostenseite determiniert sind. Das objektive Kriterium der Ver-
wendung eines Basisguts in bestimmter Weise im gegebenen statischen
System trdgt zur Preisbestimmung genauso bei wie {nach Regelung der
Verteilung) die Kosten seiner Inputs. Subjektive Priferenzen der
Wirtschaftssubjekte dagegen fallen aus dem Spiel, sohald die Produktions-

struktur mit dep Zusammensetzung des Volkseinkommens fest vorliegt,

*ygl, Sraffa§ 7.
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8) Mit dem Basissystem haben wir den letzten Begriff eingefihrt,

der uns noch fehite, um Ricardos Frage nach dem geeigneten Standard
fiir den absoluten Wert anzugehsn. Wir suchen dazu eine Hare, die mit
dem Korn im Korn-Kornmodell dies gemeinsam hat, dass das Verhidltnis
ihres Werts zu den in gsie eingehenden Produkticnsmitteln {ohne
Arbeit) unabhingig ist von der Verteilung und dies gleichgiiltiag,
welcher Standard fiir die Preise gewdhlt wird. Eine solche Ware,

wenn sie sich finden 1dsst, wird dann selbst einen geeigneten Freis-
standard abgeben, da sie Verdnderungen der Verteilung in einer

sehr einfach}n Weise transparent macht: wenn beéide, Warenpreis

{die Ware ist der Standard) sowie das- Verhdltnis vem Warenpreis zum
Wert der Produktionsmitiel (ohme Arbeit) konstant bleibenm, so ist klar,
dass jede Zunahme der Lohnrate {also des Lohns) in einer

proportionalen Abmahme der Profitrate resultieren muss und umgekehrt.

Wir haben schon gesehen, dass die Preise,wie immer fhr Standard ge-
wih1t wird, in_folge von Verteilungsinderungen in manigfacher Weise
fluktuieren und dass der Charakter der Veriinderung von der Zusammen-
setzung der Inputs, alsc vom Verhdltnis von direkter Arbeit zu den
andern Produktionsmitteln abhidngen. Entsprechende Bewegungen treten
auf in der Proportion von Warenpreis zumdert der in sie verarbeiteten
Produktionsmittel, und diese Proportion {ist auch von Industrie zu |
Industrie verschieden. Mit einer Ausnahme a11efdings: wenn der
Lohn Null st { bei der maximalen Profitrate]), stehen die Werte von
frzeugnis und vorgeschossenem Kapital bei allen Industrien im
selben Verhdltnis:

(Ad—f{) A? = P"

Digs Verhdltnis wird auch die Standardware charakterisieren.
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Sofern das Basissystem aus mehr als einer Industrie besteht,
ist nicht anzunehmen, dass eine einzelne Ware wird als Standardware

dienen kiinnen, da alle anderen Basisgiiter direkt oder indirekt in

ihrefProduktion eingehen , und da deren Preise Fluktuationen unter-
liegen, die sich kaum, wie das erforderlich wire, gerade kompensieren:
kinnen. Wir nehmen also ein Warenblindel, bestehend aus den Basisgiitery
A, bt G (andere als Basisgiiter brauchen offenbar nicht in
Betracht gezogen zy werden). Wir schreiben Qaye -y 9w als
Zeﬂenvekt}or ﬁ”w:(ﬂ“j_\_) qm} und w"a‘hlen‘q so, dass

(s R) q A% =9,
wobei A‘, das Basissystem bedeutet. (Diese “Eigenwertg'ieichung"

1dsst sich nach Frobenius eindeutig Tdsen),

In Worten: wir nehmen die Industrien des Basissystems nicht in den

Proportionen,in denen sie urspriinglich gegeben sind, sondern multi-

plizieren jede (vergréssern oder verkleinern) mit einem solchen

Faktor, dass das Aggregat aller Inputs, .h.

4 a v
q;ﬁW ® Q4 (Qﬁr‘“laﬂ B"'- ~-‘*ﬁ(m(q‘;,.i-n‘ﬁg.:)
N . A K
dem totalen Produkt proportional ist {d.h. 9 Aq = 7 9 1.

q ist bestimmt nur bis auf einen Linearfaktor, Wir legen ihn fest,

indem wir e‘»ﬁ‘:ﬁ setzen,

q(“_ﬁf‘:v—Aﬂ s das Nettoprodukt der Volkswirtschaft in den verdndarten
Proportionen, definieren wir jetzt als Standardware, d.h. wip Tegen

fest: g (Iimi_\i\ p= A bei jeder Verteilung ( fiur alle r baw, W),

In der Tat erfiillt "}(Ii”’é‘i? die Forderung, dass das VerhZ1tnis vom

Wert der produzierten Ware zy Wert der Produktionsmittel fir alle




Verteilungen bei jedem Standard konstant bleibt, denn

c‘L(I;mA?;}IB:Rqu
Ur alle P= %’? B
fiir alle p (P-«)
Aus

(I; - AZ)P‘% gTA;F:\"'Wﬁa

folgt,wenn q(TQ‘Aq)Fim R
130‘( ”A)Pa -/FQA'I +wq'€-4:~%("§'€,£§ 4\;\/

4 r-ﬂ-w
TR ]

?

es besteht also ein Tinearer Zusammenhang zwischen Lohn w und

Profitrate r in diesem Standard.

Wenn der Wert der Standardware g {Iﬂ- K) auf die in %(12» Af)ver,
kiirperte Arbeit Lq zurickgefihrt wird, so 16st er sich auf in
eine besonders einfache Reihe:
q(Ti-A)p, = g (T5-4%) w (T4~ ee) A;)ﬂﬂq
=Rgq ' ( A“E\l (E*Qw) A+ Q-M’)Z(AW{L,.}Q
(4 %;)AfiQ g (T+ Uer)hs+. . )ﬁ,ﬁ
S (g0 3 (25T,

Sraffa zeigt (§§ ‘!3-22;, dass die Standardware wmit Ricardos Konzept

1

eines absoluten Wertmasses auch insofern Uibereinstimmt, als das
Verhdltnis von Arbeit und Kapital bei ihr dem Durchschnitt der

Oekonomie entspricht,

9) Wenn in einem System,von dem wir der Einfachheit halber annehmen ,
essei mit seinem Basissystem identisch, fir eine bestimmte Ware eine

alternative Produktionstechnik zur Verfiigung steht, die der Re-

. .
produktionsbedingung “’219‘?*{-"5; i“,* o geniigt, so erhebt sich die
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Frage, mit welcher der beiden Techniken es sich skonomischer

produzieren Tisst,

Die Frage ist leicht beantwortet: die Standardware des urspriinglichen
Systems werde benlitzt, um auch die Preise deg Systems unter Benutzung
der alternativen Technik zy normieren. Wir erhalten dann zwei
w-r-Diagramme. Die des urspriinglichen Systems ist eine Gerade durch
{r.w)=(0,1) und (r.w)=(R,0). Die alternative Kurve wird davon ver-
schiedene maximale Lohn-und Profitraten & R aufweisen, die Gerade im

a11geme1nen bis zu n mal schneiden und in Jjedem Fall monoton fallen,

—fpr A

Fiir jede gegebene Lohnratew, gehdrt die weiter rechts liegende

Kurve zum jeweils tkonomischeren System, da dieses fiir diese Lohn-
rate eine hohere Profitrate 4, %4, zur Folge hat, In Umgebung von
wird umgekehrt dasselbe System bei gegebener Profitrate 4, eine hihere
Lohnratevngg(d.h. einen hdheren Lohn) erlauben. An Schnitt-

punktenw%y%sind beide gleichermassen vorteilhaft.

Die Beobachtung, dass die w-r-Kurven alternativer Techniken sich im
allgemeinen mehrfach schneiden, ist ein schlagendes Argument gegen
jede Theorie der Einkommensvertei]ung, die sich auf neoklassische

Produktions faktoren stiitzt. Die Theorie der Produktiens funktionen
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steht und fdllt mit der Existenz einer monotonen funktionalen

Beziehung zwischen Kapitalintensitdt und Profitrate. Das Vorkommen
mehrergr Schnittpunkte ist aber Ausdruck einer Wiederkehr derselben
Technik bei verschiedenen Werten von r und widerlegt die Hypothese

einer umkehrbar eindeutigen Zuordnung von Techniken und Profitraten’.

Andere Theorien der Einkommensverteilung wie die neokeynesanische
Kaldors (/23/) stehen zum Phinomen der Wiederkehr dev Techniken

. A Jogischem X R
freilich nicht im Widerspruch. Dies darf wohl behauptet werden, obwohl
eine umfassende,konsistente Darstellung, die dies unter Einbezug
der Kapitalakkumulation und des technischen Fortschritts zeigen wiirde,
noch aussteht. Joan Robinsons "The Accumulation of Capital™ (/32/)
ist wohl noch immer das Werk, das der Erfiillung dieser Aufgabe am

ndchsten kommt.

1o} Da unser eigentliches Thema die in der neuen Literatur stief-
mitterlich und in der Literatur Uber Sraffa{mit der im Vorwort er-
wihnten Ausnahme)ﬂberhaupt nicht behandelten “Kuppelproduktion®ist,
werden wir nur im Nachwort noch einmal kurz auf das Verhdltnis Sraffas
zu anderen Bkonomischen Doktrinen,insbesondere der Walras'schen

Gleichgewichtstheorie, eingehen.

*Die Literatur hierzu ist schon fast unabsehbar: s.h. Harcourts

Uebersicht {/21/).
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Am Ende des Nachworts findet sich auch eine kurze Zusammenfassung

des nun folgenden Hauptteiles der Dissertation.




PART ONE: GENERAL JOINT PRODUCTION SYSTEMS

I Basics and Non basics

1. The System

Mr. Sraffa assumes that great numbers of productien processes
are available for the production of n given commodities, that
a rate of profit is given, and that n of these processes (which
together form a selfreproducing system) have been chosen so that
the "prices of production" (see Sraffa, § 7) ® at this one given

rate of profit exist, are unique and positive. He then congiders

hypothetical variations in the r ate of profit leading to hypothetical

changes in the price system {changes in "demand" which might ensue,
if the movement were to be real, are irrelevant in this context) .

The equations are written as follows:

Bp (L+r)dps wl (1.1)
where B = (bi J), A= (alJ) are two non-negative (n, » )-
matrices fof outputs and inputs respectively, The lower index i

refers to the processes represented by the rows 8;, b; of A, B; while

the columns aJ, b’ refer to the commodities, We assume a8 # 0,

b, # 0,1i=1

5 n. In general, a vector with a lower

Jeeeeey
index is a row-vector and with an upper index a column vector. A1l
other vectors are column vectors. The transpose of a vector x

is denoted by x‘- We have accordingly:

a N
1 ) 4 R J
A= [ a' PR ‘& ] = N = (al )'
8
!
e= 4,....,1) is the sum of all wnit vectors e, = (0..,0,10
< » [ ] H

y

!"Sraffa, § X" refers to "Production of Commodities by Means of
Commodities", § X /11 /.,




and is used for the summing-up of the columns of a matrix:

1y ceon 1 [, ! = J
e h = (e a ,..... ,e'd) = (B ).
) ’ i
§
]
e = (,Il n ll), is an n~-vector, ®(n) = 1 ... 1)

the analogous m-vector. I is the (n ) n)-unit matrix, I(m) the
(m' m)-unit matrix,

£=(L TR ,Qn)g denotes the vector of the labour inputs,
r, the rate of profit, w the wage-rate, As a conventidn, we fix
'l = 1 (total labour-time expended equals one) and we measure
each good in terms of its total output: e'! B = o ,¥
We shall assume at first (see §15 ) that B - A is nonsingular:

det (B-4) 4 o. (4 1)

It follows that the n processes fai’ bi] are linearly independent:

vk [ 24,8} = ok [a,3a) - n
(ck = ranky [a,8] =[ ala...j 2", bl’”.‘bﬂ is en
(n,2n )-matrix),

4 further imporiant gensral hypethesis ws malke iz

" (B-4) = § 3 0o = (2 2)
that is to say s, the vector of net products, shall be semi-positive,
i.e, 4,B is a gelfreproducing system,

Starting from a rate of profit r = T, for which positive
prices are supposed to exist we cen now write our equation (1,1)
as

w(B-(2+) )t & - 5 (1.2)

This is possible in an opexéneighbourhood ot r, where

det (B - (1+x)A) ¢ oO.

Equation (1.2) determines the relative prices uniquely for given r,

T e'B = & does not exclude unproduced goods { see §43 Je

% In matrix (vector) inequelities, the sign A&B means a.i']s bi‘-j
and the sign AS B means A§ B and a,9< b,Y for some (i, 3).




They may be normelized in various weys, e,g. either simply by putting

% = 1 which amounts to expressing prices in terms of the wage-rate
or by equalising a weighted sum of prices to a given constant, say
1. VWe define prices in terms of the wage rate as

N O N R RS VY )
and we define prices in terms of a given commodity standard a

L
{where & = (aq‘ cees ah) denotes a vector of commodities) as
(B - (1er) a2
7y
al (B - (l+r)A) f.

Pa (I') =
Thus, the wagerate in the standard a is
w = 1
= -4
»a 8’ (® - (Ler)a) L
and we have

A
?(r)?0, p, (r,))> 0

and a' Py (¥) = 1 in & neighbourhood of r,- The "basket of goods"
8, B4y 2.g. cunsist of only one good, say i, and then may be
represented by a unit vector e .
& = e has some mathematical adventages. Mr, Sraffa's standard
prioes are obteined, if a equals the stendard (net) product,
¥y, the wage rate in stendard a, is also an indicator for the
real wage, but only if the real wage is paid in the same standard
@ in which prices are measured. For if the real wage is Aa
(2 ia the "basket of goods", A & scelar factor £ "number" of
“baskets"), we get, for the total wage, W,

W= (e't)- W, =W, = (*)Rat ). P, = \.
&n actual payment of the resl wage in stendard a presupposes of
course

)°a.‘ é & - (B - A)'
while the measurement of prices in this standard does not require

any such assumption ,

Decomposability

If we want to be guided in ouer analysis by what we have
learned in the case of single product industries, we have first
to extend the aistinction between basic and non-basic products.

By formal analogy we define:
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Definition
The matrices A, B form an indecompogsahle systen, if no

rermutation of rows and columns transforms A and B simultaneously
into almost triangular matrices,
That is to say : A, B are indecamposable, if and only if no

permutationmatrices® P, Q exist, so that

_ Lo N ‘éi 0
A = PAQ = B =PBQ =
r 5, 82
2 2 2 2
where AL B2 are square matrices of the same order.

1771
In the single product case one assumes without losas of

generality that @ = p! = p~1 (so that single product systems
(4, I) are indecomposable, if and only if A is an indecomposable
matrix).

Decomposable systems are d ecomposable in the technical sense:

Let A, B be decomposable, A, B, B~ A,and
-A 4 4=t
a4 - A% o (g:'ﬁq) O

%‘A-\= = -
. 5 -A R-A (- AfiR-Adeha) BA)

are then together slmost triangular, Ail s B;‘_ form & group of  say
k, processes which appears to be independent of the rest of the
economy, (Ai 5 1) is in fact a self reppoducing system, if

(k) (B - Al) P o, ( e(k) (Bl - Al)} 0 foilows from

¢ (B-A) 20, if B =1, i.e, if (A, B) is a single product systen.)

®let T = (k - k,) be a permutation of (l 'h)
Permutation matrlces are . . ?~ ; .:.‘.J',
J J ; ;
(Pl )s Pl ék’ J = (11 D) ?’:S } ;; { : ,'4_3

Note: 1, PA is the matrix & with the rows, AQ with the colunms permuted
according. to .

2, If P corresponds to B, and if 'l is the inverse permutation .

to W, then 2 correspﬁmds to B~ "

3. P™ = P (permutation matrices are orthogone.l)




Decomposability is illustrated best, if we assume constant
returns to scale.

Interpreting @ as activity levels in e'(B - 4) = 8% O,
we may then change the activity levels to any q % 0 and
denote the surplus by c:

ol o= 1' (B~4).

Considering c3® as given, ¢ is said to be producible, if
tE-a s 9, for then

q' = o' (B-a) lme.

If (B - A)™ 20, (4, B) will form an all-productive system.®

#e shall call ik gll-engaging, if (B-A)'1>o for then q.»o for
all ¢2 o. In an alleengaging system, all activies have to be
engaged for the production of any good to take place,

It is well known that all single product systems (A, B) =
(A, I) are all-productive., & is indecomposeble, if and only if

(B~A) -l (I - A) -lbooi.e. if and only if 4,1 is all=

engaging.
Joint production systems are decomposable, if and only if

an index Kewn exists so that (after permutations) for
L]
all g-= (at“ s Gy Oy o)
it follows
4 %
c = q (B-A) = (cl’... Ck) 0'...‘0).

(A, B) is all-productive in a .decomposable system only if

1 1
A B is all-productive,
1/ -1

2.‘ The Concept of a Basic System

The definition of indecomposability, though useful for the
description of technical interdependence, is not satisfactory in
Jjoint production systems from the point of view of prices,

Consider the following example:

® It is easily seen ( cf‘.}B below) that joint production systems are
only very rarely all-productive, The concept is nevertheless
importent from the analytical point of view as we hope to show later,
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4n indecompossble system of n §00ds and processes (4, B,{)

has 20 (n + 1)st. process added to it, producing a pure
Consumption good, say, "coke". The h-th process of the
indecomposable system produces "gas", With the addition of
the (n + 1)at process, coke, which is always a technical by~
product of gas, but which was regarded as a waste in the inde-
oomposuble system, becomes g Joint product with Zas. The n-th
end the (n + 1)st process differ only in that the n-th process
employs a technique aimed at efficient gas-production, while in
the (n + 1)st process the emphasis is on coke,

The question now arises, whether coke, according to our
eéssumption a pure consumption good, ig "basic" or "non-basi ¢,
Since the system of n 4 1 Processes is also indecomposable,
¥e have o find a new epproach in order to hiow that here coke
bas a character akin to hon-basics in single product industries,
wiile gas plays the rest of a basic, To this end, Mr.Sraffa
proposes, §5k), to deduct a suitable fraction of the (n+ 1)st
brocess from the n-th so that coke production is cancelled out in
& combined process with a positive output of &as but possibly
some negative inputs. More generally, we dfine:

Definition

& system (4,B) is called mon-basic, if a permutation of the
eolums and a number m exist so that the matrix A%, 527
consieting of the last m (1€ mg n - l) columns of A and of B
has at most renk m,

Thus, ooke as a pure consumption good (aml = 0) is non-basic.
If a system is non-basic in accordance with this definition, combined
brocesses can be formed to eliminate the non basics:

Ir (4, B) is non basic, n - m rows of the (n, 2m) matrix
[ Az, 32_7 azust be linearly dependent on at most m others,

If they are the first, we represent them as a linear combination

2
of the lext m (/7 4 o) Bg /) which ere taken as a basis:

2 2
[‘1: 8] J - H[Az,Bg]
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and we construct a matriz (following Manara): M =

o 1
{wa)
which transforms (A,B} inve a pair of almost triangular metrices:
A-HaY O B-ug, O
MAs , MB= ,
4 2 2
Aw. Az L 842 @2

Any smallsst such system (with the largest m)*([A‘:‘-‘HA‘l] ' [gg-Hg;])
will be celled basic system. If it is identical with (4,B), (4,B)
will be called Dhasic. The usual assumption in single product syss
tems, that there should always be at lsast one basic good, will be
replaced by the assumption that whenever we have (after permitation)
rk[Al ,B’]—m for the last m columns of a system (4,B) or for any sub-
systen decomposed from a larger system (C,D), it shall follow thet
~k[A" 8] > nom. (A 3)
If (43) is not fulfilled, (4,8) can be mads to fall apart into com-
yletely discomnected parts ('complete decomposability'). For if
WA 6n-m, we got from Otde}(K-A)wld(HUZ-Av=dg+[((g\;gal‘z\w@;-m§\};—,&§ﬁ
A HAY € -HE T LA A, (8 HE) A M A e,
Thus there is J with [A‘“Q‘z]u] [A"—HA'MR\‘..H@\A and M= E(n-h)o
such thet detNWED and 1T
Ag:u‘l 21 ’ NMB = 8l ~HY :1
Lemma: 1. If 4,B basic, 430 , B30 , then eh>g @Q>0. "
2. It Tp=hAp p>o, then A>A.

NiAs

-

Theorem 2.1
1. Single product systems are basic, if and only if they avre
indecomposable.
2, Assume detQ3g, det{@-A)do The systems (B“A,I),((@A\“Alﬂ,
\(ﬁ-A)”B'I) are indscompesable, if and only if (A,B)is basic.
2, (ﬁ"A‘I) ste. are completely decomposably, if and only if (A3)
aoes not hold.

3. All-engaging systems are basic.
Proofs (Lemms) 1. Trivial, 2. Formalize p, so that e'pel. With

e' (B-AagleAz0 we got 4-,3‘?: C'Kpn\e‘Ap <>\e‘f’ =N,

Proofs (Theorem) 1. If (4,I) nonbasic, we get (after perm.) for the

®por the problem of uniquness ses §3.
ot trus, if only indecomposability is assumed.
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last m columns ¢ IAz‘I"](m . From ~Wl Tzz s wm follows

2 2
-k [A:\I:] = m, hence Al = 0, since I1 =0,

Ai % O. Thus A is decomposable. The converse is obvious.

2. If (4, B) is non basic, permutation matrices P, § and & non=
singular matrix M exist, so that MPAQ and MPBQ are almost triangular,
Thus, the matrix (MPBQ)™" MPAQ = @ 15 P ™ weag = @~ 82aq is
almost triangular as the product of two almost trianguler matrices
and so is QIQ = I.

Conversely, if (BmlA, I) is decomposable, (4, B) is non besics

for Q-lB"lAQ is almost triangulsr (the last m columns are zerc in

the first n - m rows), thus

merk [0 TAQL T vk (R @'€AGL, T*])
= [aq gar] = rk[ag eal,

thus m columns of A and B form together an (n,2m) -matrix of rank m.
Similarly for (R-A)'A , (G-A}'@, ana the proof of 2.1.2',

3. since e'B=e' B 30, we have (B-A\"&)o'if (e-A">0.
Thus (@-AJ'(3  is an indecomposable matrix, ([Q-AJ'8 JT)
indecompasable system, ([ %‘A)"R.T) end  (A,B)  vasic systems

q.e.d,

Multiplication by M decomposes our original equation (1) into

two separate expressions:

(e ) (A% = HBlpew (I HE:) = (04 1D ) »

(s+ V(AP A ﬁ) s why = R:r.\-'- B:f"'

The first of these equations can be solved independently of the
second; both taken together give the same result as(l.l).

If H =0, we are back to (technical) decomposability in the
sense defined above. (A‘.. § n: ) then form a system by
thimselves, if e(;) (R,"- A:)T,O . The technical independence of

4 : [&11 is here reflected in the fact that one need mot know the
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processes ( A, 8, 'fl) to determine prices in the system
4
( AL ,8%,44)

( A,_ ,&1 ,e,_) on the other hand should not be viewed as a block

of interdependent processes or as a system epposed to (Al B% | & )
but rather as a collection of disconmacted industries producing a set
of "luxury goods" nome of which is technically essential or
economically relevant for the basic pert of the system.

Note that necessaries of life of which the subsistence wage
of the workers consists a_r;e basic goods par excellence. ;l‘hey
include whatever is considered indispensable for the maintenance
of the customary way of life of the labowr force end they cught
therefore to be impdicit in the inputs of the whole economy and the
outputs of the basic system,

This would involve splitting the wage into a basic part and a
surplus part - a step which Mr, Sraffa is reluctant to take for
the reasons expounded in his §8. We shall leave the question
open, since it is largely a matter of interpretation and does not
affect the mathematical structure of the model, But we draw the
reader's attention to the fact that a few of the propositions we
are going to derive make sense only to the extent that the distinetion
between basic wage (to be advenced) and surplus wage (share in the
surplus) is acceptable.

Let us return to the equations (2.1). If H¥ O , it is not
possible any more to say that a group of prooesses is technicelly
independent of the others: the expressions Az,. = H A’; !

Ra = H R: show thet some goods produced and/or used in the
non-basic processes {the non-basics) are also used and/or produced
in some basic processes. However, although the prices of the

first n-m goods are thus not independent of the last im processes

(A, \B 2'1, }, we have at least constructed an imaginary system

- - = - 4_ 4 - "
(A‘q ] '2‘1 114 )_ (A‘J\-H‘llg‘ H“‘—\l‘ Hea)
which determines the prices of the first n-m goods for all rates of
profit in such a way that they appear to be independent of the

movements of the prices of the last m goods,
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This procedure is justified by the demonstration (given in the

next paragraph) that except for flukes no mathematical procedure

exisis with which it is possible to decompose the system further

then into basics and non-basics,

3. _The Uniqueness of the Basiec System

The uniqueness of the basic system has to be proved in a
double sense: firstly we have to show that only one basic system
exists, if the SraffeManars definition is accepted, Skcondly,
we have to solve the problem set out in the last paragraph; that is,
we heve to show, thet no other definition of the basic system could
be given (in a sense still to be specified),

We take the second problem first and begin by analysing any
two matrices F, G with a labour-vector, m, satisfying the same

price system as equation (1.1)
(G- @IF) plr) =m (3.1)
s (m-Gean™d. G.2)

where

(P,G, m) shall fulfill the same assumptions as (4, B,2). In
perticuler det (B-A) # 0, det (G - F) ¢ 0.

Write Agy for the adjoint of a matrix A. If det A £o,
Apg = At deth, if det 4 =0, A Ay =0. (3.1), (3.2) are
equivalent to

olet (8- ferlA) DR = [G-F v F[-A-vA] L (3.3)
where we choose D to be any nonsingular matrix mappinge on_to
ms

n = DL,

Expand the two sidds of (3.3) to get { (Q-(+)A ) is a
Ad

polynomial matrix of degree n - 1 in r):

2 P,"'VDQ =[((1- F)—rF] (z°+z"»r+.. .+Z‘*'h') (‘!.4)

Y=o ’k
F.: det (R‘A)
2.3 (R’A)A‘ xo

4s (3.1), (3.2) shall hold for a full neighbourhood of r,, (3. 4) wina

with

M‘—
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hold identically in r and is equivalent to the equations
- A
Po PL= (6\ ?') z
g, oL = (6-F)7 - F2

F__‘ox; (6- F)- F22
P“ Dl: - FZM“4

which we write in matrix form:

[3.5)

(N3}
° 24

2° 2% .. \2 0 0
LS | D = [p.0,f.00]
| (3.€)

(R }

We ask now, to what extent [ G - F) —E‘] is determined by (3.6).
» w4
This will depend on the rank of the (n, n)-matrix [7."; R 4 ]

First, it is clear that
[6-F-F]=D[B-A,-A]=[D%-DA - D4] (3:3)

can be taken as a psrticular solution of (3.6)’ since D was chosen
to be invertidble. The complete set of sclutions to (3.6) can be
represented as the sum of this particular solution (3.7) plus all

the solutions of the corresponding homogenous equation, written as:

20 e 25\-0 o
L 11 DY Y} (1.¢)

0‘2\\-~' ‘Z

&ny X and Y for which
x[27-~ ‘2""]=o' 1[0 ‘2“"]=o

. A = »n -
that is to say, for which X ‘: (ﬂ].:o \ Y ‘o(ﬂ);-o
identically in r, will satisfy this equation, but these are not all
the solutions, We get a complete survey as follows:

Consider any X fulfilling

xz":X(E-—A)A‘{:O (3.3]

to be given.(3.8) will then determine Y:
4 b=t [ ° ey
x[‘.-“z |o]=\]/ 2.2 (3.00)
but not fully, unless det [:z"\ s \2"‘" _] 0.

Retracing eur path to the original equations, we f'ind from




(x-r¥) [(8-8)-~A]"f =0
that
Y, = x(@-aY'A (3.4)

is a particular solution to (3.8), because
[x-A[8-A=cAT L = X (T- ¢ (@-AV') [R-a-vd] 4
= X(B-4)7'2 =0 .
To get the full set of solutions to {3.10)}, we have again to add
to Y, the solutions Yl of the corresponding homogenecus equation

Y. [2° ..., 27" ]=0.

These solutions are the same as the ones for which
Y.ferzo (.2)
identically in r.
Cur matrices F, G with the labour vector m are now seen to be
related to the original A, B, & by
G-F=D(B-4A) + X (“,3)
F =DA+Y+ Ya
where X is any matrix satisfying (3.9),Y, is related to X by (3.11)’
and Y, satisfies (3.12), Define
M = D + X(B'A)"

and (3.13) becomes

G-F = M (Q-4)
B =M AvYy
and
ML = DL+ X(R-4) L= m,
where

det M+ 0, for det (G ~ F} £ O, det (B - A) # O. Since our

derivation can be reversed we have found:

Theorem 3.1
Prices are the same in two systems (F, G, m), (4, B, £} for all

rates of profit, i.e.

8= (6w Pl = (R-GoaA) L,

if and only if matrices M, Y with det M ¢ O, Y ‘?(«]—._: e exst
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so that

EzMA+Y, G=hRe, waMl,

Corollary: FPrices {S (r) are the same in two systems (F,G,m), (A,B,t)

for all rates of profit, if they coincide in n + 1 different points

Ty - <~ 3 Tn (ry 7& ri).
Proof’ (of Corollary): Aimmediate by application of the theorem of identify
for polynomials {equation (3.4) holds in n+l points).

The two matrices M and Y, by which (F,G,m) and (4,8,8) are related
to each other, have straightforward economic interpretations:

Tp premultiply &, B,f by M means to form n new processes 4;\3;‘ &;
L.

To add Y with Yp(r) €0 means to add artificially to each process

by linear combination from the original & { Lg \
a set of inputs and outputs whose value 1is zero at all rates of
profit, Thus, in the first case, new industries are formed by

linear superposition; in the second industries“exchenge” goods in

such quantities that the value of the exchange is zero at all rates

of profit and in every industry.

To illustrate the second operation which one might think ime
possible take an indecomposable matrix as the input matrix of a single
product system (A, 1,4 ) and assume the labour vectoﬁ to be the
positive eigenvector belonging to the dominant rgg% of A, This is
the famous speaial case for which the "organie composition of copltal®
is the same in 21l induatries and independent of the rate of

profit, 1If

QA-*') l¥ P -+ \JAQ =.P

and
'4—
Al 4+RL'
it follows
-
(:(x)i.}, {-or w = 4—:;:

Define

2z
Al A (< l+--_+c“ﬂ,‘)‘ y =c"--_ '\I“=a"l
4

Y=[74n"' ;7“]-

In the system
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(4~1)K?$Nimf

A= A-Y
which is equivalent with (4, I, &) in that prices are the same
as in (A, I, £ ), n-1 goods are "non-basics” despite the indecomposah
ility or A¥%

Neit, we show that one is justified in neglecting matrices Y with
Y5 (r) 20, for such matrices Y# O cannot exist unless A, B is a
mathematically and economically exceptional system and and/or Q
is in a very special relationship with 4, B.

In slight modifieation of the conventional terminology, we call
8 Tt R of det (B - (1+r)A)sp semge simple, if rk (B - (L4R)A) = n-1. ‘
Whether R ig a simple root or not; if R is semi-simple, there is

(up to & sealay factor) one and only one,"eigenvector"® 9 with

q(8-G+a)A)=0.

Theorem 3,2

Let Ry,... ., Ry be the roots of det (B - (141)A)sg with
multiplicdties N .:*;(;14.___ RIYIN The price vector
f(r) assumes n linearly independent values p (rl) P oceeee, ﬁ(rn) at
&Ny n different rates of profit Tqyeveeep Iy (r; & Ty, Ty #Rj),
if all t roots By .. ‘Rt of the equation det (B - (ler)a) = 0
are semi-sgimple and if cl.'L#O, C-A,._,‘t' for the associated eiqenvectors 9;-
Conversely, if one rootdis not semi-gimple or if q:L=0

for some o

. it follows that ﬁh)‘_.-,f)‘(a;) are linearly dependent

for eny A‘:“.‘.)f",“ (A';# Ri . IfR is real, there is a real

vector q with ciﬁ(*)zao for all r,

&
Eroof Let 8 be the miltiplicity of B, R; semi-simple, é,‘i =W,

According to Jordan's theory of Normal Forms® there exist n linearly

® see e.z. W. Grébner, /3 / | p.201-205,

“?hil result may be used to show that Samuelson's eoonomy for
which he oonstructed a 'surrogate production funection' was not
what we shall eall g truly basio system and that it could have
been raduced to & one-product sconomy. (He agsumes implicitly

that prices are constant, l.e. that his Prices are equal to Vo
lues. See /13/))




independent vectors

qél"l."l q-‘,l.' , C’ A"-“'ti
- R‘:1 =9,
q¢ “Ri‘\aA(B-AT‘,
iaF(E-G*R;)A)(E-AY‘
=qie(T- RiA(B-A)
=-Rauey j =220, %0
It follows

1&.0'(1'.-!‘ AlR-AT') =¢i“°_(4 - -é'; )- r-:';'q__‘

end this formuls holds for G'sﬂ|--._. 3 if we define q£“=0
s

8
for all 1.

¥ith this we get
%o (8- 4) § (A‘) 2qiw (R—A) ( E‘(A«-A')A)-‘L

=i (T-+AlEATTY

Y
. bkt q,q. Ny
R Rs
R; - R - Q-r T

“Re-at diw
R: « & 1
R; -+ 1‘3"2 (R, _d_)l.q“"*

T4
R: Ry
d A — [ ] ‘i‘”l')

Ry-w |Ri- 7

i' | —(mz— [T - AlE-ATTA

O—=Zl....'1i ;

i=4, -ty

o
"

1 i _—
[ﬁa,a l""lq:,s,l“'j(‘f,«)*"l“t,s_;] )
T = Q(B-A)
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The vector
vie) = T fa‘ ()

assumes in n points Tlyeeen, Ty (ry # Ty Ty #Ré) n

linearly independent velues, if and only if 1;.»L+0 ; i= 1,..., ‘
The necessity of this latter condition is obvious, for
A . . .
q;(B"MP(f)EO ir (‘;.2-.:0 - To verify that
q& ,Q.#o is sufficient, consider the matrix

N=[h("’4)|-*- ,h('fn)]
where " (4’) = [dv.*‘ (TL -.(4+v)A)] v(-f). Assume

that N (Consisting of the values of n polynomials at p points)
is singular, i,e, assume, the s,-th row is equal to & linear
combination of the rirst Sy = 1 and the n - 8y last rows. Since
the values in n points determine a polynomial of (n - 1)st
degree (and none of the polynomisds is of higher degree) fully, the
polynomial in the sl—th row would have to be eqial to the linesr
combination of the first 8 - 1 and the n - 8 lest rows not only
in Ty ce Ty but everywhere. But this is impossible, since the
81-th polynomial does not vanish at p = Rl while the n - 1 othexj
polynomials and hence their lineser combination are zero at r = Rl.
Thus N is non-singular and
fe = T ()

assumes n linearly independent values at n different points, if the
R, are semisimple, and if and only if q‘l *Ol is l‘.-.'t.
The necessity of the R‘- being semisimple remains to be shown,
Suppose R is a multiple root of det (B - (1+R)A) = 0 ang
el (\'&—(,« R)A)< h-4 . There are then two lirearly independent le
with

1t (R = {4+r) A)=o0 P v=4,25 q: L vo0.

W& get as above

P (A (B-tada] fug, (1- r A (w4 0= L& gl j i=a2;

S of



thus

- L

(42 [8-A) gl =0, xﬁt_u

identially in o with (1‘-)‘41)“1— AY#0. This is impossible,
if P (r) assumes n linearly independent values in any n points.

82%-2% is a real vector, if B ia resl.

g.e.4d.

Multiple roots which ere not semi-simple are mathematically
rather exeeptionsal®and the careful examination of examples suggests
that they are hardly more than flukes in any system from the
economic point of view. We exclude them therefore at present from
our consideratiorsbut shall revert to them in §7o

4s regards the cond idion that q; L4060 rof all eigenvectors
1: (the roots being semisimple), there is because of >0 » a_part
from a finite number of mathematical flukes’,magain no economically
relevant case except the one we deslt with separately above where
ﬂ is equal to the prices at the maximum rate of profit and the
organic composition is constant: if l is an eigénvector Al = (1+Rf‘l7
it follows °]i 2 =0 for all q‘\' belonging to different

EX
eigenvelues Ri # R. *

Barring this, P (r) essumes n linearly independent values for any n
different given rates of profit*,'ﬁether A, B is basic or not, A

number of results spring from this unexpécted property of prices in

Even multiple roots are exceptional., for it toiiows
from the theory of algebraic functions that every multi-

plicivy of roots is unstable.

4.t most n,

mThis follows from

—A . =20 =—i— s Qi*&.
A+ ti'l q' AL 4+ R ﬁ"l !

m"ﬂms, prices change direction erraticslly (amd yet contimous-
1ly) in what we shall call regular systems. Moreover, ons can shew
that nor absolute nor relative prices are constent for any intes-
vall, be it ever =0 small, im regular systems.
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Sraffa-systems (we may call systems with this property

regulat and

the exceptions irregular). It follows €.g., that relative
prices =——1in a regular two sector model rise (or fall)

e R

monotonically with r. Or we have:

Corollary to Theorem 3.1 and 3.2

Two regular single product systems (Aa N I\&A)| cAl \I \ ‘e.)
whose price vectors coincide at n + 1 rates of profit are identical,
Eroof:  The coincidence of the prices at‘ n + 1 points is sufficient
W allow the application of theorem 3,1. Therefore A= MA+Y
Y= 0, because prices assume linearly independent values at any n

of the n + 1 points, M = I, because the output matrices are both unit

matrices, Thus Al = Az.

g.e.d.
Let us return to the discussion of the definition of a basic system.
Ir (4,B,8) is regular, (F,G,m) is regular, no YAO with Yp(#)=0
cen exist and F = MA, G = MB,and m = M | det M £ 0, for any two

systems with p = (B - (hr)A)-lz G - (1+r)F)'4m . Assume

H

W, F = MA, G = MB are almost triangular, i.e, assume the lest

™ columns are zero in the first n - m rows. Since M is non-singular,
rk[MA* MB) = ek [A* 24,

Thus, A, B is non basic and the multiplication by M which turned

4, B into slmost triangular matrices, could also be effected by a

‘L(n-om) el

C> ]kn)

matrix of the form as used in the defintion of

the basic system.
Hote that any system decomposed in this way from a regular

system 1s itself regular. Proof: The goods belonging to the de= -

composed system are uniquly determined and so are its prices Pﬂ(‘r)
(ue:l.ng the usual notation), If the decomposed system of n-m goods

were not regular, a not necessarily real (n-m)-vector Q440 would
P, {0
Pir
{ptﬂo.\gfo in contradiction to the assumption that the system is

exist such that 9,50, But then [c‘,‘\o]{ ;‘ for the n-vector

regular, i.e, that ‘:(4’) assumes n linearly independent values

for any n rates of profit,




Thus we have proved:

Theorem 3,%

Any system decomposed‘from a regular system is itself resgu-

lar and is (up to permutations and linear combinations of pro-
cesses) identical to ome which can be arrived at by means of the
procedure used in the Sraffa-Manara definition of the basic

system (§2).

The sscondof the two problems set at te beginning of this
paragraph is now solved for regular systems: We have shown that
by no other definition than the one given in §2 we can decon-
pose & regular system further than into a basic system and a group
of non-basic processes. For if a second decomposition were possible,
it could eleo be effected by the Sraffa-Manars construction,and the
result of the first could not have been the basic system, since
the besio system was defined as the smallest system arrived at
this way (its uniqueness remains to be shown). Since the decom-
pesed system of a regular system is regular, the same argument
applies, if a decomposed system is decomposed once more in itself.

We were able to show the uniquness of the definition of the
basiec system in the regular case, because we did not alier our
soncept of a system. For if variable transformation matrices ars
adnitted and systems with variable coefficients introduced, do
farther decompositions become possible. To deal with fixed capital,
we shall replace the matriz M by mairix polymomials in J+r and
an ¢ld machine will then be revealed as a sort of non~basic in
equations similar to (2.1),but with variable coefficients which
are rationmal funotioms im lsr.

As we can see from the example after the corrolary of theo-
rem 3.1, the assumption of regularity is also essential in this
context: & non-regular basic system can sometimes be decomposed

by means of the Y-matrices.(see also §7). We therefore call a

By e by means of M- and Y-matrices

J.€eds
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regular basic system truly basic and an irregular basic system
pseudo-basic.
Corcllary: The basic system of a regular non-basic system is truly
basic.

As regards irregular systems, the Sraffa-Mansra definition
has not been justified by our consideratims (except in thai irregu-
lar sysiems have mathemastically and économic&lly the csharacter
of exceptions). The decomposition of « basic system by means of
Y-matrices as shown above (industries 'exchange' a set of goods

of zero value) is economically as meaningful as the constructisn

of the basic system (linear combination of industries). We shall
return to pseudo-basic systems in §7.

We have finally to prove an assertion we have often made

(although of course not used in proofs), namely that the Sraffa-
Manars construction leads to a uniguely determined basic system

both in the regular and the irregular case,

Theorem 3.4

Two basic systems derived from the same system (A,B,l) by
means of the Sraffa-Manara construction (§2) consist of the same
goods (with the same prices for all r) and are identicsl up to

linear combinations of the processes.

Exoof:

Following theorem 2.1 it is evidently sufficient to show
that the basic part of ( (B-8)"1B,I ) 1s unique. Following Gant-
macher (/1/, XIII,§ 4) the system «ErﬁydﬁbI} can be decompoasd

after simultansus permutations of rows and columns in the foklo=

wing manner :

D=(2-AV'R = 0@._.50‘;\- ---0
j"_“"lg"ﬂog“r-]o

D\ T 63

N \‘---—-""i_)
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with each D* e D: indecomposable and so that in

each sequence D}_ [ ‘Dg"' (2-§+A'--\ \5) at least one matrixz
is different from zero. The number ﬁ is thenuniquely determined.

With theorem 2,1 it follows from assumptiom (A3) applied to the

completely decomposable system

02,0,.-,0] [0 .-

OI027.|“|0 - - -

- . a e = ]

o0 o .-

that %-4. Thus
DY ©
D = ) s

DY 0%

with D"4 indecomposable and uniquely determined. The rest is

obvicus.

Qe 8o de

In §20 we shall give an example of a system of threes goedas
and three processes which can be constructed by subtrasting aay
of the three processes from the two others. That example will
make it plain thet the Sraffa-Manara comstruction can imdeed leed
to basic systems involving the seme goods but identical emly

up to linear combinations of the processes.
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II. Measurement and Distribution of the Surplus

4. Labour Values

In single product systems, b (o) = ug is interpreted
as the amount of direct and indirect labour embodied in one unit

of good i. The same can be said in the case of joint productions

Q%u.@ E.g, is the amount of direct and indirect labour embodied
in provess i. This labour is expended in different proportions

on the products by which constitute the output of process i:
Qe &= L; W
Au + L = Qu,
W= (,ﬁ "A)d'@ °

< Tt

hence

In the single product systems 4 can be resolved into the sum of
past labour inputs: A& is the lsbour being embodied in the

2
current period, A £  the lsbour embodied in the preceding period,

and so ong

el s AL & Rhe o

This formuls is mathematically proved by matrix expansion
(T -4V =T~ A~ Abv oo
valid.p as is well lmown, for all A whose eigenvalues are all smaller
then one  in absolute value and in particular for all matrices
representing selfreproducing single product systems.
A similar expansion is mot slways possible if B s I, nor
is there an economic reason to expect it {see § 19 on land), We have,

howewver,

(T-KA)'=T- CA+ ..,

if det (fi“k;, A ) =0 entsils E!\l\>1 for all n reoots of the
cquation; for det (§=h; A ) = O entsils det (=L — 87 A ) =0,
The expansion of the labour vector &

we (T-CA'TL= T Y

-
is to dated quantities of labour of the transformed system (i A‘L‘ii),

A third way of accounting labour-values is the so~-called subsystems

approach (Sraffa, Appendix A):
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Write S for the diagonal métrix derived from the surplus vector
{ assume the surplus to be strictly pesitive or use multipliers to
meke it strictly positive):
S4 . 0 .
S: ; Ve (14‘__-‘.£h)=e(B-A}>O.
o s,
We determine activity levels 9. by which the surplus sy of goecd i
and nothing else is produced:
Ca o
9 = s;[e;( R-A) ) | &i= (0--,0,4,0-..9)
or

4

Q = c‘ ~ S(r-A)"

e'll= e.‘ $ (E-A)-‘ = 8\ (R"A).g =€\
mesns that we may interpret Q as a virtual subdivision of the actual
activity levels e. Since c"\' are the activity levels appropriate
for the production of s,

wp = “\vl«

mist be the amount of work expended on the isolated production of
8y end a’; = I‘- L H expresses the amount of direct and indirect
labour embodied ;Jer unit of good i.

We have

g $'% 2 5 QLa 'S (@A L (TAT L= 0

28 was to be expected.

An Apparent Paradox x

Suppose A, B,4 is such that one of these prices p(0) at r = O
or labour values", ssy p; (0) = uy , is negative, Consider an
expension of the production of good 1 by some small amount g_ (1 is

the vector of activity levels by which the ordinary activity levels

® See Sraffa §70.
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€ have to be augmented:
~4
el q' = (¢'+de)(E-A"s '+ g e, (TA)

(&l should be chosen sufficiently small for e 4 g % 0). 4As

stated in the sub-systems approach, we may interpret Cg%, as the

additional labour which is consumed in the production of él, We find.
ai@ia doo, (R-AY L =d,equzd, u,< 0,

that iz to say, we Find that the increase in the production of good 1

does not require an incresse in the consumption of productive labour,

but that, on the contrary, it seems to have set labour fres.

Such a state of affairs looks very paradoxical at first sight,

He see, however, thet not onlv does it cecur frequently, but
even that it is al for a certain type of inefficient

aery {see

4 present that negativ

L positive

whi o allow po (In the case of fiwed

in guestion may well be produced in even greater

but as a waste produsct

thus

buticn and the Standard Commodity

3

the workers is not already

Agssuming the wage of

we introduce 1t as follows: Aif

input matrix A

for subsisteace. If the wage v

fnd form,

El of' the total wage

number or (what amounts 4o

labour time necessary in that
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0= ¢ Lo oo dada
Lpday ooy bode
represents the real wage consumed by the workers in every industry.
It depends on the existence of a uniform wege rate but not of =
uniform rate of profit.
= -AYH is then the labour time
0., = Du, u=(R-AV'L

the workers spend in each industry on earning their living., From
Aue (Lot )u=2(du)=al
we Augcuze (R-A)R-ATLA

it follows that the time they have to work for themselves is
proportional to the time they spend working for the capitalists =~
that is to say, Marx's'rate of surplus value" &= t;: is
uniform irrespective of the rates of profit. (See Horishimm, Ckishio
/7, 10/ ete.)

The rate of surplus value is a concrete measure for income
distribution, but Mr. Sraffa chooses another one, partly because
the wage, as soon as it exceeds the subsistence level, cannot be
determined before prices are known, partly beceuse he considers the
rate of profit as the independent variable, aend regards it as
previous to the distribution of physical income. We refer to his book
for the detailed dichussion of his standard of velue (the "standard
commodity") and list only briefly its main features.

To make an easy start, we postulate the polynomial

det (R -(A+r)“=°
has one and ondy one simple root R » 0 in i/r \”BO 3 . The
real "eigen~vector" 9
uerlg A =q'B
associated with it, is normalized by
qt=A%

c‘ are the "standard multipliers", t' = ci‘ (B-A)  the standard

® Remember e‘Q = 1. We shall tacitly assume from now on(in line with
the conclusions of §§3 and 7) that ;“Q to.
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commodity*. We use it to define standard priceg
(A-GeriaY' g

t T )
P et

§
] t f&"”i‘

The relation

&£

ASE%-W

83

which foliows from

& m%i(@ﬁ%} Fé(”} $ﬂa [}A E);e(’vi his \dﬁ Q:!

e

= 7 08 4) pet) g

has become very famous, Because

T mylhp
& 8t (2-4)p

it shows how the shares of profits ang wages (wages are equs

vo i g 3 e N .
the wage rate for L=d ) vary tinearly in an economy in

propertions, that is s in an economy for which tj?

always sssumed 4o denote the agtual p‘x“OpGl“‘(ﬁiOHS%g

5 = X s
Ifr e ;é{ai y 1w§;§ww§>

1 holds as

the rate of prorit r and the wape ratesy
¥ ag

S A
LU R
= ﬁ {2, %z A ﬁff%

Pe

The real wage nay consist of sny basket of £

i :
ds with Yy a g

H H P . s ¢ "
@ﬁ% @‘ ( - /g'} o Lf the rea) Wage ls a fradion fﬂ% {z} of a s

b . P . .
bagket & A osome range of roand if {r) (prices in

wege rate) rise monotonically with r, }a;?) Wil fall, whatever % ,

"'& 4 . . . o
If some p(r) do not rige -

g
o
5
.
£
5
D
<«
",))
jord
[
o
o
44

Wy = ig‘“z‘% g ?53.@ i”f,} wiil fall with r, but not nee
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tend for r=» 0 to labour values

L3

Ft(o\-’- (R‘*\-"(:M .

They make the value of the national product at r = 0 equal to one

(equal to the value of the standard commodity):

e! (R-a)p,(o)s e'(B-A)u= el

. A R N
and possess, unlike p (4}, a limit for r = R j for the limit

tiv [(R-»r\ (u~@«>A)Aé_§_l

Lh..
T = 7l =
e R F*’ - R d._t-(&-ﬂ-c-v)&)

exists, because R is a simple root of det (B - (lsr)A)s0, and

it is clear that Fes f’em) , with F&(R) defined by

U+R) AR, (R) = Rp,(R) | ¢'p, (Q)s A

The real wage a ( g' P6(4)= we ) iz zero at r = R, whatever a® O

if %(R)>0.

6, Expensions of the Price Vector

We continue to assume det (B - (1+r)A) = O has e simple
positive root. The smallest is denoted by R. Moreover we assume
(A, B) is basiec,

In single product systems the standard prices could be reduced

to series of "dated quantities of labour':
2 = A
folr) s (4= F) (T- el 1)

= (4~ E) ((+(Au)Al+(A+f}"l’-‘ﬁ€+... ).

In §4 the A“f. were recognized as dated labour ferms.

Gl e
Ft(q\ can be constant, therefore equal to values, if and only if

G+ A (R-A70 + (A-F\=Q (a-A'L
therefore if end only if

RA(RB-AY'Q =L.

#
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The expansion (de;tz Bg 0 )
P ()= (4= ) (8- @er1 A2
= (4-Fl(r-I1RA) g™ (6.2)

= (1-%) (T ~ter) 4 cqearta)s. . ) B

(where it is admissible) represents a reduction to dated quantities

of labour, for joint production systems. ¥e shall also use
b= (B~ GenAT'L

(T -l 2-A7AY (R-aY'E (¢.3)

(1 o (8-A'A + 2 ((R-4'A) .. u.

i

[

Theorem 6.1
The series {6,2), [(6.3)], converges for 0 € r< R,
ir B30 /(Ba)"as 0 J.ooesad o ﬂ‘E-A)A"lgﬁ' 0 _],
it converges, if at all, in no lafger neighbourhood of zero than
O £ re E.
Proof: We have to see whether a positive limit to r existz so
that the absolute values of all the complex eigenvalues of {l+r)C =
{1+r)B~lA are smaller than one, If a positive limit exists, (6.2)
will be valid within that range.
Replace the elements of ¢ = Bul.& by their absolute values
end demote the ensuing semipositive matrix by EC@ . fol  is
indecomposable {Theorem 2.1) and has a maximal pasitive eigenvalue )\
with which g > 0, q' §c§=)g%‘ is associated, Let p
be any {complex) eigenvalue and eigen-vector of (l¢r) O:
(A +<}Ca= Jax.
\M is the vector of absclute values of the components of R,

From

b sl = I pl e = @en) € =] @)L ClAM
Lpdg" fal g (aer) g lChii=(aer) A g fx]

and ng)@ y X80, it follows



{ml € (U+Ih,

Thus, |ml<4 if (ler) A < 1. Distinguish:

] - - -
a) B A30. ThenB 4 = | 544 |, q'BH\:Aq' and
-1
B Afw\p with p>» O. From Lemma,§2, we have A< 1,

According to the Frobeniws theorem, A is the greatest real root

-1
of B "A. R was defined as the smallest real root of det (B =(ler)A)=0,

Thus )\G '17]"11;- which proves the first assertion.
-1 .
b) B A% 0. The series wonverges for 0 € r & -i wl, if A€,

. . 1
This may be the case, but since Y

=1
B A, we have from ‘r‘\ s(’“") )N for r=0 ﬁ{ )"

is one of the eigenvalues of

The proof for (6.3) is analogous.

g.€.4.

III Meximum Rate of Profit and Stenderd Commodity in General Joint

Production Systems,

7. Peculiarities of Joint Production Systems

The questions of the existence and unicjueneés of the standerd
commodity are mathematically and in economic interpretation intricately
linked to the notion of basics. Firstly, because the characteristic

polynomial of a non-basic system falls apart

det (B~ A} = deb M et (R -(A-v)A). o(ej(l-\(} = aed) MA)
= ohek (Bl HEY, = (o) (43 -HAL)) ol (R -+ 1AT ),

Roots of the second part of this equation (roots of det (B}-t+~}})=0)
yield eigenvectors totally irrelevant from the economic point of view,
if the interpretation of non basics given in §2 is accepted. This

is obvious, if a root & of det (8% -(4+r}A})=0 is greater than

the maximum rate of profit R in the basic system fsthich we here

suppose to exist): prices cennot rise beyond R, because ﬁ‘(R) diverges,
In the opposite case (see Sraffa, Appendix B) all one cen say is

that a uniform rate of profit for all processes A2 B ‘l‘ is i ‘b1
s Po s impossible
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«
at or aroundr:R; for

(Bz;_ “{a+r) A:)?z = Xa"" (842"(A+') A4Z)?4

is not solwable for 32 at r =’1.2'. Thus, if r is to remain uniform,
some non-basic processes have to be replaced.

We now turn to roots of det ( €4 —(A+7) A4 ) = 0. If there
are several positive roots, we define the smallest of them to be :
the relevant maximum rate of profit for the intudtive reasons given
in Sraffa, § 64. The question is whether it exists and whether
the standerd commodity associated with it is unique,

Tn order to solve the problem of unigqueness we have again to

recall our discussion of the basic system, Although we argued there

that multiple eigenvalues tend o be exceptional, we propose here
the following solution for the sake of completefiess:

If the smallest positive root of ee+ (ﬁ‘.‘- lAﬂ\Z‘L)zo is semisimplejt

only one eigenvector and therefore a uniquely defined standard
commodity exist. If the root is not semisimple, it follows £rom

- - - —h
theorem 3,2 inp that some q , 3 real ‘1*0 with qr (4‘)50 exi

Suppose q (q“- - ,1““ 1‘*0 . The column vectors of: 7\‘4
are denoted by 33 [a .an "} 31- (q’ QL): k= w5 -

(there are w n0n~baslcs). Define
v &4, - 9,
‘1: o.“q”... alql.

Since Y F W= o y We find, that the system
4 ]
( X4 = Y y Bﬂ \ Aﬂ)

hag the same prices as (x: \ 4, |f.) for all rates of

. . PN 3 -i_Y ﬁ\ E‘
profit, but it @iffers from our original system in that A, L84
is non-basic because the i-th column is zero, This non=basic will
either have to be eliminated and the procedure if necessary repeated
until the disturbing multiple roots have diseppeared. Or else, if

this extentiori:f the concept of a basic system seems to lead too

far away from economic intuition s this sudden and unexpected

¥R with det (B=(4+R)A)m0 is called semisimple
ir /"k(K~(A*R)&)mv\ A (see§3
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‘1f we want to get anyshere. The specifications arerestrichwein relation

33

appearance of a non-basic will induce one to rule out a pricri all
systems with non semisimple roots of det (B - (1s+r)A)= O,
We conclude at any rate that we either have a maximum rate of

profit with which a unique standard commoaity is associated or no

maximum rate of profit and no stendard commidity at all. Roots with
several eigenvectors or ambiguities about which of several roots
should be chosen, may be ruled out,

Our sole semeern in §§ 8 and 9 in the first part of this
paper will be to find sufficient conditions for the existence of the
maximum rate of profit in the basic system having excluded all sorts
of pseudo mamimum rates of profit. Such conditions by no means
spring directly from the concept of a basic systen} as is the case
with single product systems. Nor is there a comprehensive and
straightforward mathematical theory.

We have to specify joint production systems by economic criteria,

to our discussion of the basic system. E.g. we assume throughout

that the matrices of the basic system are semi-positive.

Before we start, we prove a trivial, but nevertheless very important
thet;mm; We show that:“no economic system are prices positive and finite
for all rates of profit. If P (r})>0 at r = r, and therate of
profit rises, there must come a point r = 1, at which either vrices
in terms of the wage rate become infinite (the wage falls to zero,
ry =R = meximum rate of profif). Or some prices turn negative.
Systems without a maximum rate of profit are not absurd because in
them, too, there is a limit o the rise in the rate of profit and the
viability of the system, in the shape of negative prices. Systems

with a maximum rate of profit (and standard commodity) are on the

other hand not immune from negative prices.

Theorem 7.1

Let (A, B, £ ) be a basic system, A3 O, B2 0, Either a
maximim rate of profit and a standard commodity exist and/or prices
in any standard do not remain positive for all positive r.

Proof; Suppose B (r) = (B - (1+r)aA)™ ] 3 0, det (B-(lsr)a)d O
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forr » r, 2 0. Since e' 450 (according to the

Lemma in § 2) end since e ' B e (the usual normslization) and

since e' (B-A) 20, we can write
‘A = e'+(' r}O OLy<4
e ¥ ' U Y
and get for all A4 L 2y ¥

BFmW -tur) Apfr) =l
e' 8f ) - taarle'a P
=é'§(4)-k\+r)xe‘ P )= (asa) ¥'?(‘\
= ' Pl) (4= ferly) ~lae) ! Plrl=ed=4,

Since e'$ (r) and £! 3 (r) remain positive for all r, the left
hand side of the last equation must have turned negative for #» <= « 1
which is a contradiction. Either or both of the assumptions must
therefore be false. The extension to other price standards is

immediate,
g.e.d,

In partiecular, we conclude: if prices § (r) (prices in terms
of the wage-rate) do not fall as r rises from some r, with P (r, )»0,
they must diverge te infinity at some finite rate of profit which is

the maximum rate of profit,

8. Alleproductive and Relatdd Systems

We transform (A, B, { ) as in §6:
pit= (R~Ger) AT'L = (T = (B-A)'A) (8-A1"4.

If (A, B) is all productive ((B-A)—l 2 0), it hes all the
essential properties of g single product systems

Ir (a ,B) is basic‘(B-A)-lA is indecompossble, There is a simple
ro0t R > 0 of det (I - r (B-A)"A)*%hich is also & simple root
of det (B~(1+r)A) = O so that the eigenvector associated with it
is positive:

(AeRVAp =Bp | p>o0,

because (B~AT'A i« inéew&nﬁosa!ﬂe awd
p = RI(4T'Ap.

The standard multip€iers
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(4+8 )qA "13

and the standard commodity 4'w ‘\‘ (R-a)= R«'A
are at least semipositive.
From the expansion of the pricevector in§6 it is seen that all=-
productive systems have positive prices for O € r €< R. They are
also alone in being immune against the inefficiency mentioned in‘l;
which is connected with negative labour values.™ Unfortunately,
all-productive systems are as such guite untypical for joint
production: in a two sector model where two goods are produced by
two processes it is necessary and sufficient for all-productivity that
each process produces more of one commodity than it uses and uses
more of the other than it produces. More convincing exsmples exist
for n » 2 , but one does not get very fer.

It is however, possible to find some meaningful generalizationa
from all-productive systems:

1, (B - (4+F) A" 2 0 for some ¥ 20, (B~ (1\‘2‘)1;)~1 ®» 0

for some T Z O is a condition considerably weaker than (B-A)—ll 0.
Economically, it means that no price ?" {x} ir terms of the wegerate
falls as a result of any partial increase of the wage W =9 W< Sw"
or of working hours l’ —p ﬂa + Slj in sny one industry s

(see example in § 11). The system ( (1¥%)A, B,£) fulfills the same
conditions as an all-productive system. In particuler, maximum

rate of profit and standard commodity exist and prices P‘f (") are

positive for T & r & R.

2. A (13-1\51 %20, If A(B-A)'l is positive and indecomposable, a

maximum rate of profit and positive standerd multipliers exist, for

¥ positive u = P (0) = py(0) = (B—A)_l,f_ does 1t guarantee positive
prices, but for every A, B with RA(&-A)“P= for some p» O the
jeragqular system (A, B, £ = p) has poe:ltfve vrices (constant
orgafic composition of capital ) for 0 £ r € R.
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§=RqAB-AT,
@R q'A=1'B.

Because fb A(B--A)m1 = Q= 0,

A= Q(B-4) K Q>0

a;= qu(B8-4) | 420

Q= [4,---gl;
this condition means that all goods can be produced independently in
the proportions in which they are required as inputs for production,
if constant returns to scale prevail. Again, this condition is
weaker than (B-A) Y3 0, for it does not imply that all positive net

outputs are producible at positive activity-levels; it implies only

that all convex combinations of the vectors 8) j eecrey Bn
are producible,
A . .
I qt = 4, (B—-A} 30 ‘c,a.A'....n, the production of the

commodities 8y required as inputs in process i for the production of
output by can be increased everything else remaining equal, Thus,
although o system with (13-;\)'l A 30 is not so flexible as to be
sble to produce a net output of commodities in all conceivable
combinations, it is at least capable of expending and contracting all

lines of production independently of each other.®

9, The Standard Commodity and the Possibility of Balanced Growth

Consider A, B as won Neumann matrices (assuming that constant
returns to scale pevail) and assume that A includes the subsistence
wage of the workers so that we may conceive of an actual rise in
the rate of profit up to what corresponds to the maximum rate of
reproduction in a state of balanced growth.

The maximum rate of balanced growth ot cannot be pushed up

indefinitely; there is an upper limit to the « for which

«q'4 3298, 930

Esuch a condition could play a part in a dynamical system which does
not pre-suppose a uniform rate of profit, but shows how it comes about.
One of the mechsnisms involved in the process of equalisation is the fre
flow of circulating capital,




he

the condition of expanded reprcduction. Von Neumann and his
fovllowers have shown how a semi-positive pricevector can be
associated with the maximum rate of growth

= q'a3q'B , g0,
so that

o A P ¢ ¢ e P>9,
and so that

=qke = 8p
i.e. so that overproduced goods fetch zero prices and unprofitable
activities are at a standstill. (Profits are here at most "narmal®
profits, the rate of profit is the maximum rate of profit and equals
the rate of balanced growth),

These e, q, end p must exist for our system A, B (A3 0, B2 0,

oy #0, bi £0, & =1 1 n)*, since all the assumptions
sonventionally used to prove von Neumann's theorem are fulfilled.

I} If ¢ is smaller or equal to one, A, B is inefficient because

it is incepeble of expanded reproduction in a state of balanced growth.

II) If w»1 and the strict inequality holds in either «qA 39 (]
and/or dkr§ BF in some component, q and p cannot both

be positive for °(1Ar- c‘K‘o . Thus, some activities must be

unprofitable at that rate of profit and/or there are over-produced goodBx

% These assumptions were stated in §1, They are sufficient for von
Neumenn according to Kemeny Morgenstern - Thompson / 4 /. For the
reasons given in§2 we suprose A, B are basic,

'} striking example of case II is given in ‘17 in the chapter on
Pixed Capital where the standerd commodity t exists for some r =R,
but with ]‘,F* (R) 2 0. The maximum rate of growth cennot be equal
to 1+R. 4t turns out that ¢¢ can be increased beyond 1 4+ R by
abandoning processes using old equipment so that the old machines
appear as overproduced goods and processes gsing them as uneconomic.
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If both these inefficiencies (I ana II) are ruled out, we have
u.c".A: T' B, a=4+R, R>o ‘(/“’R)AP.BP, q
may be interpreted as standard multipliers, Thus, il q‘ (z-A)
the standard comuodity, exists and is, together with Pe [R)
((+r) A p = Bp, ), semi positive.
It is possible to give a more specific sufficient condition
for this:
Gale™ has shown that the maximum rate of @®pansloncan be defined
as !
o Max Min j_E‘ (A = Ec‘.-.. 'c"]‘
130 /} ?‘ q}

&= [‘:o Ty Lh])
Min g6l

ot (q) = 3 ‘ai is a continuous function on the compact
set g el §30 , q'e.-.ﬂ « Balanced growth occurs at the
point ﬁ where x(q) attelmits maximum on E. If there are
uneconomic activities, the mawimum o((?i) is attined on the

boundary of K, If there is overproduction, "'\ ba Lb_
. ad
3Tk ; 7 a
will be smaller than Sewme j-‘-—i- (the overproduced goods),
e :

The latter is noet  the case,"}.f the highest rate of reproductionffor
each good is found in a different process so that there is a one=-
to-one correspondence between the n processes and the n goods in
terms of the highest rate of reproduction, Each process will
then contribute for some good to the attaining of the maximum rate
of' growth,

The conditions necessary for balanced growth without over-
production are slightly more stringent:
Theorem 9,1

If permutations of goods and processes and a constant ©of{ can

be found so that for all Gﬂ #a .

X L3
O — & x < —t £ D
. 6;.’ a.l

end o that bl=o  ror a o, k4, it follows that a
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Note:s
The assumption | .
i .1 .
0 2 <cx< B Li#3)
qil aé’
is necessarys if only
A 1
..n_,l’ PRE-Y is
a.l agl

assumed, overproduction is not rtlled out, as examples with n® 3
show. For n = 2 however, the assumption is sufficient (see also§11).
The proof of Theorem 9.1 may either be based on von Neumann's
theorem, using Gale's method™ or we may proceed as follows:

B - e A has positive elements in the diagonal and negative
elements outside. After premultiplying A, B from the right with

the disgonal matrix
. A ; . . ‘
D= (dil)z(l:{:';';q;- “) | 53’334, Jc‘o"-"’["*i)/
3

we can decompose R D- aAD into
RO-«A&D =T ~-C

with C 3 O. Thus, there is =» 0, p B 0, so that RDr-?ADr.
From the Lemma in§2 T »1, The rest is obvious,

q.e.d,
Theorem 9.1 could be generalized by using more sophisticated
assumptions, but one does not seem to gain anything significent:
the main insight gained from this paragraph is the one derived from
the %on Neumann model: systems without a semi-positive standard
commodity and semipositive Pe (K) suffer from specific inefficiencies
reveded at r = R, much in the same way as systems which are not all-
productive are susceptible to suffer from inefficiencies reveesled
at r = O, but covered at r =420, Both these inefficiencies occur
only in systems where the possibility of substitution is inherent:
they are not all-engaging and yet basic.

Although such inefficiencies may not be cnaracteristic for general
joint production systeme and on this assumption the existence of a
maximum rate of prefit and a standsrd commcdity is assured for general
joint production systems (compare the coal-coke-gas-example in§2),

these inefficiencies turn out to be typical for fixed cepital which

¥ seeGale/ 8 /.
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we shall therefore have to approgch by mathemeticl different methods,

IV Graphic Techniques

10. Method

The patient reader will probably be longing for concrete
examples. In order to avoid lengthy calculations the;“%:e given
graphically,

The system Pe= w(B - (l+r)A)-1£ has 21 fixed and 5
vafiable coefficients for n = 3. A proper graphic representation is
therefore not trivial,

The common procedure is to take a, , b; as vectors and
to interpret &P etc. as gcalar products, While this approach
is more satisfactory from the point of view of linear and multilinear
algebra, it proves less cumbersome to draw the column vectors ai,bi
of the goods and of labowr on axes which represent the processes.
The measure of goods is given by the familiar normalization

e'B=e (b'... B=e' (exla .. ).
Instead of standerd prices rt or prices interms of the wage-rate 9
we use unit sum-prices Rt
Pe = (R-tenrA)Y R wefi('fl
e' (B~ (4er) A

A A

W, = =

e_e‘(\z—-(a*v)Arl e\ﬁ‘,)

4
) e FE=A'

We interpret Bp,, Ap., (B - (1+r)a) Pe as the weighted sum
of the vectors bl, seeny bn, where Er;l RERER bn] = BI

4 " ) 4 W 4 peled D ofier et
G ... 6 where [Tc‘-‘_ga]-_.. A and L'&H')Gl"‘lk_.( }

where [L“__ @&,\ad‘ . Lhe. @H)ﬁ“]: f-@+tAA, The set

4 -
x | XaAlPe v € Pa""‘}
is the simplex spanned by a J“..'an] o
The conditions e'f = @,E; gt fed | E?o,& >0 mean the LA‘...‘K‘\‘C

are points on the simplex

Sa=fxlex=a, xzo],




e' { R~ A)>,O means the BL- QL are

to the right of and above"

>.= ? x\ c‘x=0}‘

Por a two commodities/two processes system the diagram looks as

followss

Process 1

The set

ix | x = (b 4] a“)["* (L‘"- @+')a‘)ﬁ ]P‘+PJ=4}

= {al 2= (B-a+)A)pe ,e‘r,-.—.Ai .
is represented by the straight line through (L‘—@w)c‘)‘(‘}nfdﬂc ),.

the solution of the equation
(R-Ge)A) pemwal | epe=A,

is represented by the intersection of that line with 2 in the point
i ; s
w._l, {no lines for b nor a° ere drawn, only b - a" as the

vector pointing from b tob - al):

pr‘:cmz
4
g b 3= fx) x= (B=GulA)pe,
b '“"b .ﬁﬂg"i
" L‘
- *-‘)‘M‘ rroc&tx 4

The following three examples are:

.
o

a basic single

product system,

v




a nonbagic

single product

system,
3
and
& nonbasic
Joint production
p— system,
Normally,

as r increases, w diminishes until v =

Reandw =0 are
1 1
reached and b™ ~ (14R)a

. B2 (1+R)c2 are linearly dependent:

o I

Price ratios are, of course,

represented in the dagrem. How is

shown in the following two disgrams;

c'= (b‘-("*"‘;)fa
L ¢ | e (Lt-(“d“l)f‘z

N One reads from the diagrams
L -
a S
Wa
AV A By 4 F‘
¢ ' b

(Wote the inverse relationship),




In this example, one price is
negative for r = 0 and small r,

then both prices are positive

(beyond r = ri). (It is geometrically
evident this cannot occur in single

product systems.)

We now turn to activity levels., We represent them as vectors.
c]' L': (11 activity level, bi vector of outputs in commodity i)
is interpreted as a scalar product.

Process 2
The shaded cone L is the set of
all activity levels for which
e'=q(e-01 = -e" ) 4 (8 -<)p0.

It contains @= (4.4)'

-
(B-A) >0 means that ﬁ lies
in the (strictly) positive orthent.

Here, this is not the case.

Here, 4, B is basic,

(B—A)‘lao, but not

(B-8)"> 0. (Evidently, this
cannot happen with single product

‘systems),

The standard multipliers form a vector q orthogonal on each of the
N ]
vectors b~ Q*ﬁa" because t" (R - L+r)l)=0. Thus,1 is orthogonal

on the hyperplane, containing the origin and spanned by those vectors

B¢ _QA.Q)J, i=4,2.




y.

. n is the normal

~ant )@ﬁ on the hyperplane

L‘I.. %

L)

spanned by

b’j _,@z;—ﬁ)g_j ; j:’{|20

S

(R
P oara)ef

The length or % is determined

by Tﬁ: 1. Cg can be obtained
¥ geometrically hy mirroring the

projection of € on n at the unit

circle,

1l. Applications

It is now evident from the geometry that f (ﬂ))o\iﬂ, (R)70| 920
for a1l single product systems and c.])’ o, Pe(iZ)}o and ﬁ,(—v! »0

- Y
forr » r for systems with (B-—(«\H)A) >0

(B-)"1> o ,

(B - (1~+r)Ail>o

forr > TF.

The standard multipliers msy

not be positive

end may not exist at all:




L

This corresponds basically to Manara's
example, greatly evaggerated.

To "show" the standard multipliers which

do not exist, one draws the straight lines

?x \ K= (&~ (A+r)A)F lQ‘r:A}

for "many" rates of profit, The straight lines cover the plane up
to an area bounded by & curve of second degree. If one of these

; » o 3 Lot b1 - @) et
lines hits the origin for r = R, 1t fullew«r +het +

G d 51- Q*i) Al are linearly dependent for r =R,
If the origin happens to lie in the area which is left free by the
lines

{x\ %= (L-weialp <p=a],

no stsndard multipliers exist, nor does a standard commodity.

In general, there are two
eigenvectors in a two sector

model, even in single product
sustems, But only one of them has
positive components: the one corres-
ponding to the lower rate of profit
r = R, The eigenvalue r = R has

no economic meaning.

Many other special cases could be considered. In particular, the
irregular systems can be represented, but we’leave it to the reader.
Only one inefficiency is worth dealing with in particular:

the one which corresponds to theorem 9.1 in§9.

Consider (it makes sense for n = 2) systems with 4> 0.
'3 51

9.4 = o

(i, 3 = 1,2).

is the rate of reproduction of good j in process i

We define: a system involving two goods and two processes is

inefficient, if one process is better than the other for both
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goods, i.,e, if
(2:; %ll) >(§Z i 5; ) '{"’ (ilj)‘-‘(/'/z) e (2!4)_

The example proposed by Mr. Manara is inef‘ficient in this sense.
Theorem

If the inefficiency above is ruled out, a positive standard ratio
R and a positive % and p (R} exist.

Froof: If the system is efficient, we have, without loss of

generality,
] A 2 2
957 52 et gl
or
8 bi Lz b1
205 e Zob
ﬂ.‘ aa Oq a'l,_
or
4 3
A G4 b c?
— a
jj‘ b . ewh L g 21
2 LT B g:.
Now

s |
#
o
P o
-
e.
A

¢
) - = cig.cc
v, 2 aa.
where F‘\ o° are the angles between the axes representing the
. i i
first process and vector b, a . The rest is evident from the

geometry as illustrated by
procean
&

LC
b eet A

A‘ Pr.(eu 4 f

drawn from 4

and from p 2

Jee.d.



Such inefficient systems may nevertheless possess positive

prices for low r, if the labourvector is apprcvpriatex.

ir 1=Q4' prices are positive for 0 € r < F. If’ A= 11' one
price is negative for all r.

Three-dimensional examples will be considered later.

® That is to say, if the less efficient technique employs less labour.
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PART TWO: SFPECIFIC JOINT PRODUCTION SYSTEMS

I, Fixed Capital Systems

12, Definition of a Pure Fixed Capital Svstem

As the reader will remember, Mr, Sraffa concentrates in
his Chapter X, on "Pixed Capital"™, on the changes in value of
single machines of different vintages. Talking that analysis for
granted we inquire into the interaction between fixed capital and
the economy as a whole, confining ourselves to "pure fixed capital

systems, "

In order to facilitate the discussion, we introduce the following

terminology: in any fixed capital system it shall alwsys be possible
to distinguish between finished goods or products (circulating capital

and new machines) and intermediate goods or products (old machines

of verious vintages). In the normal case, corresponding to §76 - 78
in "Production of Commodities by Means of Commodities", each process
produces one and only one finished good (no superimposed joint
production} together with one, several or possibly no intermediate
products, For each finished product shall exist one primary process
producing it by means of finished goods alone, The one year old
machines that the primery process turns out as intermediate goods

are completely used up in secondary processes with no other

intermediate goods as meens of production. The secondary processes
produce the same finished g0od and possibly intermediate goods. The
latter are again used in secondary processes producing the same
finished good and Possibly intermediate goods. The pattern repeats
itself until after several stages all intermediate inputs are

used up end processes are reached with the finished good as the
single product,

The totel output of one finished good in the economy (equal to
one for e'B = e') is thus produced by a group of one primary and
several, say gof secondary processes, involving, we assume, no
more than < intermediate goods which are all produced and used

up within the group.!

This last condition is optional, but must be replaced by another,
See "Note" after theorem 13.2 ang at the end of §12.

:
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This definition broadens the scheme given in Sraﬁ'a§76 not
only because it allows for varying efficiency and the use of
several machines, but also, because new machines may be brought in
at any stage and 0ld machines mpy be msed in 4ifferent ways. Suppose
8.8, & good ¢ is produced by two machines (¥,¥) lasting two (H,,H,)
and three years (Mo,& ,K1) respectively. The group will comsist
of four procesgses, if the group is to determine the price Poy of the
one finished good ¢ plus the prices P,“plk‘,R.ZOf the three intermedist®
goods E, M K, . Ignoring all inputs exeept M,F and lahour we haves ‘
primary nrocess: (ae) Mop,. +Nop, ) twiys G"ﬁ’ M, et Nafra o
sesendery prosessees  [1+v )|, Pt M P ’*‘Wia,aﬁu‘ﬁ.r ML%Z | ‘
(X34 (L,_M,_ &;\-%Nn?.,}a-wﬂ! 263‘:%+ %.N,‘?M )
(aeed (2 Mzp, L Nipn)ewlhy =G, Py -
Potal imput of finished goodz msed up is Mw;Bw The particular
sombination of the machines in this group makes 1% possible 0 raw
the four equatioms %o ome by multiplying them by %E“’f*(h"ﬂﬁ@iggﬁ*%é
(M\ Dﬂ and adding them us im umf:fa.§76, B0 that intermediate

gocds sansel aubs
{429 f;ii_ Bwi} +{aa) Mgﬁ“* ((‘M\z w{krii o)) N, P ﬁ:}
u{awli((\i.r 34,, {[+r\‘)a‘ 4 { ((!+v)§’¢ ( anfai-(hv? 03 & ﬁq‘]

= {% (U*r\g-&(iw‘j")ﬁn,# }I((W)’h (e )16, + (1) o G“;ﬁé'

In this "pure" case, the transfer of intermediate goods between

groups (interlocked systems) has been excluded.

We also exclude pereniial machines, i.e. machines whosge

lifetime is physically indefinite (infinite), provided they are
sdequately maintained. The columns aj@ bj representing a perennial
machine Jj in a joint production gystem A,B are characterized by
positive elements in pairg in the same line of production (e.g.
0t =Li>0, oj=k, >0, 9{5 = U§=o y3<y 2w )
while there is one line i for which bij> g, aij =0 {e.g.
ag = 0, b; % 0) so that the machine is produced somewhere
{(process i) and reappears on the right hand side of the equation if
it has been used on the left. It cannot be said whether such

perennial machines are finished or intermediate goods and they
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are therefore not to be considered as am instance of pure fixed
capital. They constitute the borderline between fixed capital and
land, giving rise to a sort of quasi-rent. We shall deal with
them in a separate section.

We shall not deal at all, howewer, with superimposed joint
production and interlocked systems although their exclusion can at
least partielly be relaxed hy combining the results of part one and
part two of this paper,

The intuitive description of pure fixed capital systems is now
replaced by a more workasble mathemstical definition:

Definition

A pure fixed copital system is given by a basic goint production

system 4, B,£ (&, Bare (n,n )-matrices),together with an {n, n)-

matrix@{r)zosubdivided as follows ( m < 3e

Q=] Q=K [Im | AL AL=0 B IO
Q0| Q=T i AL A 8y | 6
and with

2) Aﬁ‘%@ ' lﬁ%&@. %‘.’; iv 36 and diagonal

p) Q%L =0, =T (nor.

c1) Qa(eﬁ%}, e %,:35’#@ ;%;é is 2 polynomial &gﬁgf"g witk
positive coefficients in l+r, and with %%(0) =4,

e2) QAl™ = 3 («) 1is disgensl (tl*nm‘:}(ﬁ}w T 3o
¢3) G t)= Kieke[k .., :
c4) Q% (r)s wﬂ;[gﬂ___}ufm dogres af the polymomisl i) on +
diagonal of 1le) =@t} excowd the degree of a1l other polynomial

Q;-"’Tg, £13 elaments of k¥ ezespt ome wsnish,

on the same row of Qg, i.e. it exceeds the degrees of gll pclym@w.?alf
of k {r
ay K [-341 is a diagonal matrix.

e) Ql(gz"‘ (a+<) Al) = 3@i + K(g:'@ﬂ)‘ézz}= a

for &11 r.

e

D
w £ w) If & .. _ k" are the positive elements of K end ir A

is the (n~m, n-m) diagonal matrix with the elements of k; on the
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diagonal, the matrix
A A
PATIR A
has not more than & positive columns.

We translate this definition back into intuitive languege:

4 4
O B R <P
' Ay ! B
are the finished, A2 R B2 the intermediate goods.
4 2 4 =
A=A 0] = [Ay, 0] Gee(a), B,
L gs , gi} the primary, 4,, B, the secondery processes.

Q is the matrix which effects the summing-up of the secondary processes
and the {one) primary process (see {(b), {¢)) belonging to the seme
group (d). "{e)" meaus that the intermediate goods cancel out.

e £9e)" is the optiomal condition which mey be replaced apcording

to the comment following on theorem 13.2. It means that if et
seoondary Prosesses are in the group belenginmg te finished good 4,
at moatoe Intermediate goods are imvolved.

Obviously, the determinant det Q(r) = det J (r) does not venish
forr 3 1. The matrir Q has therefore an effect similar to M in §§
2,3: it generates a system where the prices of finished products are,
like basics, seemingly independent of intermediste goods, But hers,

the coefticients are variables

pi)= w (B-@r ) AT L =w (8t} ~taer) XedV ' 160)
mt Z.aeR , A=A, T-a04
Because of "{e)" the system decomposes:

(AT, ~KABL) -G (T, + KRR ) pymw (v c8)

(8 -Grr) Al)pa + (€L - (4eAd) pr=wda .
P P

ﬁf = J) &%+ Kin a3 is o diagonal matrix with

non=-vanishing diaagonal.;‘i We divide the equations by

"ror Qi=1 (o), BL (a) snd KB, (&) are dlsgomal. Simee

@t B 0Y = €y Ral0) B = @l 3o} K0 B €' B @
it follows o,
A(°)5I\mm.
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i: (rr) +(\(i('\‘\-b( ) and denote the resulting matrices and the

labour vector by: )
Ap) = (BT K= (18 +% 1LY (341 +kA),
T = (B3 & .
i (B0 Grirwa)' (3a+kt),

Thus, we get the following system determining the prices Pa of

#

finished products:

A _4/‘
F4=W(T(M\"(4+'f)A) /L-

R

A
A
It has the property that }LL \ &61 (4) are rational functions in t

{14r) with non-negative coefficients. According to Sraffa,}76, this
-}
o ( 4% A-)h

{ae )™ — 4

rational function equals for a machine with "a

lifetime of n yesrs and constant efficiency”. Generalizing that
result, one may interpret a‘."i m as depreciation~quota, if Jj is a

machine.

Bates
T¥e conclude this chapter, we give two examples which are
weeful for the discussion of the axiomatic system:
I) The firet example is of & complete fixed capital system
fulfilling &ll sxioms except «#f¢. There are btwo kinds of machines,
blast-furnases ¥ and lorries N, esch growing two years old (M‘3 oM g
¥,,H,) and producing together steel (G) by whish they are also
prodused. 014 and new lorries are then umed to produce corn (x).
(oiﬂ?@.‘m ewdy =M,y Pre
(Aw‘)&@_p% +wl, a N, Prs
(A"r)(ﬁe o™ Ng &,} * W‘ié =Gy ?sa - Mﬂ?wﬂ“ Nnﬁm
Uer) (M o, + N, gs,,,?a—wﬁl, =Gyp,
{ie V%(Naﬁw*‘xa?ﬂ + W eS"‘ Xy P+ N, O
are) (Napuq+Xape) +wly = X4 px-

The system im basic, yet in the ‘centre' corn emerges &3 a self-repro

ducing non~basie (X}  (the 'centre'is defined im § 13);




a0

Q=

!
|
]
{
|
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<) G\,h PR S H"[”wo
(l*'\ G-,r).’ +wly a N, Peas
(1001 (Mo puu it Nopa, ) +w (110 by J=((116,,+ 64}y
(1e0 ) Nop,  + (Liar)y, *V"\xx\ri‘"‘ (Lt er ) = H')Xz*xq)‘?x.
This example shows that the axiomafs is independent of (a),..,(e).
Ome cen easily prove that each group containing ¥ intermediate
goode will consist of at most (x+4 equations, if (a),..,(e) hold.
Vith %89, the group will comsist of exactly wusd equations,
I1) The sscomd oxample shows the transfer of an intermediate good
fyom ome group b0 another ('interlocked system'), e.g. of a race=
borse (M) fyom wecing (0) to breeding (X):
Qo) BA, Pom s W L= G“f) + My P,
(o Ay Py +w BamGup v Mopa,
L) 8, fv-;“‘wls = Xg fx*”&ﬁ., '
Kier)My Prat wly = Xy P
Sush trzmsfers have been excluded, since they lead to joint produc-
tiom im the ‘sanizeh

i Y\qhq_o ‘vaz:,(“.'f l;,_\,x ((H‘f\‘i G.ﬂ-»(u v\aﬁz)hi- ((I-H)X;-y. Xq)‘

Qenuine examples for such transfers are ha::d‘to find in industry.

13, The Centre of Fixed Capitael Systems

A
We analyse first the system/.'} (r), ¥m), £ () ® which

we shall call the centre of the fixed capital system.
Theorem 131
Por the centre Ab) | iy we have:
1. e;h)(I‘,_,—ﬁ(O)) 30.
2. aet (I — A lol) #o.
Proof; 1. This is mothing else than the familiar condi tion e =430,
for gy Q000 = e, Tale) Kol = Doty | el 1= € ()= Tew)-
2. O det Qo) dlet (R-4) = det[Q (' - A1) olet @2 - A%)
= der (B3 - A1) et (25~ %)
= olek (T1) oder (T-7) olet (B3-AY). qca.
® The "centre” with its variable coefficients is of course no system

in the original sense but the following theorems justify the extension o
the definition.
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We want to prove that the centre is basic, This is not
trivial. Whole columns of A]]_“ may be zerc, because some finished
goods are used only in conjunction with intermediate goods, e.g.
"spare parts” for old machines,

Theorem 13.2

The centre A (r), I(_i'.s a basic systemk‘or rz0,.

Proof: (It is interesting to note that some assumptions could be
reduced to allow for superimposed Jjoint pmductiont). Without loss

of generality, we assume r = 0, therefore 1= 3oyl () i
W=K(o),

e
= ]E‘,‘ - K4y, = Ty {see footnote §12) .

MA Nd .
We have to show that if (A, | 82 )  is non-basic, or with the
notation:
— = : )
R &), 3wl |}
Qulmy (A, > L.
pe I3 =
4 (A i
1 & ) i
@xY 3 Az ( _!(h‘m) P~
e
Tz J

(and ignoring trivial permitations)

that if (\K‘q)f, = (g’,): =0 it follows that X, B

is non basic, Fozﬁz, Eis nonbasic, A, B is also nonbasic, because
= o)A, B =q (0B, det Q(0) = 1 # O in contradiction to

our assumption that pure fixed capital systems are basic,

P - NA X (\'4 2 B
We show that the assumptions (Aq),‘ = G,),,‘*O and 4, B

basic lead to a contradiction, We distinguish three cases according

to whether (1) all, (2) some, or (3) no column of K, vanishes.

T

1) Not all the colums of K, vaish for iffre have K, = 0, we get

[(R), ®L)=[. A, @)k, (02)]

= Lo (& 1L]=T6,01  (eing () ama
Krv

B is non-basic,

i

*No use is mage of (¢2) and {4).




-55-

2) Assume thus that the first & columns of K, vanish, while

the remaining P 2 Vi = >0 do not and assume = > 0O,
From this and («fs) it follows firstly that {using (e)) the

last P rows of [A’;_‘ Rtj are such that the aﬁ‘ L.‘," are
zero in at least A = e wa - P columns of' Ag and Bg, 28y

in the first o( of each, or, extending the notation,

7 3
%zz ):. = ( Rz 2 =0. It follows secondly,
(o A4 Ni 4
that  (A})e = (BL)a =0 and this entails

(using (e) again):
[(&)) (®)]
= [ ()5~ i (&) +Ka )+ Kim)s ]
= [O . (lz: ):]

=0.

Since all the columns of Ki 'have a positive element and since
lad by z
O=[ (&Y (®5] =[(a)]  @)7]
2 2
[y, o]

we get

[Ca%)1, (RIS =[(AWL, (RS [=0.

Thus we have, taken together:

[ (@] =0, [(R):, (B N]=0
(R (T]=0 (R, (RL) ]

ar A A
This is sufficient to show A, B is non basic, if «»0, F)O.
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?) If » 0 end 1o colum of K vanishes we can, from
O =[(RY (®EY=[m):, (]
e L) (Y]
conclude that

[av® (& F]= (A1), (M):] = o,

ie. that X, B is non basic. This completes the proof,

q.c.d.

Note: The rooof of this theorem makes use of the somewhat unnatural

condition (w f %), Some condition of the sort is required to elimina

the possibility that the system A,B decomposes once the basic

intermediate goods are eliminateg’.‘ Several alternatives to
(% fas ) are conceivable of which the following is obviously the
simplest: On the basis of results obtained later it couldlbe argued
that the centre which appears here as an artificial construction is
in fact from the economie point of view at least as important a
category as the system itself, It might not only be more expedient
but even more economic to assume directly that the centre is basic
and to drop the assumption that A, B is basic together with (9 fae)
At any rate, it is the former hypothesis and not the latter which

is essential for all of what follows.

Theorem 13.3,

A pure fixed capital system A, B has a standard ratio R and
a standard commodity. The standard ratio R is a root of the
equation det (B - (l+r)a) = 0, the standard commodity € ig given
by ‘é‘ = q‘ (R*A) >0 where q s the standard multipliers, are
uniquely defined and positive: Ci > 0.

The proof of thi; theorem relies on theorenm 13.4 which we

prove first:

®Example I in Nots to §12.
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Theorem 13.4

There is a unigque ?\> 0 and a R> O which is a root of the
equation det (Tqmy —Ca+e) A (~\)=o 0 that ((\-\-n)?"/;& (R\:'q‘
(the centre has a standsrd ratio and a standard commodity) .
Proof: 1) 2 (r) is a semipositive, indecomposable matrix and so
is (1+r) /A (r) for r3» 0. There is therePre for each r®0 a
uniquely defined A(r)>0 and X (r)>0 with

A () x(r) =(ae) /AM % {v)

and

e(_‘_) K (4) =-_ 1

2) We have X(O)(“ fromthe Lemma in §2 and from Theorem 13.1.

3) On the other hana )(r) —ego  FOr T —= 4O,
To see this, consider
A
AP = €, % W)= (a4a) e Al xir).
A
e:u‘ A (x) is a rowvector of rational functions in Ilsr,
@y BU() (which itself is a sum of rational functions) tends to
a positive value (finite or infinite), if and only if there is i
QM.J, $W, Ag Lg w) so that 440 for then and only
then is the degree of the numerator with certainty at least equal
to that of the denominator® for at least one of the rationel functions
§ A ) A '
added up to e(,,aﬁ(e) (namely @gip)). If no such a;izv
exiats, the commodity j does not appear as an input in the primary
processes although it is a finished good. Such a good j has there=-
fore the character of a “"spare part”, being used only as an input
together with old machines.
. Vo2 o
If no spere parts exist, (l+r) @& {4} tends to infinity

for all j, thus X(r) iy & CED forr —» &©.

s

N ¢
®lhe degree is higher in the numerator if t."'l‘;1 L4 \06 =0

for some i)given 3 (axiem (c4)).
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1
1

is decomposable ( A% 2O, Ao following (a)), there is

But even if some spare parts exist, or more generally, if A

(after suitsble rearrangement) an indecomposable (s,s) matrix
. . 4
(A‘iy:; ' 0 <8s w contained in Q-

o\‘=[el(s\ & @] is an m-vector, the first s components of which
!\_:}\f;nl/

are equal to Sne., We use it 40 normalize x(r):

d' = (4\2 4 and get {with the usual notatien):
M) = N} &' sfr) = (A+a) A A x )
Y (e AL A0 B ] (el 2 )

= ("i"r\ e‘(a\ 344 "f (")

SO T S R R B e S e e g S B e

. 434 . : A g
Since (A 4‘ 4 30 =nd indecompossble and since aéi {#) tends at
: . Aq
least to a finite positive value if G} 20 , eqq Ay ()
tends in each component to a positive finite value or to +&&.

Thus, there iz &~ g @ so thad
%

A A
ey A% (4) 2 eey

for r » IA. From

M) 2 lasad ey ALl k)

?,, (4.!.,1) & ez‘) xﬂ(ﬂ) = QH'!'}&

for A »f, , it follows )\(r) —p g for v =% &O.

&) )Y {r) is a continuous function of r, ry O, since the
&g:! (/r‘} are contimuous functions of r and since the dominasnt
root of an indecomposeble semi~positive matrix is a continuocus

function of the elements of the matrix.

5) sSince A (0)< 1, A {r}) » 1 for sufficiently great r and

since A(r) is continuous, there must be & definite smallest R$ 0

for which A(R) = 1, so that

<1R) = 4er) A (/) x(®)

i

and

A
det (T.,— re)A(R)=0.

A
6) Since the rootaef det (T.H—- {ssr) A (R)).o(ﬁ fixed) is simpls,
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(R) being indecomposable, it follows that there is a unique

L =2

» 0 with
) dt AR =4

Qo€.d,

The proof of the preceding theorem is now fairly obvious:
det (_\_0_‘ (4+Q)A (R“-o is equivalent to d&(ﬂ:(ﬁ)—@*ﬂ) (Rjeo
Since R is a simple root of ole}-(ﬁ" (R) (A*') A‘ (R)),

there is a unique hql so that
(4+R) ﬁ‘ AR = ii" B (®)

or

Rt = 5 A R (BR)- AR

-7 7 @) (T- AR

A -
A (R) is indecompossble and its dominant root is (4R} 1( 1. The

A
inverse ( I(ﬂ"A(ﬂT' does therefore exist and is positive,
a4 - a}
Since A‘:(R) , (&3 (R)) : (the latter is disgonsl) are
nonnegative and have (as is easily proved with 13.2) at least

one positive element in every row and column,

XA (R) ( I pey 'A(Rﬂ'\(i" (.Rw" is positive, hence

indecomposable, anda\ must be positive. Define

V=% 0 (R [a), k(R ™

and we get (uting (e}):
(4+@) g A = (4+R) T Qe A
Joen 3 RLRLF (R R R
A HURASU
=7 &, B
<q'B.

Obviously 0‘ b e g.e.4,

% In accordance with Srafﬁ,&ﬁh..

B!
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Theorem 13.5

The standard prices ?“’“ﬁ of the finished goods of a pure

figed capital system are positive for all rates of profit,

Eroof:  Almostdvious fron fy, (1) = w (Tpmy— 660 A)_A 7
We have ,*Q*a@ and dom(A-Hr ﬁ(«!‘)(/‘x for re R , since R

N A
was defined as the lowest value for which dom (L+r)A(r) = 1. Thus,

(E’M - MM)'IR)“W and  BiA>0 for Ogr< R

whatever the normalization. Moreover, we have (14rAR) x R) = x (R) |
with % (R)»0. It remsins to be shown that Pea (r) tends to the .
solution of {4 +R} A(R) X(R = x(R) , provided [

end % are normalized with the same vector 't‘:-%\(r(‘) - X(Rn

We omit the proof which is similar to the one given inga.

Theorem 13,6

The centre is all-engaging.
Hote: By this somewhat loose formulation we mean the assertion
that all activities ($ncluding the secondary processes) havdlto
be engeged for the production of any finished good to take place
(1f the mximum life times of machines, i.e, the secondary processes
to be employed in conjunction with the primary processes, are given),
FProof: Assume b =(cq i 0!,,..0)30 is to be produced,
S, =(da,, d ) is & vector of finished goods.
&io intermediate goods shall appear in the surplus: the last n-m
components of the vector ¢ vanish.) We have to show that the

activity levels eppropriate for the production of €' are positive:

%‘ (@“A? éc" ’1‘>Gs

q‘tc‘ (R"A)-l>0\ ‘{ C‘),o‘

% dom M denotes the dominsnt root of an indecomposable matrix M.
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This follows from
i { - 1 -AY? -
q =< (r-a)7 = (B-a7" (@) ate)

- (arn-aal'a

=(C4 |°) X *2\(0\ o i
\ Q
G- AY 8- A%

[c“ (T(..\ - /A\(o))-“ o-_\ Je) Ko
i 0 I(wn—)
= Lo Tewm A (0)\‘\3(0) G ( Tpy- AA(O)PK(D\B )
from (X(w“ ‘IA(O))‘\ 20, C,30, J(o)= I(h“ )

and the fact that K(0) has a positive element in each column.

g.e.d.

Carollery: The centre is all-productive.

14, Pricemovements of Finished Goods

Although the centre 4, I _‘f Jooks now, formally and with
its positive prices, very much like a single product system, one
can prove, using the methods of §}, that there is no single product
system equivalent to it. Such a proof is,however, not necessary.
The main difference between the behaviour of prices in an ordinary
single product system and in the centre of a fixed capital system
is that in the former case & (r) (prices in terms of the wage rate)
rise monotenically for O £ r € R while this is not necessarily

so for the latter, despite p, {+)>0 for Qg gR.

As an example consider the following simple fixed capital system:
A
(A-\'K)Vo?k + 8o = Mop,,
: A ] A
(aem) (Ka i Mot Jely= KB YRR,
LA
{A M-‘)( K.Z ?R*MA?WQ\?*ﬁi =K, rh -




ol B

In the first process, the new machine is produced by means
of corn (k); in the second corn and a one year old-machine are
produced by means of corn and a new machine, in the third corn by
means of an old machine.

If the processes, particular the first, use little corn and if
the second process produces more corn than the third while the third
employe more labour than the second, and the first employes very

little, it follows from  { Mo = My =4)

A (r1{—f)zl€o + {4 +~u1+£a
K (asn)i w1y =) (e ) W+ (ner) e K,)

that {3‘ b (r) may F&11 over some range of r, for in the extreme case

of K agu,ﬁ-;,;,(l:;s&:&é E!{ small, therefore

A —~ @H}i,q*gz,
P R AT A

?&. falls for P S The diagram

precets 2

shows, however, that the price of the (ineff’icient) one yesr old

machine is negative in this case,

It turne out that ‘31(1-) will rise monotenically with r at
&ll rates of profit where the fixed capital system is viable,
i.e. where §>D, i.e. in particular, where the prices of all

intermediate goods are positive (?ﬁfO)a

2
E
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Theorem 14.1
A
A -4
The prices ";,‘-: (I(M\- {4+r) A(‘f“ k ('r\ are monotonically

A
rising in a neighbourhood of #=a% , if P, (ﬂ’o\>0.

Proof: By differentiation of
BP) =(ar) A Pl +L
with respect to r, we get A R
Ro%,ﬁ(ﬂ\ =(A+f)A;,6("\ + Apkd,
(B- AL E=AB.
We premultiply this equation by Q,(7):
Q, (1-uen NS E=0,Af

and use axiom (e):

A

(R* —prent Xﬁ)f\l,fu = A, P.
(T- R 25 = (@)'RB.

Since (T~ (1*:)3)-\70 ‘\(E;')"za ‘ Z; %0, /[;(")708-’0 =4, and since

ﬁ indecomposable, the theorem fpllows from
232 (T- (AT (BR,pe (z-0e [A &A1 ple)o.

ge 8o do

There is another sufficient condition which ensures rising a(—r).
In our example, {,\k fell in & case where the 0ld machine M, wee
inefficient: though more labour was used in conjunction with M,
less was produced than with Mo'

In order to illustrate this concept of efficiency, we have to

reinterpret our construction of the centre. 4s in §12, there ars
two machines N,M lasting two years (N,,N, ) and three years (M_,M, ,Ma)
respectively. For a change, we combine them into a different group

of of course again four equations:

{1+ r)(Horwp+N°f’,o)+w£4= G‘F}+H‘\)“‘+ N"P“«

Gl (h\thN'i rh,)"'WQJ_‘Gaa.f%"‘H\rw,
(i+r)d (2N\?\..;+1Noi’n\,}+Wf1= Gy pa*z Mu“‘_‘ “*ZNA?,\‘
Ler) (2M e 2N Ynle= G Py
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Hultiplying these equations successively by (Ht) (l+r) ‘((k') L'W))
‘((u—f) + | ) and adding we get again an equation in which
G appears as single product:
(1« r) [((\w)lw-(\w)z) M°F“ - ((ew)av-(\")z*(‘*‘» No r“}’ N{(M)l,(tr"o =E\*’)36\ +. ;]
The mathematical operation by which all intermediate goods were
eliminated to determine the price r%’ in one equation can now be
made concrete as followss instead of thinking of the four processes
as of four industries running side by side at the same time, ima-
gine an entrepreneur producing G in four successive years. He
will start with buying twe new machines MgsN, . At the beginning
of the second year he will be left with M N s having produced ¢,

In the second year he combines a new M, with N, and a new N, withH‘

R T e e M s i

end produces G 49 2,M1 ,Ma,l‘l1 o In the third year he broduces with

another new N, and with M ag:a.:;.n-(}!.,M)_,I\T1 and with MZ and N, ~G",.
Without buying any mew machine he can repeat the last step with

e

2.,,I%T! produsing anotheri yand nothing else.

In thiz way the production of four successive Years appears

as an integrated process using ‘dated inputs’ angd producing

& flow of one single output. The equation
{ree) [({w\za-( I@r)") Ha?,;— {{wr Ve fte)® s (H')\ Noﬁa} W [(Iw)z&.?_.fé @,}:Bw}gﬁ 41,,1-;4,_-6,,] aﬁ%

represents a single product price eguation for this integrated

brocess. Each input and cutput is dated by the appropriate
power of lir.

Nething prevents us from applying this interpretation %o
the coefficients of the .polynomials in l.r in the system

E} which appear as nominators and denominators in the

centre {A I f} Write

N
Z . f} (IH)N—V

g R

o(dk J=04ccuymr repre»ent then inputs of finished goods and
4,4 ) J £
)

labour to the output F‘l 4 Of good 1 in the first year,
i
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.¢.’N . w are inpuss and cutput of the last year of the integra~
L N
$0d process lasting ¥ years (thus the F-th is the current yeex).
¥ith this, we can state a sufficiemt condition for rising

fs’. ‘g,(ar\ in the whole range O0&r<R:

Theorem 14.2
The proces r,‘ {«) o not fall with r for Ossr< R, if

o] VP r;«)rf s or (provided n(’ \u,, $0),if

Eé T > F' i v
< 7 \ for J=0,...,m3
R CRN
for 1-1,...,M;a.nd ,A>’-

That to say, ?,‘(n] rises, if the relation of output to
input is less faverable at the beginning of the integrated pro-
cess thaen at ivs end . If there is only one machine, ii means
that all the proportions of the ocutput to each imput increase as
the mechine grows older. Or, we may alao say, %‘M rises, if the
efficlency of the machines employed does not fall with the vintage

ef the machines.

Broofs (of theorem)l4.2.) Since ﬁ(u\ is :lndecomposable,?,, will rise
if all a:‘ {) sna X;(7) ave rising functions of r. The conditiom
of the theorsm can be derived az a sufficient condition by means
af a short ealoulation and some simplifications from the reguire-

ment f‘_ﬁ ‘fowao.

Qe @5 do

48 2 rvesuli, we have ssen that the movementas of the prise

of a finished good depends on the viability of She processes using

the intermediete goods (?‘>°) and on the changing inmput-ocutpute-
pattern (efficisney patturn) of the corresponding integrated

process, In the following section we skall give a precise defi-
pition of rising and falling efficlency and we shall smalyse the
interrelations botween these problems by anslysing the behaviour

A .
af prises of iantermediate goods. In contrast to?, » brices P, are
capsble of turning negative and & fortiori of fluctuating iw ogvel,
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Hote: %,(o) is the vector of the sums of direct and imdirect labour
(§¢{) embodied in the finished goods. If the equatioms in the k
cenire are interpreted as integrated processes, the series

'l;. W= (I = G+ny 'A\Q«\Y 3,(«\ e (T~ 0@ e K, p«))"(ﬁ‘.(dﬂ("\

o (T o+ GealBPR « ColfRPET -V EY'R
which converges for some Tates of profit <2 o is akin to a reduo-
tiom to 'dated quantities of labour'{{6). The proper reduction to
dated guantities of labour is, in accordanse with Sraffa, §73. not
glvays possible for the whole fixzed cepital system. Bzoef: if in
inl"Sxanple of f14 K =K -0 and 1f K<k}, 1.0, if the mechim is of
falling efficiency, the equation det(B=(l.r)i)=0 will bave & nege-
tive root which is smaller in absclute valme tham siandard rakio R.

II. Various Types of Machines
15. The Value of Machines

To simplify matters, we consider one mechine M with a total
physical lifetime T at its T - 1 vintages My, =<, Mra.
M"l" . 'MT'—\ produce the same finished good, say L‘ with price
‘a‘, N,is the new machine {finished good)'f‘mo === ?"T-t are
the prices of Mor .- |M1-_| . We assume that there is only
one machine ( M‘I .-y MT—\ ) engeged in the production of L‘.

The T equations
A A A A A
(4.,,,\ a“r1 -+ (A+r\ Mor)w°+1,4= LA r44-1' MA r._‘
A P A A A
B e
(44 0> et oL, = B - Maf,
Q‘.
A ' A A
+ + b=
(1490 fs + (e st b= B3 B,
are part of the basic system 4,8, ﬁm, as the price of a
finished good is determined in the system of finished goods =
the centre &, I,4 - relative to which an old machine is a sort
of non basic. We shall use the properties finished géods are

known to possess to discuss the prices of intermediate goods.

With  Pu = ( Pruoy- -1 ?wr_.)', ﬁ‘f’*‘_‘

4
price vector of finished goods, by = ( b  Op--- IG)I

our equations can be writven




I -

M,\ A

4
Fm, (A‘H\ o r""ta —[(Lﬂ‘(’“'\&") ﬁ_ ﬁd}mo

_M_L‘_ A {4ev - A
r"‘r—t aev) M F"‘x-l [( LT v )QT' eT“‘-] Gen 2

Prpon = [(by~ 4+ & f—’if_]ww._m

or, assuming without loss of generality Me= M= ...=Mw =4 J
and with the matrix
-4
A s 6 ... 0
A=
_ T g
N )= 0 P
- A
Adr v
4
and the vector
LLA - ‘Aﬁl’baa){l‘j- ﬁ'ﬁﬂl
A ]
L= '
4+ .
A -
L(bf - (4*”)“1’)F‘19 -

as

N ("') %m"’ L ("')

Since (proof by induction)

(W)™ = 26,

A A A 4
Arm (Aaalt =T (AT
A A R
NA = T S
o ‘2
D
B T4
-7

we get finally

(o

Thus, we have at once:

A\ (=) L),

Theorem 15.1

1 LA} >0 §m W) = Alr) L {«) >0.

This result is hardly surprising, since (1f) Lt(@‘} AT &V
represents current net output, that is to say, the difference

between the value of current output and input of the T year old

machine., The machine has positive value as long as the L‘T;
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are positive, ie, ag long as the value of current net output

is positive.

We distinguish three types of efficiency,
defined as constant, ‘e{- L4 (1') - Lg_(-r)s - - m LT("')
for a given r, rising, ir L,la)g_ . ¢ Lt} | relling,

e L )3, ~-3L 1) for given =,

Theorem 36,2

The relations

L,‘: = .- =L1-| G‘=- .-=6|1-.r{4=---=11‘

%€ - - kb ay . yar by oond

hy---2h a¢. . -gardg - o <hr
are sufficient for the efficiency in this sense to be constant,
riging ard falling respectively for all r, O &r<Rn,
Proof: Obvious, since ﬁs F4 (V>0 for VL AeR,

Q.e.d,

Theorem 15,3
: 1. T
I e ey
| = — O<A<R A&T<T-A
Preo bl @iv) — A ! / !
M = A - £ el ALTeT-A
' rm,(e) T ! ! '

“'{' LA= - ""'LT :
a R oo, =Dy
A _f l*.‘
242 > e = & T‘

A -
2¢ P"‘ ‘4‘) & O , if the efficiency is constant or rising at

r = r,

3. If the efficiency of M is falling at r @ ¥,
F.., ;)T‘ - ?h.&’?\ may be negative,
Basa ) P bl)<o, o o)<
(farab- ) Pur Bl)co, i Rabil<o.

® This result is from Sraffa, §85 (with aisgram).

g*
.
§
|
i
?
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Proof: 1., A
Pt A As o~ *o- tae )%
fh. At . - - A
Uee)

(pee) —UeR" *
- (@-&r)T -4 N

2. Bulel e o s L) s postin,

M, being a finighed good. Thus

(497) By ) = (43Il B+ La(R) s s f)m L)

= (4+3) L&)+ pu >0,

If L‘(#) is positive,
F.- (") is positive, because L-; =) ?L (ﬂ) - 0, T 3.
Ir L‘(q is negative or zero, r_4 (?)) (a+7) ?,.,ﬁ?O,
2., The reader may construct an example using the graphic
technique. The rest follows, using & similar argument as in (2).
‘Hote 1: Efficiency, as defined in this peragraph, is dependent

on the rate of profit and the stendard of prices. While the former

is an inherent problem, the latter is not, or to a lesser extent:
if all prices are positive in a system in any one standard, they

are positive in all standerds.

A
Note 2: _ME!.&_ is the capital-net output ratio for machine Mg,
T4

For machines with constant efficliency at all rates of profit

the®capital-net-output ratio® is

A
4
k‘(q\._@l_f_t. = A..._‘_ 4 "'+.—~?:?.-4
L.=‘¢.4 A £ @") §

0T £ T-=A,
4 (The machine has a lifetime of T years). g falls monotonically

with increasing r and age. Falling efficiency lowers, rising efficienay
reises the capital net output ratio with respect to Mg.
The average capital-net output ratio for a machine of constant

efficiency is: A A
kel =5 Z Wy &)
He get _K-.T (o)z Tz‘
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16, Efficiency and Obsolescence

The results of'§15 require some comment. While it is perfectly
obvious that ageing machines retain certain positive values as
long. as they work profitably ( F"“ » 0 ir L(r) >0), it is
more difficult to accept the results of the last theorem with the
startling asymmetry between rising and falling efficiency. Prices
of machines with rising efficiency are positive under all
circumstances, .even if the new machines seem mwt to work profitably
(e.g. L4 (r) < o, L‘L(r) < O etc.); but machines of falling
efficiency may be worthless, or even of negative value, from a
certein age onwards., Given the expectation of an average profit,
that is to say, given r, the latter have to be subsidized, if they
are to be kept running up to the end of their physical lifetimes.

An intuitive explanstion would have to run roughly as follows:
prices of joint products cen in no way be explained as cost~of-
production prices . While the value of the whole product of an
industry is equal to the "cost of production®, this value is
embodied in the various products according to the uses to which
they are put as means of production. In the particular case of
fixed capital, the value of a machine depends essentially on the
return obtained in its later use. According to the traditional
definition, the value of an asset is equal to the value of the
correctly anticipated and properly discounted net returns, To
calculate the return ZiI.t in year T , one has to deduct current

costs At‘ from current revenue BZ' . If the discount factor is l+r

one gets as the value P gy of atejyear old machine M with lifetime
T, Tt Tt
4 Lv
P = 2“‘“““‘".'._,_‘(8-5"'A‘C) =Z___ -1€=Aa‘““;r'
+4 Sy (A-#tl‘) " (,1-#!)1:'

"ot even the prices of basics in single product systems can be
explained by cost of production alone. The term can be applied only
by ebstraction from the interdependence of markets, i,e. by considering
the good in question as a non-basic whose price is unequivéeally equal
t0 its cost of production (see Sraffa § 9)




=T1l=

This formula is identical with the one above:
A
Pn ™ Aw) L),

if one bears in mind that current costs Ap are equal to a‘f(o)&
and revenue 1:0—Lt Htr) We have to conclude that the
traditional method of evaluating capitel goods is a special case

of the "joint production” approsach.®

The puszle of rising and falling effielency is now easlily under-
stood: to the case of rising efficlency correaponda ®learning by
doing®, "work in wrogress®, ete, The mme case :I.Ld:‘;hnt Ihou
construction takes several years during the first of which no
product is obtained. If efficiency does not fall, as assumed in
theorem 15.3.2, nothing could be geined by shorteming the economic
life of the plant. Since there is no alternative to the plent im
that its product cannot be produced by eny better means » & positive
value is assigned even to the plant under consiruction.

The cese of falling efficiency is quite different: prices msy
turn negative (economic obsolescence may occur before physical
obsolescense is reeched), because the 0ld machines are in fast
not indispenssble., We have seen earlier that negative prices csm
cccur only if some processés in the system can be discarded without
the system becoming totally unproductive (seegﬁ). This is indeed
the case if effigsiengy falls: total net cutput of the gystem esn
be kept constant by increasing the number of new machines end
shortening the average lifetime.

By reducing the lifetime of inefficient machines we arrive

eventually at a system with positive prices (provided the fundemental

® Note here in particular that e is,on the one hand, equal to
the '‘price of productior! in the centre and on the other to ‘discounted -
net returns’. This equality, although most ratural from the economis
point of view, had to be proved. The 'price of production' im the
centre explains the price of the produot from the point of view

a8t costs (that is the meaning of the ‘integrated prosese in
§14§ Bers, in §16, we explain the price of a machime from the
point of view of the future income it generates.
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condition @' (R~ 4)30 holds for some reduced SysteMe £ it does

not, the system is not viable under any circumstances),,

The efficiency of many machines will partly rise and partly
fall. The effieiency pattern mzy be seen as the super-imposition
of rising end falling trends, 1

A machine will hardly rise for ever in efficiency. On the
other hand, a mscmine of rising effieiency is not likely to suffer
& sudden death, Thus our definition of rising efficiency is only
an analytical concept, Machines of rising efficiency may be
supposed to turn; after a finite time into machines of constant
or falling efficiency,

Perennial constant effieiency will be dealt with later,

As regards falling efficiency, the memimum 1ifetime is
essentially determined by economic considerations. Here toc, the
idea of a definite age of physical obsolescence is a simplification,
It may be defined as the maximum age for which e { EQA)?O.
that is, the meximum &ge compatible with the production of a surplus
(this is not independent of other machines). Apart from this
obsolescence has to be determined by economic considerations

and is subject to the fluctuations of the rate of profit,

17, Fixed Capital, Switching of Technigues and the von Neumann Model

Here, as elsewhere, fixed capital is seen to lie in between
the simple features of single product industry systems and the intri- i
cacles of joint production,

Let us first restate the argument about *switching® in basic
single product systems (it can immediatels;b‘generalizes% to all-

engsging systems),

Theorem 17,1

If we are given an all~engsging system with an alternative
méthod of production for one industry, it follows for any given
rate of profit, T, smaller than both masdmum rates of profit:

¥ a1 prices ? (prices in terms of the wage-rate) are lower

*+Nonoubstitution Theoren'

e
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for one of the two techniques (the ‘superior") - or else they are
®

all equal, )

2, Wage-rate and real wage are higher for the superior technigue

at the given rate of profit,

3. The inferior technique, if it is at all capable of reaching
this highest real wage, reaches it at a lower rate of profit,
We prove this theorem as follows:

1) (4, B, £ ) denotes our original system. The question is,

whether it is advantageous to replace an industry, say the first
(ay, by, 2, ) by (agy by, do ) (it is assumed, of course, that
this replacement is technically feasible). Write

Lg ‘@"")Clz

C- , co=bamtaa,,
be —tedan] o = b,-(A4)as,
- b
e w4,
Co= \
T LC) = (ko ),
o ‘ !
C.= €] Woe (L\;""‘):
A
L C
and let ﬁg\ ?B.‘ denote the two possible price-vectors in
terms of the wage rate so that
A 8 =l
| Co r’o:'_\”‘. \ C4 P’\ ~

A
Thus CF°=C'£4=M \ C(F.«_ro)'-'-o.
Consider the set of all vectors b4 for which Cx=0,

Since /rL(C = =4 it is a straight line g through

the origin., In particular, the X, Tor which
CoXo

Coxes Cxo|”

R . -4 L .
is on this line. Since (C.;) »0 (we are in ah all-engaging

:c"

'O'-O-\

-Aa
system), Xo= (Co) e >0 and all points on g are positive,

. fus
negative or zero ).

’!Equality occurs at most at n mates of profit: the "switch points"

A
3 §o= Fd (switchpoint), if and only if WF. =, Po=to ?‘

4 A .
= Cg (CA)T% i therefore at most at n points.
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. A A A A .
Thus we have either F,. > Pp | Pa = Po ("switch point")

or ?A < ?o .

2) Pollows immediately from (1)

3) If a is the standard in which prices are measured,

|
}
A _ A ‘ g
a' (g2~ (/HW\ATI. a' ?é') ‘ 1

E

We =

is the wage rate corresponding to this standard., It falls

monotonically with r, since ﬁ(r) rises monotonically with r and

it is a straight line w =A-—/—£ , if a'= ﬂ' (R- A) {standard |
commodity}. g is smaller for the inferior technique at the

rate of profit at which comparison is made and w, falls for higher

rates of profit. This completes the proof.

g.e.d,

This theorem is important because it shows that.once the

distribution between profits and wages is given - be it specified

by means of r, w or whatever - thé technique which could be

adopted under conditions of perfect competition because prices
are lowest ® is also the one most advantageous for the capitalist
class as a whole(given the wage, profits are highest)and for the

class of wage~-earners, (given r, wages are highest).

The choice between technically alternative systems for which
the assertions of theorem 17.1 hold will be called neutral.
The case of fixed capital systems i1s complex, because not the

whole system, but only the centre fulfills the condition

=1
(I(»\ - (A...-)ﬁ(zv))) O - With this, the first and second parts
of theorem 17.2 hold, if none other than finished goods are taken
into account and if the methods using intermediate goods are only

considered to the extent that they influence the production of

¥

finished goods.

A . .
® Warning: is lower for the superior technique, but not all prices
need k& lower for the superior technique in some other standard.




75

Since wage-goods are, as a matter of course, finished products,
the third part of 17.1 holds for fixed capital systems in those ra.ngg
of the rate of profit where prices of finished goods in terms of the
wage rate rise monoteonicallly with the rate of profit, i.e. in those
ranges where the system is viable because all prices are positive.m
Theorem 17.2

If prices ‘gl(w‘})o for g v ¢, » prices ﬁ‘ of finished goodsdrime
nonetonically with r, and the choice of technigmes is neutral in the
centre of the fixed capital system for 4 o $a3.

This result is not quite as concise as the one obtained for
single product systems, because the superior technique entsils
lower prices ﬁ only for finished products, not necessarily for
intermediate goods {that they are positive should be assumed in
any case before-hand). It is as a matter of fact quite easy to
construct examples where the price F‘“‘C of an intermediate good M‘-
rises in conseguence of an "invention" which lowers the prices of
finished goods.

The question raised here, namely how a technique will come into
use without all the prices being lower for the superior technique,
is somewhat outside the framework of Mr, Sraffa's system,® It does
not affect the fact that the technique we sall superior is adventageous
for both classes and that is the important criterion, Moreover, even
in single-product systems it camnot be said that the superior technique
has lower prices in any standard: this is warvanted only for prices
in terms of the wage-rate, We are therefore referged to market-
prices rather than to "natural prices" with which "Production of
Commodities by Means of Commodities" alone is concerned.

It is neverthelsss intuitively an important argument for the
superiority of a technique under conditions of perfect competition

that it entails lower prices in terms of the wage-rate. It would

* Compare Sraffa§96‘ foobuole,

¥Hirpeorem 14,1




~T6-

play & part in a theory of actual prices, In order to extend such
a theory to cover fixed capital, one would have to take the qualitative
difference between finished and intermediate goods into account. It
is after all not only a feature of our mathematical construction that
the determination of prices of finished products precedes the
determination of prices of intermediate goods. Prices of finighed
goods are determined in an actual market and the value of a finished
good is realized in money, while the prices of old machines reflect
estimates of e@pected returns the accuracy of which }nay only be
tested upon the failure of an enterprise. Thus we propose as a
provisional solution that the choice of techniques is governed by
the prices of finished goods.®

If this is accepted, fixed capital must be interpreted as a
case in between single product industries, where prices are -
apart from their interdependence in the basic system - cost-of-
production prices and land which, not being produced, has no value
as such. Its price has to be derived from rent which in turn is
only a residual after the values of acirculating and fixed capital,

wages and profits have been deducted from ]:'evenue.]"9E

* In particular, this criterion will enable us to determine the
optimal life-time for all machines in the system for given r, for
whith 17.2 we have proved that for all possible combinations of
life-times of machines in a given system fulfilli the basic
condition e\ ({ R{-4) 30 and >0 (ﬁ)g! there exists a

technique whose prices ’r: are lower than the ones of all other

combinations. Since the centre is all-productive, this is independent
of the proportions in which finished goods are produced,

= The character of fixed capital is further expressed in the peculiar
way the rete of profit is equalised on old machinery, namely by
determisting the price of the machine in such a Way that the machine
fits into a system in which the rate of profit is already given.
{Besides, the condition A(g-AY"%$0  is not fulfilled for

fixed capital. (see footnote §8.))

Hre several machines are engaged in the production of one
finished good, it will =lso be possible to determine the best
of several possible combinations of the ageing machines into a
a group as described in §12 and §15.
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We end this section with a remark on the von Neumann model.

®e have proved that there exists a maximum rate of profit with

which a positive vector v‘ is associated so that

o“ (R - (12RIA) =0

(4, B is a pure fized cepital system).,
Assume &(R\)o . We have then
(B - (u-R)A\Ib:O

and ﬁ and F may be interpreted as von Neumann activity and
price-vectors, if 14R is the maximum rate of growth in the economy.
But what, if F.(a\ J0 7 We have seen that this is possible only
4f the efficiency of the machines involved does not rise with age
{or remaimconstent)., We know on the other hand that unprofitable
activities sre not used in the von Neumann model.

8ince s von Neumenn solution must exist for a basic system
A, B (A’;O .870) we conclude that there must be some unprofitable
activities end that the unprofitability is due to inefficient machines.

Phe condition that the von Neumenn expansion factor is equal to the

maximum possible rate of growth ensures that new machines are used

in greater proportion then the inefficient o0ld machines in such a
way that the von Neumann 5 gives the proportions of the fastest
belanced growth posaible, Intermediate goods still produced, but not
used, in a von Neumann activity will appear as overproduced goods
and their von Neumsnn prices will be zero.

Thus we find that overprodueced goods in a basic system are not
only waste products, or miraculously sbundant commodities, but

014 machines whose continued use would impede the growth of the

gysten,

The inefficiency expressed in a negative {Lebour value (seegh)
is now also easily illustrated s an old machine, M. , camnot be o%
rising efficiency, if it has a negative labour value, It will
therefore be possible to keep the net output of the system {apart
from MT) constant by using the processes empiloying the new

machine % a greater extent and by reducing the use of [My. This
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will save labour. At the same time, M< will not be used up any

more - hence the appearance of MT as a product in the output of the
system, produced by a negative amount of labour. In the exam;ﬂ;u( for
the explanation, see§14) prices are positive for small rates of
\7r\<_9_u4 profit and negative afterwards,
if corn inputs and outputs
are given by L“(-L‘. They
are negative first and
positive up to R, if corn is

2 1
represented by k , labour by 2,

PIQCEAK [

Mo

In the first of these two cases, the process employing M. would be aboliy
hed, if r « R and would thus not enter the von Neumann system; in the
second it would be abolished at r =0,

18, Perennial Machines

A machine M with constant ef‘f‘icienc:yiE and a lifetime of T years

enters the centre with the production eguation

T -
o~ (arx) L:=bt
arAlo p+rwhi= bl e
(see Sraffa §75/76). The expression f—-(—lj:—d——— tends to
(A-r /T)T—A

r as T tends to infinity and we get for a capital good with a very

long lifetime at constant effieiency:

a M, ?,,.31— (Mﬂ)ﬂef*»wﬂz = Lv;a R
The equation can also be written as

(A-wf) ( Norha“"air‘)"' wli = l’ﬁﬁ - M“rma'
In this form, the equation is equally reasonable, since it

represents the equation for a machine which is perfectly maintained

® (w1 th constant input and output coeffici ents)
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s0 that it leaves the production process in the same conditicn in which
it entered it, i.e. undeteriorated. In consequence, the price of
the machine in use is the same as the price of the new machine,
This second equation is more natural from the point of view of
Jjoint production end is valid alsc for r = O but the first expresses
& perhaps more femiliar economic approach, for we can interpret
e = Qa for 4o as hire-pricex and the
equation reads as follows: .
go Mo + (arr)asp +wli=bitey.

It is an economic and not a technical consideration, whether a
particular machine is used as a permanent capital good {(which may
involve a permanent, high level of maintenance cost, provided it
is at all feasible) or as machine with a finite life-time., A&
railwayline is genuinely everlasting, because the rails are pericdically
replaced. But a knife may also last forever (and this is no paradb.x
because we are speaking of the knife's economic identity), if the
handle is replaced every six and the blade every two montha .. Whether
these constant repairs are worthwhile, or whether it is advantageous
to rely on periodic replacement of the entire machine and the
extent to which the two are to be combined, sre matters of choice of
techniques.

Although permanent goods camnot be termed as either finished
or intermediate goods, they fit into a alightly generalized concept
of fixed capital systems - not surprisingly, since they are the limit
case for machines of tinite age and constent efficiency. The reader

willl‘rerify that all propositions proved about the centre still no1a™=

* Hire-price, not quasi-rent. The latter termshould be reserved for

"machines of an obsolete type”, still in use, but not currently produced
(Sraffa, § 91) . Mathematicelly, quasi-rents are indistinguisheble from
rents.

% The over-all period of production is assumed to be one year.

A With the exception that the centre may not be 'pasic" at r = 0.
Moreover, it should be assumed that some finished goods exist,
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'if expressions representing the use of permanent goods are

. 'l
included in 4 (r) in the form =~ - M . In particular,
A A T

prices of commodities produced by means of permanent geoods rise

monotonically with r in terms of the wage rate, if all other prices

do the same,®

E‘I'o see this, ome has fo start the proof of 14.1 from an
equation

Q’P‘Q)GA‘Q(«\ +eCRey + L
where A reprssents the matrix of all inputs of finished and
intermediate goods, where C is equal to A sugmented by per-

ennial machines, and where B is the matrix of all outputs.
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IIT Land and Rent

19, "Extensive " and "Intengive” Diminishing Returns

Unproduced means of production which, by "being in short
supply eneble their owners to obtain a rent"™ can in most cases
be described as goods which leave every process in exactly the
same condition as they enter it and which are nowhere produced.
They present far greater difficulties than either pure consumption
goods which are also non-basics but produced and not used @n
production or permanent capital goods which also leave the
production process as they enter $t but are produced.

Good k is an unproduced good or means of production ("1ang"
for short), if ak = bk = )\A RN ',\_)l. A typical equation
reads ( A denotes "land"): )

(A+r\(0;f'*)\;n\ )*‘W‘(?= h?fs*'xif)‘
(ai is a vector of various inputs, bi:J the crop produced.). It

is more usual and more correctﬂ to write this equation as Mr.Sraffa

does
P

]
o:p A e+ L= bl
(avcloip cgytwlisbip
with - as the rent accruing to the owner of the land.
$x=7Pa g
Rent exists whether lend is traded or not., If it is, its price

is determined by capitalisation of the rent at the current rate of

® graffa, §85.

#% \ore correct, because the second form does not presxippose that
lend leaves the process unchanged. Mathematically however they are
equivalent.

% In the cgse of lagd, det (B-4) = O,if the first form is
chosen, B A (if B exists) has then an eigenvalue n =1,

thus the reduction to dated quantities of labour is impossible,
before land is eliminated (see § 6). If the second form is chosen,
det B = O.




interest and this price may be identified with the price entering
the equations in the first form, if we assume, for simplicityfs
sake, that the rate of profit and the rate of interest are the same,
Whichever expression is chosen: it is clear that rent and price
of land cannot be determined before o ther prices are known. Land

: . RN . 4
is a non-basic, even if its product enters the basic system,

I) Differential Rent of the First Kind (IRI):
There is only one product, grown on mm different sorts of land of
which one, the first, is not short in supply. Then we get m
equations: .
(A-\»n) G, F +w‘€1 = Q\ ri
(44 ap + ngz-l» vy = Lg ri

i

b2 .

The first of these equations determines P3» the others determine

(4 +~)G,,.r A, Lt wh.

the m = 1 rents KP‘:"'TA . In order to understand why one
P

particular land is not in short supply, assume tentatively that none
of the lands is in short supply; while no selection of m = 1 lands
is sufficient to produce total output required. The assumption leads
immediately to a nonsensical conclusion, for rents would still occur
as an expression of surplus profits obtained on superior land at the
given rate of pfofit, so that part of rent-yielding land would be
cultiveted and part not, This is impossible whether land is owned
by landlords or by the producers and hence the fact that one and only
one of the cultigated lands will appear not to be in short supply -
the others either being fully cultivated or not cultivated at all,

Since rents depend on the rate of profit, it is thus not only
not feasible to order the sorts of land according to productivity
before the distribution between profits and wages is known, but even

impossible to tell before_hand which land will not be in short supply.

®ur theory of the basic syste.m §I-3) was based on det (B~A) = O,

e'B = e\ In order to apply this theory to land, one has to write the
equations in the first form (so that e'B = el is a possible normalixation)
one has to replace & by A = (1+7)A where det (B-(1+¥F) &) # 0

(det (B~(1+r)a) # 0), and one has to transform the rate of profit

accordingly: ler

lar —3p -
1+T
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Production is expanded by cultivating ever new types of land
and this expansion defines an order of fertility (dependent on the
rate of profit). Output rises continuously, while the new areas
come gradually under cultivation. Whenever a new area has been
covered fully, prices and rents rise (barring a negative feedback
on costs of production).

As an example outside agriculture for this type of rent (DRI)
we mention the surplus profits obtained on a patented cheap method
of mroduction which allows a restricted group of entrepreneurs to
produce at lower costs than all other mamufacturers in the same
business during the period for which the patent is granted and on
the assumption that the privileged entrepreneurs are unable or
unwilling to supply the whole of the merket. The patent derives

a definite value from the capitalization of the surplus profit.

II) Differential Rent of the Second Kind (IRII)
The situation alters if the output required makes full use of
all the lend available for cultivation necessary. Assume land is

of only one type. Two techniques

(A-wr)GA +\-IQ4+ XAg—'; L3 rj

(A+4-]°‘1+ W&.‘_i- Xlg = L} ri

determine rent( and price fi . Assume for simplicity good J is
non-basic and does not enter its own production. Write ‘a}:—.—r
k; = LaenGipew ¢
L . y
for the unit-cost of production and normalize h1A= gﬁ_: z

to get

kd-t-)\,‘g:'%

k]_"‘ \1 g = 'E »
Rent and price sre positive, if and only if ‘(‘ <‘(1 implies

e N since --_B_‘.‘._:_B-é-b
)\)4)\‘ \ g= .
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The two techniques are compatible if one is relatively more
capltal-intensive, the other more land-intensive (given r)¥.
Assuming constant returnsto scale, we determine to what extent the two
techniques sre to be used, if total output is given.*x

Let total output be C and total area of land A . With activity

levels “lﬁz we must have Qa

,q,\4+t‘,).‘.-.A

ﬁ« a ¥ ‘\z L= A
qar§ =C. {*92=C

G‘A

As C rises the more {and-intensive technique (the technique with the

smaller X;m)) covers a greater and greater percentage of the total

surface. Rent and price change only when the rise in output enforces

the introduction of a third yet more land-intensive technique

superseding one of the two others.,

For a closed model, the price-behaviour can be studied by means
of a diagram:

@""'—)(ka ?*’XAT)* \414= +X41T'

(aem (kap ¢ dim)+ wez“: PrNT | mep, Lerdiza,
L, + by g
)\4‘# ng.

For IRI, we have A‘ao ' )\,_..n.

see Sr&ff’a‘,é88 and / 5 /.

Land-intensity, but not capital-intensity, has here a meaning
independent of the rate of profit.
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In this case (IRII), we mention two different types of
housing in a geographically restricted urban area as examples outside
agriculture. Ground rents are reflected in Land values, while the
two techniques find a visible expression in the height of houses.

Bearing the two basic patterns of IRI and IRII in mind we
consider hemristically more general cases; excluding multiple
product processes {joint production ) - spart from land itself,
of course.

If, with agriculture, mining, forestry, etc, there are k
types of products to be grown on m types of land, they will allow

up to m + k different processesx {assuming other prices as given),

If (m,x) » (2 ,2), it is not necessary for any product to
be grown on eny one land by two different methods, even if all
land is in short supply. If there are e.g. two crops to be grown
on two types of land both in short supply, it may be that both
producta will be grown on both lands so that both rents will be
positive. If there are three products on two lands, one land will
always appeer to be unsuited for at least one of the crops., Except
for flukes, no two crops can be grown together on more than two
lends; we would have six equations for five unknowns, ifm=3, k=2,
The strict requirement of & uniform rate of profit and uniform rents
thus enforces a certsin specialisation of the land {with single
product processes),

To illustrate this, assume all k products are grown on & no-
rent land (IRI). Each rent-paying land will then in general allow

only one crop {exceptions indicate "switchpoints® and do not even
allow amell variations in the rate of profit). If all land is in
short supply (IRII) (rent is to be paid everywhere) and if all

products are grown on one of them, two products will be compatible

% There are k prices and m rents to be determined which allows only
m + k equations (except at switchpoints).
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on one other land, while all the remsining lands will be complétely
specialised.

This specialisation is more natural(for single product processes)
than it seems: e,g. the value of a partly exploited coal-field is
hardly influenced by the value of the forest which still grows over

the unexploited parts.

Such specialisation does naturally not take place in The some
way, if the crops are joint products, linked by technical production
conditions, such as rotating crops. (Rotating crops are joint products
despite the fact the plants do not grow together in the same place
at the same time, because the alternation increases the fertility
of the soil and makes the prcduction of the crops concerned
technically interdependent. ) One could still elaborate a theory
of enforced specialisation by classifying joint products into partly
overlapping groups, but we shall not pursue the matter further,

20, Effects of the presence of Land on the Basic System

We now turn to the influence of the rresence of land on the
basic system., The general case has been dealt with in Part One.

In this paragraph we discuss only single product processes using land,
i.e, essentially IRI and IRII.

There is a sharp contrast in the way IRI and IRII affect the
basic system. If a basic good is grown on a no-rent land (IRI), there
is no problem, because it will enter the basic system represented by
& single product process, If all land is in short supply however,
negative multipliers will inevitably come into play, as is shown

by the follewing example of two goods grown in single product

processes on two lands both in short supply:
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Corn Cattle Land I Land II Labour Corn Cattle

(ar, &2 , 1 , o , 1)—s(y , 0)
(e5, &2 , 1 , 0 , L)—s( , b3)
(a;' s a§ , 0, 1 s 13) —-(t% s 0)
(8 » 2 » 0 , 1 ., L)—0 )

(For convenience the coefficients of land are taken to be equal to
one).

The basic system involves not only negative multipliers -
it leads to a sBort of joint production system with some negative

eleménts:
A
(0‘1"“1 1 “t“\:. ¥ L- Qa.) ——'(5‘4 L:)

(G';"“‘q ] (:“"54 i lz‘m “"‘"(“": . BL").

The conditions for rent and prices to be positive in
certain ranges of the rate of profit and for the standard commodity
to exist are very complicated. Our results derived for general joint
production systems are not applicable, because of the negative
coefficients.

A three sector model is sufficient to illustrate that although
the goods which enter the basic system are unique the basic processes

are determined only up to linear combinations of processes ( compare §

3 above).
Corn Cattle Land Corn Cattle
( ai , ai , 1} et (bi , 0)
(a3 ’ 83 ) 1) ——s (0 s bg)
2

(5 , a5 , D — (b 0)

The basic system can be formed by subtracting one of the
three equations from the two others., The resulting three systems
will look different but give of course the same prices for all r,

Even if the basic system is a single product system in all

respects except in that it shows one negative coefficient, all

sorts of difficulties may arise. If in the example
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Ploughs Corn Land Labour Ploughs Corn
(my s K o, 0, L)—e{1 s 0)
(m, ok . A, L) (0 1)
(mg Ky Ay b 1) —s (0 , 1)

the particular values

Ploughs Corn Land Ploughs Corn
(¢ .1, 09— , o
( %o , % , 1) ——s (0 , 1)
(2 ., %2 , D=0 , 1

are taken, no standard commodity exists, for the standard
system (the second rows are doubled which does not alter price

relations)
( 3. 00— , o)

-2, 2y — (o, 1)

g s

has & characteristic equaticn
-’-—1- (A-wv)z‘«(khv) + A=0
8

with negative discriminant

4‘0_ A%
A3 = 5%s

and thus no real, let alone positive solution for l+r or r.

The exemple is striking, since neither of the two corn
producing processes seems at first sight distinctly superior
to the other. The second process employs less ploughs and is
more land intensive, while the corn rate of reproduction is higher
for process three. One discovers, however, on closer examination
that prosess three requires four times more ploughs and since
plough production has a very great input of corn one expects that
12 must be considerably greater than both ll and 13, if the two
processes are to be compatible,

One finds that both prices and ¢ are positive for r = 4%,
if £, 8,78, =2 : 252 4. The proportion of the labour inputs

cannot be altered much, lest the rent turn negative,
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The non existence of the standard commodity in this case is
as such no important result; for the standerd commodity is merely
an analytical tool which facilitetes and illuminates the explanation
of the properties of self-reproducing systems. It serves its
purpose particulerly well in single product and related systems,
like fixed capital systems where ‘the relation

A= ?i + Wy
has an unambiguous meening, beceuse the wage falls with a rise in
the rate of profit, whatever the wage goods. But as soon as prices
of wage goods in terms of the wage-rate fluctuate it is not certain
any more thet the wage will fall with a rise of r. WNor is it
certain sny more that one of two alternative techniques will be
advantageous for both classes.

The possibility of the lack of these two properties is more
imporsant then the possibility of the lack of the standard commodity
in systems where differential rent of the second kind occurs.™

It comes perhaps less as = surprise if it is remembered that
the laws of income distribution are here (IRIL) complicated by
the presence of a third class of income receivers (landlords, land-
owning cepitalists, etc,)

The existence of a third form of revenue (rent) will not
invarisbly destroy the simple lsws of income distribution which
govern single product industries. We have seen this in the case

of differential rent of the first kind with single product processes.
1f all land is in short supply, the problem need not occur
either, Whether it will, depends for instance on whether or

not the basic system from which rent is excluded is inefficient

in the sense of § 9.

E That 9 may Tluctuate is proved a fortiori by the non-existence of
the maximum rate of profit (seed7).
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Nachwort

1} Viele Fragen sind noch zu kldren; vieles was nur angedeutet werden
konnte, bedarf noch der Ausfiihrung. Se ist etwa das Problem des

Einflusses des Landes auf das Basissystem noch nicht befriedigend

geltst, wihrend eine eingehende Untersuchung der erzwungenen Spezialisierun;

{"enforced specialisation”} durch die Rente vielleicht noch inter-

essante Resultate zeitigen kinnte.

Dennoch ist so viel schon klar: Sraffa, der angeb?ich nur ein
“Praludium zur Keitik der okonomischen Theorie” schreiben wollte,

hat selbst den Grundstein zu einer neuen Theorie geiegtg die zugleich
durch den Reichtum der Begriffsbildungen und ihre Einheitlichkeit
iberrascht. Wenige Oekonomen hdtten wohl gedacht, dass die Kuppel-
produktion eine soviel differenziertere Struktur darstellt als

die Einzelproduktion. Seit von Neumann war es wieder* Ublich, das
fixe Kapital als ein Kuppelprodukt aufzufassen. Aber erst abs Sraffas

Buch konnte man sehen** , welche Mdglichkeit einer fruchtbaren Ver-

* s.h. Sraffa Appendix D4 (/11/).

**Man vergleiche Dorfaman-Samuelson-Solows Behandlung des von Neu-
mannsystems: “One of the advantages of the von Neumannmodel is that it
can haﬁb1e capital goods without fuss and bother. A non depreciating
capital good simply enters both as input and as output in the
coresponding process. If the capital good depreciates 3 perfcent per

unit of time,1 unit of the good mayappear as input and 0,97 unit

as output.” (/164 Seite 383)."Fixed capital" ist flr die Autoren also
nur der im Grunde untypische Spezialfall, den wir "Peremnial Machines®
genannt haben und der eigentlich keinen echten Fall der Kuppelproduktion

darstellt.
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einigung des makro-und des mikrofkonomischen Standpunkts dieser

Ansatz bietet.

Obwohl damit bei Sraffa einige Grundlagen zu einer realitdtsbe-
zogenen Analyse gegeben sind, ist noch eine immense theoretische
Arbeit zu leisten, bevor man Production of Commodities by Means

of Commodities in sinnvoller Weise zur Interpretation konkreter
historischer Situationen heranziehen kann: unseres Erachtens gilt
es, Sraffas Werk mit den Keynes'schen Vorstellungen iiber Geld, Zins
und Beschiaftigung in einem kohdrenten System zu vereinigen und so
die Grundlage fiir eine dynamische, Akkumulation und Einkommensver-
teilung miteinbeziehende, General Theory zu schaffen. Wie in der
Einfihrung bemerkt, weisen Joan Robinson und Kaldors Werk in dieser

Richtung.

2) Walras® Modell des wirtschdftlichen Gleichgewichts und Sraffas
Produktion der Waren durch Waren sind logisch gleichberechtigt,
schliessen sich aber in der Anwendung ®  im wesentlichen aus. Joan
Robinson bemerkte schon in ihrer ersten Sraffa Rezension*: "The

first is that, when we are provided with a set of technical equations

for production and a real wage rate which is uniform throughout the

* Oxford Ec. Papers, February 1961 (zitiert nach /33/3.
%8 Dev W‘w\evx‘)(uc\n wnichen der Theorie Svaffar wwd der des
Produkhons{un\d’wneh sk ‘DJ“C"'E’ W atue,
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economy, there is no room for demand equations in the determination
of equilibrum prices”, ... "Some might complain that this is only
flogging a dead Marshallian horse (which Sraffa himself helped to kill
even before 1928%). But to my mind it emphasizes a peint which, both
in its scholastic and ist political aspect, is of great importance;
in a market economy, either there may be a tendency towards uniformity
of wages and%he rate of profit in different 1ines of production, or
prices may be governed by supply and demand, but not both** Where
supply and demand rule, there is no room for uniform Tevels of

wages and the rate of profit. The Walrasian system makes sense,if

we interpret it in terms nf an artisan economy, where each producer
is committed to a particular product, so that his income depends

on his ouput and its price. Each can have a prospective rate of
retum on investment in his own Tine, but there is no mechanism to

equalize profits between one line and ancther.”

Bei Walras wird die Produktion durch die Zirkulation dominiert.
Entsprechend kinnen die Praferenzen der Wirtschaftssubjekte auch
{Pareto-) optimal befriedigt werden. Dabei bleibt notwendigerweise
offen, wie Oekonomie von Periode zu Periode sich entwickelt, wenn die

Priferenzen dndern unter der Wirkung der in der vorigen Periode erzielten

*Dies spielt auf die erwihnten Artikel Sraffas von 1925 und 1926 an,
**Die Ausnahme 2y dieser Regel wird diskutiert bei J. Schwartz (/35/
Part.II1). Andere Kapitalgliter als was hier *Perenmial Machines®

heisst,(s.h. unten § 18}, sind bei ihm bezeichnenderweise ausgeschlossen,
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Produktionsresultate?®,

In der "Produktion der Waren durch Waren® hingegen spielt die
Zirkulation nur insofern eine Rolle, als vorausgesetzt ist, dass

ein die Reproduktion ermUglichender Tausch der Kapitalgiiter statt-
findet. Wie wir sehen werden, bereitet es Sraffa keine Schwierigkeiten,
Kapitalgiiter in sein System einzubeziehen, die wdhrend mehrewrPerioden
mit wechselnder Produktivitdt im Gebramch stehen. In der Theorie

der Kuppelproduktion ergibt sich aus der uniformen Profitrate

von selbst stets die richtige Abschreibungsformel fiir Maschinen, wie
kompliziert auch die Verdnderungen seien, denen sie wihrend ihrer
Lebensdauer unterworfen sind. Walras verwendet demgegeniiber in

seinem urspringlichen Modell der Kapitalformation und des Kredits

eine Formel fur die Abschreibung, die nicht einmal bei Maschinen

konstanter Effizienz und endlicher Lebensdauer korrekt ist**

Es mag sein, dass dieser Fehler heute behoben werden kann. Vorldufig
sieht es aber so aus, als ob die Walras'sche Gleichgewichtsanalyse
zur Beschreibung der Struktur einer sich reproduzierenden kapitalistischen

Wirtschaft { und das heisst eben zuallererst zur Bestimmung des Werts

* Morishima (/26/), Seite 92.

** Dies hat Gare_gnani (/19/ Seite 93) bemerkt.Merishima, der als
erster die Existenz einer LBsung fiir Walras' Modell der Kapital-
formation und des Kredits bewiesen hat, ist diese Tatsache dagegen
entgaﬁén. Ob die liber diesen speziellen Punkt hinausgehende Kritik
Garegnanis an der Walras'schen Kapitaltheorie (op. cit. Seite 91-121)
berechtigt ist, scheint noch offen.(s.h. die Uebersicht in M.Tiberi,

/39/, Seite 7- 11).
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von Kapitalgiitern wechseinder Effizienz unter der Bedingung einer

uniformen Profit-und Diskontrate) wenig beitragen kinnte,

Hicks* kommt zum Schluss: "I have therefore cometo the conclusion”,.
"that the Walrasian model had better be left, being useful enough

in its own way, whenever our interest is in the horizontal structure
of production, structure by industry,".. “But it should be matched®
..." by an approach from another angle, an Bustrian approach, which
does not pay attention to structure by industry, but fixes attention
on time“sequence.‘LDemgegenUber michte ich behaupten, dass in der
vorliegenden Ausarbeitung von Sraffas Theorie des fixen Kapitals

alle Resuitate,die Hicks in seinep Bsterreichischen Theorie gewinnt,
abgeleitet worden sind, ohne dass deshalb der makrodkonomische
Bewichtspunkt oder die "horizontal structure of production® {gnoriert
werden miissen. Man mag darin einen Beweis sehen, dass Sraffas Modell
dem Walras'schen als Theorie der Produktion und des Kapitals Ubep-
legen iggéﬁe:;ndsatzlich haben Walras ond Sraffa dies gemein, dass sie
eine klare Trennung** macken zwischen den technischen Produktionsbe-
dingungen in Form von Input-Outputmatrizen mit gewissen Substitutions-

miglichkeiten ( dies wire bei Marx ein Ausdruck der "Produktivkrifte”)

*Hicks (/22/). Es ist kennzeichnend, dass die "Fisher-Equation® bei
uns eine Folge der Theorie ist (§ 16),w§hrend sie bei Hicks (op.citw

Seite 260 ) vorusgeseht werden muss.
** vgl. Bhaduri. Bahduri weist darauf hin, dass diese Trennung in

der neoklassischen Theorie dep Produktions funktionen verwischt wird,
indem dort das technische Mass des Kapitals und sein Wertmass un-
kritisch identifiziert werden, Dass notwendiger_ weise eine Di fferenz

zwischen beiden besteht, driickt sich bei Sraffa in der Abhéngigkeit
des Werts des Kapitalstocks von der Profitrate aus. (Bhaduri. /437
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und den sozio-tkonomischen Bedingungen, unter denen die Produktian
steht (bei Marx ein Ausdruck der "Produktionsverhdltnisse”). In
der Darstellung der Produktivkrifte unterscheiden sie sich nur
wenig, dagegen sehr in der der Produktionsverhdltnisse: Bei Walras
sind die Pridferenzen einer umstrukturierten Menge von Wirtschafts-
subjekten massgebend,die frei die vom Standpunkt der Transaktion
gleichartigen Produktionsfaktoren tauschen. Anders bei Sraffa, wo

vor den Priferenzen der Individuen eine uniforme Profitrate die
Verteiluang des Einkommens bestimmt,und wo die Preise der "Produktions-
faktoren" in ganz verschiedener Weise entstehen: devr der Arbeit ist

gegeben oder direkt aus der Profitrate abzuleften, die Preise der

Kapitalgiter sind im wesentlichen Kosten der Produktion;, Rente

ist ein Residuum.

Nun gibt es ohne Zweifel Aspekte des Wirtschaftslebens, wo der
frei¢Tausch gleichberechtigter Skonomischer Agenten im Vordergrund
steht. Sie sind aber nicht unbedingt dominierend. Flir die Klassiker

war der Reallohn awf der gleichen Ebene wie die Ubrigen Produktions-

mittel gegeben; ins Mehrprodukt teilten sich die Kapitalisten mit
den Grundbesitzern, Dabei spielten die Grundbesitzer eine passive

Rolle, als unproduktive Konsumenten eines ihnen aus der Knappheit

des zufdllig verteilten Bodens entspringenden Regidualeinkommens,
wihrend die Kapitalisten durch di® Konkurrenz die Produktionsmethoden
bestindig aktiv revolutionierten und alle Mdglichkeiten insofern

g]éichm&ssig ausschopften, als sie in der rastlosen Suche nach der

profitabelsten Kapitalanlage den Profit in Proportion zum vorge-
schossenen Kapital verteilten. (Die Profitrate,diirfen wir hinzufligen,

wurde zugleich zum Masstab des Werts von frither investierten Kapitalen,
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wie es die Bedingungen der Kuppelproduktion vorschreiben.) Die
Keynesianische Theorie der Einkommensverteilung ist der klassischen
dhnlich, insofern auch in ihr die dynamische Investitionstdtigkeit
der Kapitalisten ( d.h. die Wachstumsrate g) bei gegebener Sparneigung
die Profitrate determiniert - in der bekannten Vereinfachten Formel,
deren BegrUndung*wir hier nicht wiederholen (nur Kapitalisten sparen,

d.h. §=8.): &= V5.

Die klassische und die neokeynesianische Vorstellungswelt sind im
Grunde dynamischer Natur. Ihpe Dynamik impliziert kausale Verknﬁpfungem
deren Wirkung auch am statischen Modell studiert werden kann, Beispiele
sind der Muitiplier oder eben Sraffas Produktion der Waren durch
Waren, wo die Annahme einer die relativen Preise bestimmenden von
aussen vorgegebenen Einkommensverteilung flr eine Vereinfachung oder
Abstraktion einer Flille komplizierter dynamischer Zusammenhinge steht.
Durch solche im der mathematischen Struktur nicht notwendig explizit

ausgedriickte Relationen unterscheiden sich die Systeme* im tieftten,

Die Dynamik,die hinter dem Walras'schen System gedacht wird, handelt
primdr von simultanem Austausch gleichartiger Skonomischer Agenten.

Sraffa, der seine Theorie kritisch benutzt wissen will, vermeidet es,

*Wir kinnen alse C.C. von Weizsicker nicht unbedingt beipflichten,
wenn er schreibt " So kinnen im wesentlichen alle Modelle Joan
Robinsons und ihrer unmittelbaren Schiiler als Spezialfdlle der
Arrow-Debreu-Annahmen aufgefasst werden® (7417, Seite 97).

ol 2.0 Pagiwess (729/),
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sich seinerseits auf eine bestimmte Hypothese iiber die Einkommens-
verteilung festzulegen* . Die klassische Hypothese des Klassenkampfs
wUrdéh?n grosstmdglichem Gegensatz zu Walras setzen, keine** kinnte
den Gegensat%aaterbrﬁcken.wie schon bemerkt, wiirden wir uns eine

Integration der Ideen Sraffas und der Neokeynesianischen Schule

wiinschen.

3) Zusammenfassung

In Piero Sraffas "Produktion der Waren durch Waren" *** wird die
Wirkung einer sich dndernden funktionalen Einkommensverteilung auf
die Produktionspreise eines geschlossenen kapitalistischen Wirt-
schaftssystem betrachtet. In der vorliegenden Arbeit ist Sraffas
Behandlung der Kuppelproduktion mathematisch streng dargestellt und

erweitert worden. Es ldsst sich feststellen, dass sich unter dem

einheitlichen Begriff der Kupnelproduktion verschiednartige Gkonomische

*Wenn man von der eher rdtselhaften Bemerkung am Ende von §41
(Sraffa /11/) und natiirlich der negativen Bestimmung durch Ablehnung
der Grenzproduktivititstheorie absieht.

** Val. Schwartz, Part 3 (opn.cit).
wkw 17/
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Kategorien verbergen. Deren Eigenschaften herauszuschdlen stellt die

eigentliche Aufgabe dar.

Schon die einfache, aus der Theorie der Einzelproduktindustrien ge-
Tdufige Unterscheidung von Basis und Nichtbasisgiitern verlangt bei
Kuppelproduktion eine differenziertere Untersuchung. Nur durch Be-
riicksichtigung moglicher Komplikationen gelingt es, die Sraffa’sche
Konstruktion des Basissystems durch einen Einzigkei@@beweis im
wesentlichen zu rechtfertigen. Der Reweis stiitzt sich auf eine
mathematische Analyse der Bewegung der relativen Preise in Funktion
der Profitrate (der Leser wird in der "erratischen" Bewegung dieser
Preise die tiefere Ursache flir die Moglichkeit einer “Wiederkehr
der Techniken" und damit flir die Unmtglichkeit der Ableitung einer

neoklassischen Produktionsfunktion bei "reguliren” Systemen erkennen*.)

Dann wendet sich die Untersuchung den Preisen selbst zu mit Fragen wie,
inwieweit sie sich auf Arbeit zuriickflihren lassen, was negative
Arbeitswerte bei Kuppelproduktion bedeuten, usw. Verschiedene Standards
fiir Preise werden herangezogen,um die sich dndernde Verteilung zu
beschreiben. Die Existenz des wichtigsten unter ihnen, Sraffas
Standardware, wird dann genau gepriift. Die Suche nach der Standardware

erweist sich als dquivalent zur Suche nach der maximalen Profitrate

* Die wird im Text nicht mehr ausgefiihrt;s.h. jedoch Fussnote

im Anschluss an Satz 3.1'Sehe 16,
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eines Systems - und diese hdngt wieder mit von Neumanns Expansions-
faktor flir das System ( betrachtet als von Neumann-System) zusammen.
Damit kann die Existenz der Standardware und die Existenz positiver

Preise zu bestimmten Effizienzkriterien in Bezug gesetzt werden.

Nach diesen sehr abstrakten Untersuchungen, die durch die Einflihrung
einer neuen graphischen Technik nur geometrisch anschaulicher werden,
ersetzen die konkreten Begriffe "fixes Kapital” und"Land * den
allgemeineren der “Kuppelproduktion”. In der Theorie des fixen
Kapitals wird nachgewiesen, dass sich makrotkonomisch durch die
Einfilhrung Tanglebiger Kapitalgiiter wenig dndert im Vergleich zur
Theerie der Einzelproduktindustrien, wihrend mikroSkonomisch Kapital-
gliter sich in mannigfacher Weise differenzieren und klassifizieren
lassen. Die Heranziehung des von Neumannmodells und bestimmter
Effizienzkriterien zur Analyse der Wirkung von Aenderungen der Profit-

‘rate auf die Preise liefert hier sehr konkrete Resultate.

Die Theorie der Rente und Quasirente schliesslich erweist sich als
bedeutend schwieriger, jedenfalls bei den internen ( von den externen

zu unterscheidenden) fallenden Ertrigen. Finerseits wird am Beispiel
deutlich, dass die im ersten Teil bei der Theorie der Kuppelproduktion
entwickelten Methoden nicht in jedem Fall zureichen, um die Existenz

der Standardware in einem System das Land enthilt nachzuweisen, anderer-
seits zeigt die Theorie der " erzwungenen Spezialisierung ﬂ welch
entscheidenden Einfluss die Rente auf den Gebrauch eines
gegebenen, technisch zu verschiedenen Zwecken brauchbaren Landstiicks
haben muss. s diirfte sich 10hnen,der Theorie der Rente noch eine

grissere Untersuchung zu widmen. Dies umso mehr, als die Theorie der
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Rente als Theorie der Quasirenten auf geschiitzten Innovationen

auch in der Wachstumstheorie von Bedeutung ist.
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