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Main Questions

I Why do some firms hold liquid assets and lines of credit with
financial intermediaries?

I Why do others pay dividends or raise short-term debt?

I What is the optimal maturity structure of corporate liabilities
from that perspective?

I How does the need to hold liquidity interact with the size of
the firm?

I What is the interrelation between risk management and
precautionary liquidity holding?
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Intuition

I So far corporate financing was a one shot game

→ Firm investment and financing had the same maturity

I Corporate investments are typically ongoing projects that
might generate cash flow also in intermediate term

I Corporate liabilities require some repayment before initial
investments mature

I Corporate investments often require additional reinvestments

I Additional investment opportunities might arise before initial
investments mature

⇒ A shortfall of the intermediate cash flow from the
(re-)investment needs and the contractual intermediate
payout generates a liquidity shortage

I Credit rationing limits firms’ ability to raise new funds

I Liquidity shortages might endanger the viability of positive
NPV firms
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Intuition

I Firms have an incentive to insure against liquidity shortages

→ Corporate liquidity holdings and credit lines serve as insurance

→ Risk management helps stabilize intermediate cash flow

→ Longterm debt and equity provides additional insurance

I However, ex-ante funding constraints limit the availability of
these instruments

5 / 49



Liquidity risks - Assumptions
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with probability p,
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Reinvestment
need     (drawn
from F(.)).

ρ

0 1 2

Figure 5.1

unacceptable to lenders. So, the lenders do not in-

ternalize the loss incurred by the borrower when the

project is stopped, and yet the borrower is unable to

propose a concession to induce them to internalize

this externality.

Consider the setup of Section 3.2, except that

there is an intermediate date at which income ac-

crues and some reinvestment need is realized. As

indicated in Figure 5.1, the entrepreneur at date 0

has wealth A and borrows I −A, where I is the fixed

cost of investment.

At date 1, the investment yields deterministic and

verifiable income r � 0. Continuation, though, re-

quires reinvesting an amount ρ, where ρ is ex ante

unknown and has cumulative distribution function

F(ρ) with density f(ρ) on [0,∞). The realization of

ρ is learned at date 1. Note that we here assume that

the date-1 income is deterministic while the reinvest-

ment need is random. The important assumption is

that at least one of the two is random.

If the firm does not reinvest ρ, then the firm is

liquidated. The liquidation value is 0. If the firm re-

invests ρ, then the firm yields, at date 2, R with prob-

ability p and 0 with probability 1−p, where p = pH

if the entrepreneur behaves (and then gets no pri-

vate benefit) and p = pL = pH − ∆p if the entrepre-

neur misbehaves (in which case she receives private

benefit B).

The entrepreneur and the investors are risk neu-

tral, the entrepreneur is protected by limited liabil-

ity, and the investors demand a rate of return equal

to 0.

Thus, the model is nothing but an extension of the

basic fixed-investment one in Section 3.2. We have

just added an intermediate income r and a reinvest-

ment need ρ (the bold type in Figure 5.1). (Put differ-

ently, the model of Section 3.2 corresponds to the

special case r = 0 and F being a spike at ρ = 0.) We

assume that there exists in the economy a store of

value that yields the consumers’ rate of interest (0

here). That is, 1 unit invested at date 0 delivers a re-

turn of 1 unit at date 1 (Chapter 15 will investigate

the reasonableness of this assumption). We now give

a heuristic description of the optimal contract.

Suppose in a first step that the initial contract can

specify whether the firm continues or liquidates for

each value of ρ (as we will see, it actually does not

matter whether the realized value of ρ is verifiable,

as long as there is no use that can be made of the

date-1 cash flow besides reinvesting it and distribut-

ing it to investors). Intuitively, it is optimal to con-

tinue whenever it is cheap to do so:

ρ � ρ∗,

where ρ∗ is a cutoff.

As is now familiar to the reader, competition

among investors deprives them of a surplus, and so

the borrower’s utility is equal to the NPV. Assuming,

as usual, that the optimal contract induces the high

effort in the case of continuation and noting that the

probability of continuation is Pr(ρ � ρ∗) = F(ρ∗),
the borrower’s net utility is

Ub(ρ∗) = [r + F(ρ∗)pHR]−
[

I +
∫ ρ∗

0
ρf(ρ)dρ

]

,

where the first bracket represents expected revenue

and the second bracket total investment (initial in-

vestment plus expected reinvestment).

Ensuring good behavior in the case of continua-

tion suggests giving to the entrepreneur, at date 2,

Rb in the case of success and 0 in the case of failure,

where

(∆p)Rb � B.

Furthermore, there is no loss of generality in as-

suming that the entrepreneur receives nothing at

date 1. Suppose she receives rb > 0. Then the con-

tract could eliminate this short-term compensation

In addition to baseline model ...

I a deterministic return r > 0 is realized in interim period

I a stochastic reinvestment of size ρ ∈ [0,∞) with F (ρ) and
f (ρ) being the cumulative distribution and the density
function, respectively, is required to continue project

I if project is terminated liquidation return is zero
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ment need is random. The important assumption is
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liquidated. The liquidation value is 0. If the firm re-

invests ρ, then the firm yields, at date 2, R with prob-

ability p and 0 with probability 1−p, where p = pH

if the entrepreneur behaves (and then gets no pri-

vate benefit) and p = pL = pH − ∆p if the entrepre-

neur misbehaves (in which case she receives private

benefit B).

The entrepreneur and the investors are risk neu-

tral, the entrepreneur is protected by limited liabil-

ity, and the investors demand a rate of return equal

to 0.

Thus, the model is nothing but an extension of the

basic fixed-investment one in Section 3.2. We have

just added an intermediate income r and a reinvest-

ment need ρ (the bold type in Figure 5.1). (Put differ-

ently, the model of Section 3.2 corresponds to the

special case r = 0 and F being a spike at ρ = 0.) We

assume that there exists in the economy a store of

value that yields the consumers’ rate of interest (0

here). That is, 1 unit invested at date 0 delivers a re-

turn of 1 unit at date 1 (Chapter 15 will investigate

the reasonableness of this assumption). We now give

a heuristic description of the optimal contract.

Suppose in a first step that the initial contract can

specify whether the firm continues or liquidates for

each value of ρ (as we will see, it actually does not

matter whether the realized value of ρ is verifiable,

as long as there is no use that can be made of the

date-1 cash flow besides reinvesting it and distribut-

ing it to investors). Intuitively, it is optimal to con-

tinue whenever it is cheap to do so:

ρ � ρ∗,

where ρ∗ is a cutoff.

As is now familiar to the reader, competition

among investors deprives them of a surplus, and so

the borrower’s utility is equal to the NPV. Assuming,

as usual, that the optimal contract induces the high

effort in the case of continuation and noting that the

probability of continuation is Pr(ρ � ρ∗) = F(ρ∗),
the borrower’s net utility is

Ub(ρ∗) = [r + F(ρ∗)pHR]−
[

I +
∫ ρ∗

0
ρf(ρ)dρ

]

,

where the first bracket represents expected revenue

and the second bracket total investment (initial in-

vestment plus expected reinvestment).

Ensuring good behavior in the case of continua-

tion suggests giving to the entrepreneur, at date 2,

Rb in the case of success and 0 in the case of failure,

where

(∆p)Rb � B.

Furthermore, there is no loss of generality in as-

suming that the entrepreneur receives nothing at

date 1. Suppose she receives rb > 0. Then the con-

tract could eliminate this short-term compensation

Note difference to private verifiable liquidity preferences shock:

1. Reinvestment ensures project viability and is therefore also in
investors’ interest

2. Effort choice can be made contingent on liquidity injection
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Liquidity Risk - Inefficiency of ”wait-and-see”

I Assume that entrepreneur does not preserve any funds in
t = 0 for reinvestments in t = 1 and that he does not
prearrange any access to liquidity for t = 1

I Assume that he invested all his funds A in t = 0 in the project
to get it started and that he pledged maximum future returns
including r to outside investors to attract funding

I Now in the t = 1 he faces a reinvestment need of ρ

I By providing the additional liquidity ρ investors can secure
their expected contractual repayment

I Consequently, outside financiers are willing to provide
additional liquidity up to

ρ0 = pH

(
R − B

∆p

)
I At t = 1 the initial outside investment (I − A) is sunk
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Liquidity Risk - Inefficiency of ”wait-and-see”

I From the perspective of the entrepreneur continuation is
beneficial as long as the expected returns exceed the
additional costs

I Thus enrepreneurs would reinvest up to

pHR − ρ1 = 0 ⇒ ρ0 ≤ ρ1 = pHR

⇒ Moral hazard problem reduces pledgability of future returns

I Positive NPV projects are credit (liquidity) rationed and have
to be terminated

⇒ Entrepreneur has incentive to withhold some liquidity in t = 0
to ensure continuation in case of a liquidity shortage
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Optimal continuation threshold

I Assume that the entrepreneur can write a contingent contract
in t = 0 that requires investors to reinvest up to an amount
ρ∗ in the interim period

I Alternatively, one could also assume that entrepreneur
requires additional funds ρ∗ from investors in t = 0 which he
holds in liquidity for reinvestments; if funds are not used they
are repaid to investors

I Since funds are abundant entrepreneur retains project’s NPV

⇒ His payoff as a function of the maximum liquidity provision:

Ub(ρ∗) = r + F (ρ∗)pHR − I −
∫ ρ∗

0
ρf (ρ)dρ
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Optimal continuation threshold

I From

Ub(ρ∗) = r + F (ρ∗)pHR − I −
∫ ρ∗

0
ρf (ρ)dρ

follows that
∂Ub

∂ρ∗
= f (ρ∗)pHR − ρ∗f (ρ∗)

⇒ Entrepreneur achieves maximum payoff for ρ∗ = pHR

I Entrepreneurs’ payoffs increase for ρ∗ ≤ pHR

11 / 49



Optimal continuation threshold

I An increase in ρ∗ also leads to an increase in the expected
funding volume

I Thus ρ∗ must be feasible given the ex-ante funding constraints

I The pledgable return as a function of the maximum liquidity
provision is

P(ρ∗) = r + F (ρ∗)pH

(
R − B

∆p

)
−
∫ ρ∗

0
ρf (ρ)dρ

I Since
∂P
∂ρ∗

= f (ρ∗)pH

(
R − B

∆p

)
− ρ∗f (ρ∗)

⇒ Pledgable returns are maximized at ρ∗ = pH

(
R − B

∆p

)
and

decline for ρ∗ ≥ pH

(
R − B

∆p

)
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Optimal continuation threshold - Regime 1

I If the pledgable returns exceeds the funding gap even for a
reinvestment policy that ensures continuation of all positive
NPV projects (ρ∗ = pHR)

P(pHR) ≥ I − A

then the first-best cutoff can be achieved

I Even though investors are sometimes ex-post forced to provide
liquidity to continue projects which do not allow them to
recoup their reinvestment the overall expected returns from
investments are sufficiently high to meet the funding gap
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Optimal continuation threshold - Regime 2

I However, if

P(pHR) < I − A ≤ P
(
pH

(
R − B

∆p

))
not all positive NPV projects can be continued

I The entrepreneur has to reduce the maximum liquidity
injections and terminate those projects with the smallest
positive NPV, i.e. with the highest reinvestment needs

I Those are the projects for which the pledgable return falls
short of the reinvestment volume

I By terminating those projects the overall pledgable return
increases and the entrepreneur can cover the funding gap
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Optimal continuation threshold - Regime 2

I In this case the cutoff ρ∗ ∈ [pH(R − B/∆), pHR] is
determined by

r + F (ρ∗)pH

(
R − B

∆p

)
−
∫ ρ∗

0
ρf (ρ)dρ = I − A
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Optimal continuation threshold - Regime 3

I However, reducing the liquidity injections and discontinuing
projects only increases the pledgable returns for

ρ ≥ pH

(
R − B

∆p

)
I Reducing the liquidity injection even further and discontinuing

projects with ρ < pH(R − B/∆p) would reduce the overall
pledgable return since also projects would be terminated
whose preserved pledgable return exceeds the reinvestment
costs

I Thus for

I − A > P
(
pH

(
R − B

∆p

))
the project cannot be financed in t = 0.
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Optimal continuation threshold - Graphical solution

204 5. Liquidity and Risk Management, Free Cash Flow, and Long-Term Finance

I − A

pHRρ∗ CutoffpH(R − B/   p)∆

(a) Expected income

(b) Pledgeable income

Figure 5.2 Optimal continuation policy:

(a) Ub + I = r + F(ρ∗)[pHR]−
∫ ρ∗
0 ρf(ρ)dρ;

(b) P(ρ∗) = r + F(ρ∗)[pH(R − B/∆p)]−
∫ ρ∗
0 ρf(ρ)dρ.

debt capacity, and a first-order gain in the efficiency

of ex post refinancing.

(iii) P
(

pH

(

R − B
∆p

))

< I −A.

In this case, funding is not feasible. The value ρ∗

that maximizes the pledgeable income (ρ∗ = pH(R−
B/∆p)) does not suffice to compensate the investors

for their initial outlay.

5.2.2 Term Structure of Cash-Rich Firms

Let us define a cash-rich firm as one that is meant to

disgorge money at the intermediate stage: r > ρ∗ (in

particular, r � pHR suffices to ensure that the firm is

cash rich). The optimal contract can be implemented

through a combination of short-term debt,

d = r − ρ∗,
and long-term debt (to be paid in the case of contin-

uation),7

D = R − B
∆p

.

We thus obtain a simple theory of maturity struc-

ture. Note further that as the strength of the bal-

ance sheet, as measured by the value of A, changes,

only ρ∗ changes. In particular, as A increases, ρ∗

also increases (see region (ii) in Section 5.2.1; it in-

creases only weakly in region (i)), and so d decreases.

Conversely, a weak balance sheet implies a short

maturity structure (d large).

7. Here, long-term debt and equity are equivalent. To obtain three
different claims (short-term debt, long-term debt, equity), one can pro-
ceed as in Chapter 3 and introduce a leftover value in the case of failure
at date 2.

This helps us to understand why highly indebted

firms are more likely to borrow on a short-term basis.

Highly leveraged firms can be viewed as firms with

a weak balance sheet,8 and so must accept shorter

maturities.

Similarly, if we added another margin of conces-

sion in the form of costly collateral pledging (thus

combining this section with the modeling in Sec-

tion 4.3), one would find that firms with weak bal-

ance sheets borrow on a short-term and secured

basis.

Discussion. While we emphasize the short-term

debt interpretation, this payment can actually be in-

terpreted either as a short-term debt as in Jensen

(1986) or as a dividend as in Easterbrook (1984).

Note, though, that the dividend interpretation must

be accompanied by a covenant concerning maximal

dividend distribution.9 Otherwise, investors would

want to pay dividends up to r − ρ0 > d, where

ρ0 = pH(R − B/∆p), in order to prevent the entre-

preneur from reinvesting whenever the liquidity

shock exceeds the date-1 pledgeable income ρ0. With

this interpretation, we see that covenants specifying

maximal amounts of dividends serve to protect the

entrepreneur against excessive liquidation.10

8. Suppose that the firm already owes D0 at date 2. The income in
the case of success is then R − D0. The analysis above shows that in
the constrained region (ii), ρ∗ decreases as D0 increases. And so the
short-term debt d increases.

Things get more complex when the initial debt is short-term debt
(d0). Then the disposable short-term debt revenue becomes r−d0. The
cutoff ρ∗ decreases with d0. Total short-term debt (d0 + d) increases
with d0, but the sign of the impact on new short-term debt d depends
on distributional assumptions.

This analysis presumes, as in Section 3.3, that initial short-term (d0)
or long-term (D0) debts are not renegotiated. The analysis is differ-
ent if initial debtholders can be brought to the bargaining table, but
the general point that their presence weakens the firm’s balance sheet
remains.

9. In practice, dividends may also be limited because managers have
some control over their level (this alternative story is more complex
to analyze than the covenant one because it relies on the drivers’ of
managerial “real authority” (see Chapter 10 for the concept of real
authority)).

10. This insight complements the standard, and important explana-
tion for the existence of such covenants. As discussed in Chapter 2,
they are usually viewed as protecting creditors against expropriation
by the equityholders, who could use dividend distributions and share
repurchases to leave long-term creditors with an “empty shell.” In
this part, we focus on the conflict between the entrepreneur and the
securityholders, and so the introduction of conflicts among security-
holders would serve no purpose.
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Optimal continuation threshold - Implementation

I It is important to note that for ρ∗ > r it is irrelevant

– whether the short-term cash flow r is pledged to outside
financiers while at the same time the investors are obliged to
reinvest ρ∗ or

– whether the cash flow r is kept in the firm for reinvestments
and topped up by ρ∗ − r if needed but distributed to investors
in t = 2 if not needed

I However, pledging the cash flow r to the entrepreneur is
inefficient because entrepreneur would often consume out of
cash holdings instead of long-term project returns which
would strengthen his incentives and increase pledgable returns

I Problem: Liquidity provisions (credit lines) by outside
investors must be credible: Whenever ρ > ρ0 investors have
an incentive not to abide commitment to provide additional
liquidity
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Optimal continuation threshold - Cash-rich firms

I If r > ρ∗ the liquidity available from cash flow exceeds the
optimal reinvestment volume

I Thus the firm is cash rich; i.e. firm has excess liquidity

I If entrepreneur can use liquidity at his discretion he reinvests
up to

r = ρ = pHR

I This reduces pledgable return and might make ex-ante
funding impossible

I To prevent this, excess liquidity has to be repaid to investors
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Optimal continuation threshold - Cash-rich firms

I Short term debt d is an efficient means to drain excess
liquidity:

d = r − ρ∗

I Long-term debt repayments are simply given by the maximum
pledgable returns

D = R − B

∆p

I Firms with a high funding gap (I − A) require high pledgable
returns and thus can afford only a low ρ∗

I Thus cash rich firms with a high initial funding gap (weak
initial balance sheet) must drain more liquidity and need to
refinance more with short-term debt, i.e. have a shorter
maturity structure

⇒ Highly indebted firms more likely to borrow short term
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Optimal continuation threshold - Cash-rich firms

I In principle the liquidity drain could also be achieved by
dividend payments

I However, stockholders in that case must be in a position to
enforce the optimal dividend repayment d

I At the same time it must be ensured that stockholders cannot
extort a higher dividend

I Stockholders would push for a higher dividend because

d = r − pH

(
R − B

∆p

)
> d
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Liquidity-scale trade-off

I In the fixed investment case financially constraint firms use
additional funds (higher pledgable returns, higher A) available
in t = 0 always to increase liquidity holdings and continuation

I But this is an artefact resulting from the fact that there is no
alternative use for additional funds

I Assuming a variable size investment project liquidity holdings
(or prearranged lines of credit) reduce the investment volume

I Thus the benefits of additional liquidity holdings, i.e. the
continuation of additional projects, must be traded off against
the lower initial investment volume
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Liquidity-scale trade-off - Assumptions
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• • •
Firm is ‘‘intact’’ (no reinvestment needed)
with probability 1 –    , and ‘‘distressed’’
(reinvestment      per salvaged unit)
with probability    .

0
•

1

Moral
hazard.

Success (R per unit) with
probability p and failure (0)
with probability 1 − p, for
the salvaged investment.

λ

2

λ
ρ

Figure 5.3

Let us assume that

ρ0 ≡ pH

(

R − B
∆p

)

< c ≡ min
{

1+ λρ, 1
1− λ

}

< ρ1 ≡ pHR.

This pair of inequalities (which boils down to ρ0 <
1 < ρ1 in the no-liquidity-shock case (λ = 0) of Sec-

tion 3.4) will, as we will see, imply that investing has

a positive NPV, but also that the entrepreneur is con-

strained in her borrowing.

In the case of continuation, the entrepreneur op-

timally receives 0 in the case of failure and Rb in the

case of success, where Rb is large enough so as to

incentivize her:

(∆p)Rb � BI.

As in Section 3.4, making this inequality an equality

maximizes the pledgeable income and thereby the

entrepreneur’s borrowing capacity. This implies that

under continuation, an expected amount ρ0I goes to

investors at date 2.

Let us compare the two policies.

(i) Abandon the project in the case of distress. If

the project is abandoned in the case of distress, in-

vestors receive their expected income ρ0I only when

there is no shock, that is, with probability 1− λ. On

the other hand, there is no reinvestment at date 1.

Thus, when the entrepreneur has initial wealth A,

the investors’ breakeven constraint is

(1− λ)ρ0I = I −A,
yielding investment capacity,

I = A
1− (1− λ)ρ0

(a generalization of formula (3.12) to the case λ � 0).

The entrepreneur’s utility, equal to the NPV, is

U0
b = [(1− λ)ρ1 − 1]I = (1− λ)ρ1 − 1

1− (1− λ)ρ0
A

or

U0
b =

[(

ρ1 − 1
1− λ

)/(

1
1− λ − ρ0

)]

A.

Comparing this formula with that in the absence

of a liquidity shock (λ = 0), the average cost of bring-

ing 1 unit of effective or intact investment to date 2 is

now 1/(1−λ) instead of 1, because the initial invest-

ment bears fruits only if there is no liquidity shock.

(ii) Pursue the project even in the case of distress.

The decision to withstand the liquidity shock at

date 1 has a cost and benefit. The cost is that the

average cost of bringing 1 unit of investment intact

to date 2 is (1+ λρ) (the date-0 cost, 1, plus the ex-

pected date-1 reinvestment cost, λρ). The benefit is

that the project is never abandoned. The borrowing

capacity is given by

(1+ λρ)I −A = ρ0I

or

I = A
(1+ λρ)− ρ0

.

Similarly, the entrepreneur’s utility (the NPV) is

U1
b = [ρ1 − (1+ λρ)]I

or

U1
b =

ρ1 − (1+ λρ)
(1+ λρ)− ρ0

A

(which, again, for λ = 0, boils down to formula

(3.14′) in Section 3.4).

Thus, we find a similar formula as in the alterna-

tive policy, except that the average cost of effective

investment is now (1+ λρ).
The policy of withstanding the liquidity shock is

optimal if and only if U1
b � U0

b , or

1+ λρ � 1
1− λ,

which can be rewritten as

(1− λ)ρ � 1.

In words, it is optimal to withstand the liquidity

In addition to baseline model with variable investment size...

I with prob. (1− λ) no reinvestment required; per unit
expected return is pR

I with prob. λ a reinvestment of fixed size ρ per unit initially
invested is required

I with reinvestment the expected return pR of the respective
unit is retained

I without reinvestment unit has zero expected return
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Liquidity-scale trade-off - Equilibrium

I Assume that no liquidity is withheld

I For the variable investment case manager behaves if

∆pRb ≥ BI

I Since projects are only finished with prob. (1− λ) the
equilibrium investment volume is determined by

(1− λ)pH

(
R − B

∆p

)
I = I − A,

i.e. pledgable returns are equal to the funding gap;

⇒ I =
A

1− (1− λ)pH

(
R − B

∆p

)
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Liquidity-scale trade-off - Equilibrium

I The expected payoffs of the entrepreneur are thus given by

U0
b = [(1− λ)pHR − 1]I

=
(1− λ)pHR − 1

1− (1− λ)pH

(
R − B

∆p

)A
=

pHR − 1
1−λ

1
1−λ − pH

(
R − B

∆p

)A
I The expression 1/(1− λ) are the expected costs of having a

completed project

I Since projects are only completed with prob. (1− λ), only an
expected investment of 1/(1− λ) leads to 1 completed
project.
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Liquidity-scale trade-off - Equilibrium

I Assume now instead that manager withholds sufficient
liquidity to withstand the liquidity shock

I In that case the funding costs per unit of investment is 1 + λρ

I Equilibrium investment is therefore given by

(1 + λρ)I − A = pH

(
R − B

∆p

)
I

⇒ I =
A

(1 + λρ)− pH

(
R − B

∆p

)
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Liquidity-scale trade-off - Equilibrium

I The expected payoffs of the entrepreneur are thus given by

U1
b = [pHR − (1 + λρ)]I

=
(pHR − (1 + λρ))

(1 + λρ)− pH

(
R − B

∆p

)A
I Again the expression (1 + λρ) gives the expected unit costs of

effective investment

I This is the expected effective amount that needs to be
invested in order to have one unit of completed investment
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Liquidity-scale trade-off - Equilibrium

I Comparing U0
b and U1

b shows that

U1
b > U0

b

pHR − (1 + λρ)

(1 + λρ)− pH

(
R − B

∆p

)A >
pHR − 1

1−λ

1
1−λ − pH

(
R − B

∆p

)A
iff

1 + λρ ≤ 1

1− λ
(1− λ)ρ ≤ 1

⇒ Entrepreneurs’ payoffs are maximized if the expected per unit
costs of effective investment are minimized

I It is optimal to insure against liquidity shocks if the liquidity
shock is low and likely
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Continuous liquidity shocks - Motivation

I The assumption with a binomial liquidity shock does not allow
to derive an interior solution for liquidity holdings

I Either firms buffer all liquidity shocks or none

I No marginal trade-off can be studied

⇒ Model with variable investment volume and continuum of
liquidity shocks
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Continuous liquidity shocks - Assumptions

210 5. Liquidity and Risk Management, Free Cash Flow, and Long-Term Finance
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involves a straightforward modification relative to

the no-liquidity-shock multiplier k. Reduced prof-

itability implies that the multiplier is smaller than

that in the absence of liquidity shocks: k(ρ∗) <
k = 1/(1 − ρ0). Note that the borrower’s borrow-

ing capacity is maximal when the threshold ρ∗ is

equal to the expected per-unit pledgeable income

ρ0 ≡ pH(R − B/∆p).
Given that the competitive lenders make no prof-

its, the borrower’s net utility is as usual the social

surplus brought about by the project, namely,

Ub =m(ρ∗)I =m(ρ∗)k(ρ∗)A, (5.4)

where

m(ρ∗) ≡ F(ρ∗)pHR − 1−
∫ ρ∗

0
ρf(ρ)dρ

is the margin per unit of investment.

What is the optimal continuation rule? Ideally, one

would want to continue if and only if this is ex post

efficient, that is, if and only if ρ � pHR. Indeed,

ρ∗ = pHR maximizes the margin m(ρ∗). However,

at ρ∗ = pHR, the multiplier k is decreasing in ρ∗.

So one actually ought to choose a lower threshold in

comparison to the ex post efficient one. It is easily

seen from (5.3) and (5.4) that

Ub =
pHR − (1+

∫ ρ∗
0 ρf(ρ)dρ)/F(ρ∗)

(1+
∫ ρ∗
0 ρf(ρ)dρ)/F(ρ∗)− pH(R − B/∆p)

A,

and so the optimal threshold minimizes the ex-

pected unit cost c(ρ∗) of effective investment:

ρ∗ minimizes c(ρ∗) ≡ 1+
∫ ρ∗
0 ρf(ρ)dρ
F(ρ∗)

(5.5)

or
∫ ρ∗

0
F(ρ)dρ = 1. (5.6)

Condition (5.6) can be obtained, for example, by in-

tegrating by parts and rewriting the expected unit

cost of effective investment as

c(ρ∗) = ρ∗ + 1−
∫ ρ∗
0 F(ρ)dρ
F(ρ∗)

.

This expression also shows that at the optimum,20

the threshold liquidity shock is equal to the expected

unit cost of effective investment :21

c(ρ∗) = ρ∗.
This in turn implies that

Ub = ρ1 − ρ∗
ρ∗ − ρ0

A. (5.7)

Next, we observe that this optimal threshold lies

between the expected per-unit-of-investment pledge-

able income and income:

ρ0 = pH

(

R − B
∆p

)

< ρ∗ < ρ1 = pHR. (5.8)

This follows from the fact that the margin m(ρ∗)
and the multiplier k(ρ∗) are both decreasing above

ρ1 and both increasing below ρ0 (see Figure 5.5).22

Condition (5.8) is consistent with (5.7): if ρ∗ were to

exceed ρ1, the project could not be financed prof-

itably. And if ρ∗ were to be lower than ρ0, the bor-

rowing capacity and the borrower’s utility would be

infinite.

Equation (5.8) implies, as in Section 5.2.3, that a

wait-and-see policy, under which the borrower tries

20. It is easy to show that c(·) is quasi-convex (c′′(ρ∗) > 0 if
c′(ρ∗) = 0).

21. Note that ρ∗ is here independent of A. The constant-returns-to-
scale model is a limit case in that the probability of continuation and
all per-unit-of-investment variables are independent of A: all firms are
alike up to a scale factor.

22. Indeed, m(·) is quasi-concave with a maximum at ρ1 and k(·)
is quasi-concave with a maximum at ρ0.

In addition to baseline model with variable investment size...

I a cost overrun generates a proportional liquidity need of ρI
with ρ distributed continuously according to F (ρ) on [0,∞)
with density f (ρ)

I no project return realized if additional costs ρI not invested

I investment size is fixed after t = 0
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Continuous liquidity shocks - Assumptions

I Investment only positive NPV if effort exerted, i.e. if success
probability is pH

I The project has a positive NPV at least for some continuation
policy ρ̃:

max
ρ̃

{
F (ρ̃)pHR − 1−

∫ ρ̃

0
ρf (ρ)dρ

}
> 0
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Continuous liquidity shocks - Equilibrium

I Optimal cut-off rule ρ∗

I To ensure that effort is exerted:

(∆p)Rb ≥ BI (ICC)

I Funding must be feasible:

F (ρ∗)[pH(RI − Rb)]−
∫ ρ∗

0
ρIf (ρ)dρ ≥ I − A (PC)

32 / 49



Continuous liquidity shocks - Equilibrium

I Given competition for projects PC holds with equality

I Inserting ICC in PC and rearranging yields

I + I

∫ ρ∗

0
ρf (ρ)dρ− F (ρ∗)[pH(R − B/∆p)]I = A

I The funding constraint is again given by an equity multiplier:

I =
1

1 +
∫ ρ∗

0 ρf (ρ)dρ− F (ρ∗)[pH(R − B/∆p)]
A = k(ρ∗)A

I However, here the equity multiplier k(ρ∗) is a function of the
optimal continuation policy ρ∗

33 / 49



Continuous liquidity shocks - Equilibrium

I The equity multiplier

k(ρ∗) =
1

1 +
∫ ρ∗

0 ρf (ρ)dρ− F (ρ∗)[pH(R − B/∆p)]

is maximized if∫ ρ∗

0
ρf (ρ)dρ− F (ρ∗)[pH(R − B/∆p)]

is minimized
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Continuous liquidity shocks - Equilibrium

I The first order derivative is

ρ∗f (ρ∗)− f (ρ∗)[pH(R − B/∆p)]

I Thus the equity multiplier is maximized if projects are
continued up to the point where the continuation costs equal
the pledgable return

ρ∗ = pH

(
R − B

∆p

)
I If projects with continuation costs that exceed (fall short of)

the pledgable return are continued the first order derivative of
the expression is positive (negative) and the equity multiplier
declines (increases) if additional project were continued
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Continuous liquidity shocks - Equilibrium

I Because of scarcity of projects entrepreneur receives the NPV
of firm

I Per unit NPV is given by

m(ρ∗) = F (ρ∗)pHR − 1−
∫ ρ∗

0
ρf (ρ)dρ

I It is easy to see that the first order derivative of the per unit
NPV is

f (ρ∗)pHR − ρ∗f (ρ∗)

I Thus the per unit NPV is maximized for ρ∗ = pHR

I The per unit NPV is increasing for ρ∗ < pHR and decreasing
for ρ∗ > pHR
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Continuous liquidity shocks - Equilibrium

I Entrepreneur’s payoff is Ub = m(ρ∗)k(ρ∗)A5.3. The Liquidity–Scale Tradeoff 211
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Figure 5.5

to raise funds from the lenders on the capital mar-

ket at date 1 in order to cover the liquidity shock, is

suboptimal. Even under perfect coordination among

lenders at date 1 (there is no “debt-overhang” phe-

nomenon), the lenders will provide new credit only

if the pledgeable income exceeds the amount of re-

investment, that is, only if

ρ � ρ0.

Because ρ0 < ρ∗, it is optimal for the borrower to

get more assurance against the firm’s shortage of

funds than is provided by a wait-and-see policy. This

creates a corporate demand for liquidity.

Remark (effect of an increase in risk on liquidity

hoarding). Condition (5.6) has a simple implica-

tion. An increase in the riskiness of the liquidity

shock in the sense of a mean-preserving spread of

F23 raises the left-hand side of (5.6) and thus re-

duces the threshold ρ∗. So, the borrower should

hoard more liquidity when the liquidity shock incurs

a mean-preserving reduction in risk.24

23. See, for example, Rothschild and Stiglitz (1970, 1971). The dis-
tribution G(ρ) (with density g(ρ), say) is a mean-preserving spread
of distribution F(ρ) if (i)

∫∞
0 G(ρ)dρ =

∫∞
0 F(ρ)dρ (�

∫∞
0 ρg(ρ)dρ =

∫∞
0 ρf(ρ)dρ, so the means are the same), and (ii)

∫ ρ∗
0 G(ρ)dρ �

∫ ρ∗
0 F(ρ)dρ for all ρ∗.

24. This, however, does not imply that the firm should hoard a lot
of liquidity when uncertainty disappears: suppose that the distribu-
tion F converges to a spike at ρ > ρ0. Then, the investors’ breakeven
condition cannot be satisfied and there is no borrowing. More gener-
ally, an empirical analysis of the impact of liquidity risk on liquidity
hoarding will confront a selection bias: because continuation is akin to
an option value, a decrease in the uncertainty about ρ affects pledge-
able income and NPV (more on this shortly) and thereby impacts the
investment size or the very existence of investment.

Liquidation value. We have assumed that no

money is recovered if the project is abandoned at

date 1. Let us generalize the model slightly by as-

suming that the assets in place have a salvage value

LI � 0, that is, L per unit of investment if the firm is

liquidated at date 1. The salvage value is a monetary

value that can be transferred to the lenders if the

project is abandoned. We let the reader follow the

steps of the previous analysis and show the follow-

ing: the equity multiplier and the margin become

k(ρ∗) = 1

[1− L+
∫ ρ∗
0 ρf(ρ)dρ]− F(ρ∗)(ρ0 − L)

,

(5.3′)

m(ρ∗) = F(ρ∗)(ρ1 − L)−
[

1− L+
∫ ρ∗

0
ρf(ρ)dρ

]

.

(5.4′)

These modifications can be understood in the fol-

lowing way. First, there is a fictitious reduction of L
in the unit cost of investment. Were the project al-

ways abandoned at date 1, the lenders would collect

L and thus the net unit cost of investment would

be equal to 1 − L. Second, and with this conven-

tion, the decision to continue at date 1 implies a

loss L per unit of investment. This monetary loss

must be subtracted both from the expected payoff

ρ1 = pHR and from the expected pledgeable income

ρ0 = pH(R − B/∆p). This yields (5.3′) and (5.4′).
Next, Ub =m(ρ∗)k(ρ∗)A and so the threshold ρ∗

still minimizes the (modified) expected unit cost of

effective investment:

ρ∗ minimizes c(ρ∗) ≡ 1− L+
∫ ρ∗
0 ρf(ρ)dρ
F(ρ∗)

= ρ∗ + 1− L−
∫ ρ∗
0 F(ρ)dρ

F(ρ∗)
.

(5.5′)

And so, at the optimum,

∫ ρ∗

0
F(ρ)dρ = 1− L, (5.6′)

c(ρ∗) = ρ∗,

and

Ub = (ρ1 − L)− ρ∗
ρ∗ − (ρ0 − L)

A. (5.7′)

I It is maximized for a ρ∗ such that: pH

(
R − B

∆p

)
< ρ∗ < pHR
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Continuous liquidity shocks - Equilibrium

I The overall payoff of entrepreneur is

Ub = m(ρ∗)k(ρ∗)A

=
pHR − (1 +

∫ ρ∗

0 ρf (ρ)dρ)/F (ρ∗)

(1 +
∫ ρ∗

0 ρf (ρ)dρ)/F (ρ∗)− [pH(R − B/∆p)]
A

I So again entrepreneur maximizes his payoffs by minimizing the
expected unit costs of effective investment c(ρ∗)

Ub =
pHR − c(ρ∗)

c(ρ∗)− [pH(R − B/∆p)]
A

with

c(ρ∗) = (1 +

∫ ρ∗

0
ρf (ρ)dρ)/F (ρ∗)
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Continuous liquidity shocks - Equilibrium

I Before minimizing c(ρ∗) first use partial integration

c(ρ∗) =
1 +

∫ ρ∗

0 ρf (ρ)dρ

F (ρ∗)

=
1 + ρ∗F (ρ∗)−

∫ ρ∗

0 F (ρ)dρ

F (ρ∗)

= ρ∗ +
1−

∫ ρ∗

0 F (ρ)dρ

F (ρ∗)
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Continuous liquidity shocks - Equilibrium

I First order condition:

∂c

∂ρ∗
= 1−

f (ρ∗)
(

1−
∫ ρ∗

0 F (ρ)dρ
)

+ F (ρ∗)F (ρ∗)

[F (ρ∗)]2
= 0

⇔ 1−
f (ρ∗)− f (ρ∗)

∫ ρ∗

0 F (ρ)dρ

[F (ρ∗)]2
− 1 = 0

⇔ −f (ρ∗) + f (ρ∗)

∫ ρ∗

0
F (ρ)dρ = 0

⇔
∫ ρ∗

0
F (ρ)dρ = 1

40 / 49



Continuous liquidity shocks - Equilibrium

I Inserting the first order condition:∫ ρ∗

0
F (ρ)dρ = 1

in the per unit effective investment costs

c(ρ∗) = ρ∗ +
1−

∫ ρ∗

0 F (ρ)dρ

F (ρ∗)

shows that in the optimum the expected per unit cost of
effective investment is equal to the threshold liquidity shock:

c(ρ∗) = ρ∗
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Continuous liquidity shocks - Equilibrium

I Reinserting in the entrepreneur’s payoff function gives:

Ub =
pHR − ρ∗

ρ∗ − [pH(R − B/∆p)]
A

I Consequently:

pHR = ρ1 > ρ∗ > ρ0 = pH(R − B/∆p)
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Continuous liquidity shocks - In sum

I Since ρ∗ > pH(R − B/∆p) it is optimal to continue projects
whose pledgable return falls short of the reinvestment need

I Thus for some projects the entrepreneur cannot secure
funding of the continuation costs in t = 1

I For projects with ρ∗ > pH(R − B/∆p) investors cannot
recover their reinvestment costs

I They will not provide additional funding in t = 1

⇒ Non-binding promises to provide ρ∗I liquidity are not credible

I In order to continue those projects entrepreneur must either
1) be granted a non-revokable credit line of ρ∗I
2) hoard ρ∗I liquidity exante by raising these additional funds
in t = 0
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Liquidity hoarding - Discussion

I When entrepreneur raises I (1 + ρ∗) funds exante investors
need to ensure that entrepreneur indeed invests I in the
project and exactly holds ρ∗I in cash

I Problem: Soft budget constraint might induce entrepreneur to
overinvest in project:

1. Soft budget constraint: Investors will always agree expost to
provide ρ0 = pH(R − B/∆p) additional funds, no matter
what the initial investment volume was

2. Expost (in t = 1) it is always better for investors to adapt
entrepreneur’s share to the actual level of investment

→ Investors need to ensure also expost that entrepreneur exert
effort

→ Entrepreneur always gets a share of BI/∆p
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Liquidity hoarding - Discussion

I Given that the entrepreneur invests the entire funds
I ∗ = I (1 + ρ∗) in t = 0 in the project he receives a higher
payoff iff

F (ρ∗)pH

(
B

∆p
I

)
< F (ρ0)pH

(
B

∆p
I ∗
)

⇔ F (ρ∗) < F (ρ0)(1 + ρ∗)

with ρ0 = pH(R − B/∆p)

I If B is sufficiently small, ρ0 is high and close to ρ∗ and F (ρ0)
is close to F (ρ∗)

⇒ If the agency costs are not too large, projects are likely to be
continued anyway; thus entrepreneur has an incentive to
overinvest

⇒ Investors must monitor the liquidity holdings
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Liquidity hoarding - Discussion

I But entrepreneur can also have an incentive to underinvest in
assets and overhoard liquidity

I This is true if an additional unit of cash holding allows the
entrepreneur to continue additional projects with a high
probability

I I.e., if the density f (ρ∗) is high around ρ∗

⇒ If entrepreneur receives a fixed claim BI/∆p in the case of
success entrepreneur always has an incentive to underinvest
and hold too much liquidity
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Liquidity shocks - In sum

I The optimal continuation policy suffers from a time
inconsistency problem

I Contingent financing contracts required to overcome this

I But contingent financing contracts (liquidity hoarding with
contingent pay-out policy, credit lines etc.) require too much
information
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Benefits from hedging - Intuition

I Model with continuous liquidity shocks and variable
investment provides a rational for corporate risk management

I Firms use cash flow to implement optimal reinvestment policy

I Hedging instruments allow firms to limit cash flow risks and
implement optimal continuation policy with certainty

I Hedging instruments:
1) Future contracts and swaps as insurance against price
fluctuations (due to e.g. commodity price, interest rate or
exchange rate risks)
2) Factoring and securitization hedges e.g. default risks
3) Insurances against fire, death or theft

I Here benefits of hedging are not a result of claim holders’
demand for insurance
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Benefits from hedging - Intuition

I Here hedging is beneficial because it reduces the uncertainty
about the liquidity shortage

I It can reduce uncertainty regarding r and ρ

I Optimal reinvestment policy can be implemented ex-ante
(t = 0)

I Need for contingent financing contracts to implement optimal
reinvestment policy reduced
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