
Contract Theory: Homework II
Topic: Moral Hazard

The problem: A) A risk-neutral principal has projects with the following structure: If the

project is a success, the output is y > 0, if the project fails, the output is zero. The probability of

a success depends on the agent’s effort, which can be high or low, resulting in a high probability of

success or a low probability of success, respectively, with 1 > ph > pl > 0. High effort reduces the

agent’s utility by c, low effort by zero.

Assume that the principal wants to implement high effort and that the agent is risk neutral, but

protected by limited liability, i.e., the wage cannot be negative. Further, the value of the agent’s

outside option is zero.

1. Write down the principal’s optimization problem and determine the optimal wage contract

w(y), w(0). Calculate the principal’s expected compensation costs.

Solution: The principal’s problem reads

max
w(y),w(0)

ph(y − w(y)) + (1− ph)(0− w(0)) s.t.

phw(y) + (1− ph)w(0)− c ≥ plw(y) + (1− pl)w(0) (IC)

phw(y) + (1− ph)w(0)− c ≥ 0 (IR)

w(y), w(0) ≥ 0 (LL)

Rewrite the IC: (ph − pl)(w(y)− w(0)) ≥ c. Clearly, with limited liability LL, w(y) ≥ w(0)

(from IC) and due to profit maximization we must have w(0) = 0 and the IC must bind.

Thus, we obtain w∗(y) = c/(ph − pl). The IR is satisfied as phw
∗(y) > c. The expected

compensation costs are phw
∗(y) = phc/(ph − pl).

2. Assume now that the agent has to simultaneously exert effort on two projects of the type

described above, with stochastically independent success realizations. Determine now the

principal’s expected compensation costs to induce high effort (i.e., on both projects and with

resulting disutility 2c).
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Solution: The principal’s problem is given by

max
w(2y),w(y),w(0)

p2h(2y − w(2y)) + 2ph(1− ph)(y − w(y))− (1− ph)2w(0) s.t.

p2hw(2y) + 2ph(1− ph)w(y) + (1− ph)2w(0)− 2c

≥ p2lw(2y) + 2pl(1− pl)w(y) + (1− pl)2w(0) (ICLL)

p2hw(2y) + 2ph(1− ph)w(y) + (1− ph)2w(0)− 2c

≥ phplw(2y) + (ph(1− pl) + pl(1− ph))w(y) + (1− ph)(1− pl)w(0)− c (ICL)

p2hw(2y) + 2ph(1− ph)w(y) + (1− ph)2w(0)− 2c ≥ 0 (IR)

w(2y), w(y), w(0) ≥ 0 (Limited Liability)

We show: The optimal contract in such a setting is a contract which pays compensation only

in the highest state, i.e. when all projects are successful. We show this for the two-project

case. This result extends to more than two projects (see Laux, 2001). Define the expected

wage when low effort is exerted on X projects as E [w|X], where w = (w2, w1, w0) are the

different wages for two, one and no successful projects, respectively. Then for the two project

case, the ICs and the IR can be rewritten as follows:

E [w|0]− 2c ≥ E [w|2] (ICLL)

E [w|0]− 2c ≥ E [w|1]− c (ICL)

E [w|0]− 2c ≥ 0 (IR)

(a) Suppose w is an incentive-compatible contract with w2 ≥ 0 and either w1, w0, or both

positive. Next, we construct a wage scheme ŵ = (ŵ2, 0, 0) which yields the same ex-

pected wage in equilibrium.

E [w|0]− 2c = E [ŵ|0]− 2c

⇔ ŵ2 = w2 +
1

ph2

(
2(1− ph)phw1 + (1− ph)2w0

)
This yields the following new IC

′
s and IR

′
:

E [ŵ|0]− 2c ≥ E [ŵ|2] (IC
′
LL)

E [ŵ|0]− 2c ≥ E [ŵ|1]− c (IC
′
L)

E [ŵ|0]− 2c ≥ 0 (IR
′
)

We now show that under this new contract the IC
′
s are relaxed, i.e. if the ICs held

with equality before, the IC
′
s are now slack and if the ICs were slack to begin with,
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the IC
′
s are even more slack now 1. Formally, we show that:

E [ŵ|0]− 2c− E [ŵ|2] > E [w|0]− 2c− E [w|2] (∆ ICLL)

E [ŵ|0]− 2c− (E [ŵ|1]− c) > E [w|0]− 2c− (E [w|1]− c) (∆ ICL)

Since E [w|0] = E [ŵ|0] by construction, and the effort costs cancel out,

⇔ E [w|2] > E [ŵ|2] (∆ ICLL)

⇔ E [w|1] > E [ŵ|1] (∆ ICL)

Collecting wage terms, we get[
2(1− pl)pl −

pl
ph

2(1− ph)pl

]
w1 +

[
(1− pl)2 −

pl
2

ph2
(1− ph)2

]
w0 > 0 (∆ ICLL)

[(1− pl)ph − (1− ph)pl]w1 +

[
(1− pl)(1− ph)− pl

ph
(1− ph)2

]
w0 > 0 (∆ ICL)

Rearranging the terms inside the brackets reveals that the brackets are always positive

as ph > pl. Therefore, the IC
′
s under the wage scheme ŵ are relaxed. Since both IC

′
s

are slack and IC
′
LL implies IR

′
,there is a w

′
2 < ŵ2 that satisfies the IC

′
s, but results in

a higher profit. As a consequence, a contract which pays a wage in any state except for

the highest state is never optimal. We now focus on contracts with w = (w2, 0, 0).

(b) The new, simplified problem takes the following form:

max
w2

ph
2 (2y − w2) + 2ph(1− ph)y s.t.

ph
2w2 − 2c ≥ pl2w2 (IC

′
LL)

ph
2w2 − 2c ≥ plphw2 − c (IC

′
L)

ph
2w2 − 2c ≥ 0 (IR

′
)

w2 ≥ 0 (Limited Liability)

Note that IC
′
LL implies IR

′
since w2 ≥ 0. Next, we investigate which of the IC

′
s will

be binding for the optimal contract. The IC
′
s can be rearranged as follows:

w2 ≥
2c

ph2 − pl2
(IC

′
LL)

w2 ≥
c

ph2 − phpl
(IC

′
L)

It can be seen that IC
′
LL implies IC

′
L since

2c

ph2 − pl2
− c

ph2 − phpl
= c

(ph − pl)2

(ph2 − pl2) (ph2 − phpl)
> 0.

The optimal contract will then be achieved at w∗ = (w∗2 = 2c
ph2−pl2

, 0, 0) where IC
′
LL

binds.

1Formally, the difference between the RHS and the LHS of the IC
′
s is larger.
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The expected compensation costs are

p2hw
∗
2 =

p2h
p2h − p2l

2c.

3. Answer the following question and give a short intuition: Is it cheaper for the principal to

employ two agents, each working on one of the two projects or one agent working on both

projects?

Solution: The expected costs with two agents are higher than with a single agent:

p2h
p2h − p2l

2c =
ph

ph − pl
ph

ph + pl
2c <

ph
ph − pl

2c.

The intuition is that with two projects the limited liability problem is relaxed. It is cheaper

for the principal to incentivize the single agent as he can threaten to take away the agent’s

payment for a successful project if a different project fails. The principal does not have this

possibility with two agents.

B) The following is another variation of the problem in part A). Consider now a firm and an

employee. Both are risk neutral. The employee can exert privately observable effort e, which is a

real-valued, non-negative variable. When he is paid the wage w, his utility is w − a · e2/2. Effort

results in a ”success” with probability e, which generates the contractible payoff z > 0 to the firm,

and in a failure with probability 1−e, which generates a payoff of zero. (When e ≥ 1 the probability

of success remains at 1.) When not contracting with each other, the firm and the employee realize

zero payoff.

1. Take the following game: In t = 1 the firm makes an offer to the employee. In t = 2 the

employee can accept or reject. In t = 3, when accepting, the employee can exert effort e, and

in t = 4 payoffs are realized.

(a) Characterize the first-best effort, i.e. the effort that would be socially efficient.

Solution: The first-best effort maximizes the sum of firm and employee surplus:

max
e
ez + (1− e) · 0− ae

2

2
.

The FOC with respect to e is z − ae = 0 and thus e∗ = min
{
z
a , 1
}

.

(b) Characterize the outcome that results under the optimal offer made by the firm. Why

is the effort different to the answer to question a)?
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Solution: The firm’s problem reads

max
e,w(z),w(0)

e(z − w(z)) + (1− e)(0− w(0)) s.t.

ew(z) + (1− e)w(0)− ae
2

2
≥ e′w(z) + (1− e′)w(0)− a(e′)2

2
∀e′ ∈ [0, 1] (IC)

ew(z) + (1− e)w(0)− ae
2

2
≥ 0 (IR)

w(z), w(0) ≥ 0 (LL)

We substitute the IC by the consumer’s FOC (first-order approach) and replace the

effort e in the firm’s objective function accordingly.

e =
w(z)− w(0)

a

Again, it is optimal to set w(0) = 0. The firm’s objective reads now

max
w(z)

w(z)

a
(z − w(z))

The FOC with respect to w(z) reads:

z − w(z)

a
− w(z)

a
= 0.

Note that setting w∗(z) > a is never optimal as the employee will never choose an effort

e > 1 as this has no positive impact on the success probability and increases costs.

Therefore, w∗(z) = min{z/2, a} and the equilibrium effort is e∗ = min{z/(2a), 1}. It is

easily checked that the IR is satisfied.

Under asymmetric information (and when a > z/2), the effort level is different as effort is

no longer contractible and the employee is protected by limited liability. The firm needs

to set incentives so that the employee exerts effort but can do so only at the expense

of its own surplus. Thus, the firm finds it optimal to implement an effort level that is

lower than the first-best.

(c) Now consider the same setting with the addition that the agent has an outside option/

reservation value u ≥ 0. Characterize all cases regarding u. In the interest of reducing

the number of cases, assume z ≤ a.
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Solution: With the reservation value u ≥ 0 the firm’s problem reads:

max
e,w(z),w(0)

e(z − w(z)) + (1− e)(0− w(0)) s.t.

e =
w(z)− w(0)

a
(IC ′)

ew(z) + (1− e)w(0)− ae
2

2
≥ u (IR)

w(z), w(0) ≥ 0 (LL)

where we have replaced the incentive constraint with the employee’s first-order condition.

We will first check for which u a contract is feasible and then consider how e∗ changes

as the reservation value u increases.

From (a) we know that the project has a maximum value of z2/(2a), that is when

first-best effort is implemented. Thus, if the employee’s reservation value u is larger

than u∗∗ ≡ z2/(2a), no contract is feasible. From (b) we know that for u = 0, the

wage is w∗(z) = z/2 and w∗(0), effort is e∗ = z/(2a) and the agent receives utility

e∗w∗(z) − a(e∗)2/2 = z2/(8a). This implies that for u < u∗ ≡ z2/(8a) the IR is not

binding and the implemented effort remains at e∗ = z/2a. As u increases beyond u∗ the

IR starts to bind. Due to LL and profit maximization, w∗(0) = 0. Together this implies

w∗(z) =
√

2au and the resulting effort is e∗ =
√

2u/a.

Figure 1 illustrates how effort changes in the reservation value u. On the axes are the

reservation value and the optimal effort, respectively. On the interval [0, u∗) the IR

does not bind, whereas on the interval [u∗, u∗∗] the IR binds and effort increases with

reservation value u up to the first-best level z/a. On the entire range [0, u∗∗] limited

liability binds.

Figure 1: Optimal effort e∗ in the reservation value u.

6



C) Consider a firm that sells to a retailer. The firm/manufacturer has zero own costs and also

the retailer has zero own costs. The manufacturer sets a wholesale price w for each unit that the

retailer buys. Given w, the retailer decides which quantity to buy, which we call q, and then sells

on the final market. Demand on the final market is described by the linear function: q = a − p,
where p is the final/retail price. More precisely, consider thus the following game: At t = 0 the

manufacturer chooses w ≥ 0. At t = 1 the retailer then chooses which quantity to buy and sells this

on the final market. [Note: It does not matter here whether you think of the retailer as choosing

a quantity q, so that then the price p = a − q is realized, or as choosing a final price p with

corresponding quantity q = a− p.]

1. Characterize the optimal offer w of the manufacturer. Characterize also what is here the

”agency rent”.

Solution: We apply backward induction. The retailer’s profits for a given firm price w are

πR = (p − w)(a − p) so that p∗(w) = (a + w)/2. The firm anticipates the retailer’s reaction

and thus maximizes

πF = w(a− p∗(w)) = w

(
a− a+ w

2

)
.

Solving the FOC with respect to w yields w∗ = a/2. The retailer’s agency rent is the profit

that he can secure for himself: π∗R = (p∗(w∗)− w∗)(a− p∗(w∗)) = a2/16.

2. Suppose that the manufacturer could also charge a fixed fee F that the retailer would have

to pay when he wants to buy any quantity from the manufacturer. We stipulate now that

the retailer has a reservation value of zero, but that F > 0 is possible (i.e., there are no other

restrictions to contracts, such as those arising from what we called ”limited liability”). What

is now the optimal offer (F,w) of the manufacturer? Is there still an ”agency rent” ?

Solution: The firm offers the retailer a two-part tariff. It is optimal for the firm to set

the (unit) price w equal to its marginal costs: w∗ = 0. Then, it can obtain all the surplus

generated by setting the fixed fee F equal to the total surplus that the retailer generates. From

above we know that when w = 0 we have p∗ = a/2 and the retailer’s profit is π∗R = a2/4.

Then, by setting F ∗ = a2/4 the retailer will just accept the contract of the firm and obtain

zero surplus while the firm obtains a2/4. There is no agency rent in this setting as the retailer

obtains zero profit.
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