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Abstract

Introducing learning into a standard consumption based asset pricing
model with constant discount factor considerably improves its empirical
performance. Learning causes momentum and mean reversion of returns
and thereby excess volatility, long-horizon return predictability, and low
frequency deviations from rational expectations (RE) prices. Learning
also generates the possibility of price bubbles and - for overvalued prices -
stock market ‘crashes’, i.e., sudden and strong price decreases with prices
having a tendency to fall below their RE value. No symmetric stock mar-
ket increases occur when prices are undervalued. Besides these qualita-
tive features, learning considerably improves the ablility to quantitatively
match a range of standard asset pricing moments. Estimating the learning
model using the method of simulated moments and U.S. asset price data
(1926:1-1998:4), we show that it passes the test for the overidentifying
restrictions at conventional significance levels. This is the case although
learning introduces just one additional parameter into a standard (Lu-
cas) asset pricing model, which fails to pass the overidentifying test at
significance levels above machine precision.

JEL Class. No.: G12

1 Introduction
The purpose of this paper is to show that a very simple asset pricing model is able
to reproduce a variety of stylized facts if one allows for very small departures
from rationality. The result is somehow remarkable, since the literature in
empirical finance has had a very hard time in developing dynamic equilibrium
rational expectations models that can account for some of those facts. For
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example, Campbell and Cochrane (1999) show that a habit-persistence model
is able to match US data only after imposing a multiple-parameter complex
specification for the formation of habit in preferences.1

It has long been recognized that stock prices exhibit movements that can-
not be reproduced within the realm of rational expectation models: the risk
premium is too high, stock prices are too volatile, the price/dividend ratio is
too persistent and volatile, stock returns are unpredictable in the short run but
negatively related to the price/dividend ratio in the long run, and there are
stock market crashes. A very large body of literature has been devoted to docu-
menting these empirical observations and to finding extensions of the standard
model that will improve its empirical performance. A quick (and, therefore, un-
fair) summary is that it is not possible to find reasonable extensions of the basic
model that will get close to explaining all these facts2, unless a large number of
parameter is added to the model, as in Campbell and Cochrane (1999). Instead,
we follow a different approach: we replace the full rationality assumption by the
most standard scheme used in the learning literature3: least squares learning
(OLS). We show that with this modification, the model can replicate the data
surprisingly well.

In this model, least squares learning has the property that in the long run
the equilibrium converges to rational expectations,but this process takes a very
long time, and the dynamics generated by learning along the transition cause
prices to be very different from the rational expectations (RE) prices. The rea-
son is that if expectations about stock price growth have increased, the actual
growth rate of prices has a tendency to increase beyond the growth of funda-
mentals, thereby reinforcing the belief in a higher stock price growth. Learning
thus imparts ‘momentum’ on stock prices and beliefs and produces large and
sustained deviations of the price/dividend ratio, as they are observed in the
data. Our model also produces - not rational - ‘bubbles’, meaning large in-
creases in stock prices that do not seem justified by increases in fundamentals.4

Stock prices can be very high precisely because agents believe in higher stock
price growth and the market behavior reinforces this belief. The high volatility
of stock price growth and the predictability of stock returns in the long run
follow from this behavior. We also find that once price embarks on a ‘bubble’
path, small changes in fundamentals (dividends) can trigger a market ‘crash’
that will end the bubble, meaning a sudden-large drop in stock prices.5

As we mentioned, OLS is the most standard assumption to model expecta-
tions in the learning literature. Although the limiting properties of least squares

1Habit-persistence models with more natural specifications were unable to reproduce the
data, see our discussion of Abel (1990) in section 4 .

2Campbell (2003) is a recent summary of this literature.
3 See Bray (1982), Marcet and Sargent (1989), or Evans and Honkapoja (2001) for a survey.
4This is, of course, different from the rational bubbles described, for example, in Santos

and Woodford (1997).
5 Such price decreases can also be triggered by the learning dynamics themselves, i.e.,

without any change in fundamentals.

2



learning have been used extensively as a stability criterion to justify or discard
RE equilibria, they are not commonly used to explain data or for policy analy-
sis.6 It still is the standard view in the economics research literature that models
of learning introduce too many degrees of freedom, so that it is easy to find a
learning scheme that matches whatever observation one desires. One can deal
with this crucial methodological issue in two ways: first, by using a learning
scheme with as few free parameters as possible, second, by imposing restrictions
on the parameters of the learning scheme to only allow for small departures of
rationality. In order to illustrate the effect of learning on the implications of
the model in the simplest possible way, we adopted the first alternative: to use
an off the shelf scheme (i.e., OLS) that has only one parameter.7 Still, in the
model at hand, OLS performs reasonably well, it is the best estimator in the
long run, and in order to minimize departures from rationality, we assume that
initial beliefs are at the rational expectations equilibrium, and that agents have
a strong confidence in these beliefs.

Models of learning have been used before to explain some aspects of as-
set pricing. Timmermann (1993, 1996), Brennan and Xia (2001), Cogley and
Sargent (2006), show that Bayesian learning can help explain various aspects
of stock prices. They assume that agents learn about the dividend process
and they use the Bayesian posterior on the dividend process to estimate the
discounted sum of dividends that would determine the stock price under RE.
Therefore the belief of agents influences the market outcome, but agents’ be-
liefs are not affected by market outcomes. In the language of stochastic control
these models are not self-referential. By comparison, we abstract from learning
about the dividend process and consider learning about the stock price process
instead, so that beliefs affect prices and vice versa; it is precisely the learning
about stock price growth and its self-referential nature that imparts the mo-
mentum to expectations and, therefore, is key in explaining the data. Other
papers have pointed out that models of learning about stock prices can give rise
to complicated stock price behavior, among others, Bullard and Duffy (2001)
and Brock and Hommes (1998) show that learning dynamics can converge to
complicated attractors, whenever the RE equilibrium is unstable under learning
dynamics.8 By comparison, we address more closely the data in a model where
the rational expectations equilibrium is stable under learning dynamics, and the
strong departure from RE behavior occurs along the transition. Also related is
Cárceles-Poveda and Giannitsarou (2006); they assume, in effect, that agents
know the mean stock price and study deviations from the mean, their finding
is that the presence of learning does not alter significantly the behavior of asset
prices when agents learn about the effect of deviations from the mean. In the
present paper we concentrate on agents that learn about the mean growth rate

6We will mention some exceptions along the paper.
7Marcet and Nicolini (2003) used a less standard scheme that combines OLS with tracking,

but imposed ”rational expectations-like” bounds on the size of the mistakes agents can make
in equilibrium.

8Stability under learning dynamics is defined in Marcet and Sargent (1989).
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of the stock price.9

In addition to studying the qualitative features introduced by learning, we
also evaluate the ability of our model to quantitatively account for the behavior
of U.S. stock markets. In particular, we formally estimate and test the model
with learning using the method of simulated moments (MSM). We show that
the model quantitatively matches the volatility of stock prices and returns, the
volatility and persistence of the price dividend ratio, the evidence on stock return
predictability over long horizons, the risk premium and, in a sense, it displays
crashes. The match is surprisingly good, even though the model is the simplest
possible equilibrium model with the most basic OLS learning which introduces
one single additional parameter.

For the purposes of comparison, we also show the results of estimating a RE
model with time-varying discount factors generated by habit persistence as in
Abel (1990) which has the same number of parameters as the learning model.
This RE model grossly fails to capture most of the evidence mentioned. We
have to modify the standard MSM procedure that focuses on long run moments
since, in our case, the learning model behaves just like RE in the long run. We
adapt the standard MSM method in order to take into account short sample
behavior of the model.

The paper is organized as follows. Section 2 documents various asset pricing
facts that have been described in the literature and that this paper is concerned
with. Section 3 presents a simple learning-based asset pricing model and derives
analytical results about the behavior of stock prices under learning. Section 4
extends the simple model to the case with risk aversion and habit persistence
and presents our estimation procedure. In section 5 we report the estimation
outcomes for the extended learning model and - for comparison - for an RE
model with habit persistence. Section 6 concludes. Technical material is con-
tained in an appendix.

2 Facts
We are concerned with basic asset pricing facts that have been well documented
in the literature. For completeness we reproduce these facts here using a single
data set for the U.S. covering the period 1926:1-1998:4.10 Table 1 provides a
first set of facts that we briefly discuss.11

9Cecchetti, Lam, and Mark (2000) determine the misspecification in beliefs about future
consumption growth required to match the equity premium and other moments of asset prices.
10The data is provided by Campbell (2003) and based on NYSE/AMEX value-

weighted portfolio returns taken from CRSP stock file indices. It can be downloaded at
http://kuznets.fas.harvard.edu/~campbell/data.html. Following standard practice we use
lagged dividends to compute the price dividend ratio, causing the effective sample to start in
1927:1.
11The table reports quarterly real values with returns and growth rates being expressed in

percentage points. Real values are computed using the CPI deflator provided by Campbell
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1. Equity premium Stock returns - averaged over long time spans and mea-
sured in real terms - tend to be high relative to short-term real bond
returns.12 The latter tend to be positive but fairly close to zero on aver-
age.13

2. Stock Price Volatility. Stock prices are much more volatile than divi-
dends.14 This fact is recently summarized by the related observation that
stock returns are much more volatile than dividend growth.15

3. Price Dividend Ratio. The price dividend ratio (PD) is high on average,
very volatile and displays very persistent fluctuations. Figure 1 depicts the
U.S. price dividend ratio. It illustrates the presence of large low frequency
deviations of the PD ratio from its sample mean (bold horizontal line in
the graph).

U.S. data, 1927:1-1998:4
(quarterly real values)

First moments Symbol Value
Av. stock return E(rs) 2.36
Av. bond return E(rB) 0.16
Av. PD ratio E(PD) 105.4
Av. dividend growth E

¡
∆D
D

¢
0.346

Second moments
StdDev stock return σrs 11.5
StdDev bond return σrB 1.35
StdDev PD ratio σPD 35.4
StdDev dividend growth σ∆D

D
3.63

Autocorrel. PD ratio ρ(PDt, PDt−1) 0.95

Table 1: Asset pricing moments

4. Stock Return predictability. While stock returns are generally difficult
to predict, the PD ratio is negatively related to future excess stock returns
in the long run.16 Table 2 shows the results of regressing future cumulated

(2003). All variables are in levels. Using the log values instead gives rise to a very similar
picture.
12Mehra and Prescott (1985).
13Weil (1989).

14 Shiller (1981) and LeRoy and Porter (1981).
15 In table 1 quarterly stock returns are about three times as volatile as quarterly dividend

growth, where quarterly dividend growth is averaged over the last 4 quarters so as to eliminate
seasonalities, as in Campbell (2003). In any case, stock returns are also about three times as
volatile as dividend growth at yearly frequency.
16Poterba and Summers (1988), Campbell and Shiller (1988), and Fama and French (1988).
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Figure 1: Quarterly U.S. price dividend ratio 1927:1-1998:4

excess returns over different horizons on today’s price dividend ratio.17

As has been reported before, the R2 increases for longer horizons, and
the regression coefficients become increasingly negative.18 This suggests
the presence of low frequency components in excess stock returns, i.e., the
presence of long and sustained increases and downturns of stock prices
that are related to the PD. At the same time, the price dividend ratio has
no clear ability to forecast future dividends, future earnings, or future real

17The table reports results from OLS estimation of

Xt,t+s = cs0 + cs1PDt + ust

for s = 4, 20, 40, 60 quarters where Xt,t+s is the observed real excess return of stocks over
bonds between t and t + s. The second column of Table 2 reports estimates of cs1. As in
Campbell (2003) the price dividend ratio is the price divided by average dividend payments
in the last 4 quarters.
18Whether the coefficients are significantly different form zero is a non-trivial question

because the price dividend ratio is highly autocorrelated, see the discussion in Campbell and
Yogo (2005).
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interest rates.19

Years Coefficient on PD R2

1 -0.0017 0.05
5 -0.0118 0.34
10 -0.0267 0.46
15 -0.0580 0.53

Table 2: Excess stock return predictability (1927:1-1998:4)

5. Stock market crashes. Stock markets occasionally experience ‘crashes’,
i.e., strong and sudden price decreases, which seem to occur after a pe-
riod of strong asset price increases. Table 3 lists the crashes identified by
Mishkin and White (2002) for the S&P 500 over the period 1947:2-1998:4.
A stock market crash is defined as a nominal price decrease by more than
20% occurring in a short period of time (generally less than 3 months).
There are four episodes with such strong reductions in prices, with the
stock market crash in October 1987 probably being the most uncontrover-
sial one. The stock market crashes listed in table 3 are clearly identifiable
as sharp decreases of the price dividend ratio in figure 1, which suggests
that crashes are not the result of changes in fundamentals (dividends)
only.

Start End Total Change
Dec 1961 June 1962 -22.5%
Nov 1968 June 1970 -30.9%
Jan 1973 Dec 1974 -45.7%
Aug 1987 Dec 1987 -26.8%

Table 3: Stock Market Crashes in the S&P 500 (1947:1-1998:4)

A very large body of literature generalizes the basic asset pricing model
under RE to explain some of these facts. A rough summary of the literature
is that some papers have been able to explain some of these facts, providing a
better understanding of what drives some of the above fluctuations. With the
possible exception of the highly parameterized model of Campbell and Cochrane
(1999) mentioned before, none of these papers have come close to explaining all
of the observations above.20

19Campbell (2003).
20 See Campbell (2003) for a summary.
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3 A Simple Model of Stock Prices
In this section we consider the simplest risk-neutral asset pricing model. As is
well known, this model fails to explain basic observations under RE. Precisely
for this reason it is useful for investigating how asset pricing behavior is changed
once learning is introduced. The emphasis in this section is on qualitative results
that can be obtained from analytical reasoning. Section 4 extends the analysis
to the case with risk-averse investors and evaluates the quantitative performance
of the model under learning and RE.

Consider a stock that yields exogenous dividend Dt each period. For sim-
plicity we assume (log) dividends to follow a unit root process

Dt

Dt−1
= aεt (1)

where εt > 0 is an iid shock with E(εt) = 1. In some cases we make the
additional assumption log εt ∼ N(− s2

2 , s
2). The expected growth rate of divi-

dends is given by a ≥ 1. As documented in Mankiw, Romer and Shapiro (1985)
or Campbell (2003), process (13) provides a reasonable approximation to the
empirical behavior of quarterly dividends in the U.S.

The consumer has beliefs about future variables, these beliefs are summa-
rized in expectations denoted eE which we allow to be less than fully rational.
Prices satisfy

Pt = δ eEt (Pt+1 +Dt+1) (2)

where Pt is stock price and δ some discount factor.

Equation (2) will be the focus of our analysis in this section. It will be derived
from an equilibrium model with infinitely lived agents that we describe more
formally in section 4. Although the infinite horizon model has been the focus of
the literature, equation (2) can also be derived from many other models, e.g.,
from a simple no-arbitrage condition with risk-neutral investors if δ denotes the
inverse of the short-term gross interest rate, or from an overlapping generations
model with risk-neutral agents, etc. The key to equation (2) is that investors
formulate expectations about the future payoff Pt+1 +Dt+1 and for investors’
choice to be in equilibrium today’s price has to equal next period’s discounted
expected payoff.

Some papers in the learning literature have studied stock prices when agents
formulate expectations about the discounted sum of all future dividends.21

These papers set

Pt = eEt

∞X
j=1

δjDt+j (3)

21Timmermann (1993, 1996), Brennan and Xia (2001), Cogley and Sargent (2006).
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and evaluate the expectation based on the Bayesian posterior distribution of
the parameters in the dividend process. It is well known that under RE and
some limiting condition on price growth the one-period ahead formulation of
(2) is equivalent to the discounted sum expression for prices.22 However, under
learning this is not the case.

If agents learn about price according to (3), the posterior is about parameters
of an exogenous variable, namely the dividend process. As a result, market
prices will not influence expectations and learning will not to be self-referential.
While this allows for straightforward formulation of Bayesian posteriors, the
lack of feedback from market prices to expectations limits the ability of the
model to generate interesting ‘data-like’ behavior. Using the formulation (2)
requires agents to have a model of next period’s price directly and forces them
to estimate the parameters of their model using stock price data. Our point
will be that it is precisely when agents formulate expectations on future prices
using past prices to satisfy (2) that there is a large effect of learning and that
many moments of the data are matched better. It is in fact this self-referential
nature of our model that makes it attractive in explaining the data.23

Focusing on (2) instead of (3) can be justified by a number of arguments
based on principles. Informally, one can say that most participants in the stock
market care much more about the selling price of the stock than about the
discounted dividend stream, a feature that may be caused by short investment
horizons.24 More formally, it is the case that evaluating (3) in a fully ratio-
nal Bayesian sense is computationally extremely costly. Indeed, the literature
on Bayesian learning has used various short-cuts for evaluating the discounted
sum.25 The pricing implications of these short-cuts are unclear at best and can

22For Et [·] = Et [·] this limiting condition is the no-rational-bubble requirement limj→∞ δj

EtPt+j = 0.
23Timmerman (1996) consideres self-referential learning assuming that agents use dividends

to predict both future price and future dividend. While this generates a self-referential learning
model, it also generates close to unit eigenvalues in the mapping from perceived to actual
parameters. This causes learning dynamics to become extremely slow and not contribute
significantly to return dynamics.

24 It is possible to formally justify the interest in predicting future price in the framework
of an overlapping generations model. We do not pursue this further in this paper.
25For example, Timmermann (1996) assumes that agents form a Bayesian posterior EBay

t [ρ]
for the serial correlation of dividends ρ and treat it as a point estimate such that (3) can be

evaluated as Pt =
∞
j=1 δ

j EBay
t (ρ)

j
Dt . While this is a valuable simplification, it

is not a fully rational model because under rational expectations EBay
t (ρj) 6= EBay

t (ρ)
j
.

Related to this is the observation that simply iterating optimal one-step forecasts does not
produce optimal multi-step forecasts. Adam (2005) provides experimental evidence showing
that agents cease to iterate on one-step forecasts once they become gradually aware that they
use a possibly misspecified forecasting model.
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be extreme under some circumstances.26 Also, the discounted sum formula im-
plicitly assumes that agents know perfectly the process for the market interest
rate, therefore it either assumes a lot of knowledge about interest rates on the
part of the agents or it ignores issues of learning about the interest rate.27 For
all these reasons we conclude that our one-period formulation in terms of prices
is an interesting avenue to explore.

3.1 RE equilibrium

If agents hold rational expectations (RE) about future prices and dividends
( eEt [·] = Et [·]), equations (2) and (1) imply

PRE
t =

δa

1− δa
Dt. (4)

This RE equilibrium misses all asset pricing facts mentioned before in section 2.
In particular, the model with risk neutrality generates a zero equity premium,

violating fact 1.28 In addition, since PRE
t

PRE
t−1

= Dt

Dt−1
, average price growth is

exactly equal to average dividend growth, and approximately equal to mean
stock returns.29 The volatility of stock returns is thus roughly equal to the
volatility of dividend growth, which contrasts with fact 2. The model predicts a
constant price dividend ratio, therefore fails to explain fact 3. Since Pt+Dt

Pt−1
= εt

δ

stock returns are i.i.d., implying no predictability of returns at any horizon,
unlike suggested by fact 4. Finally, stock prices are proportional to dividends, so
there cannot be ‘crashes’ without sudden corresponding reductions in dividends,
violating fact 5.

Obviously, it is possible to do better than the simple risk neutral model
maintaining RE. Yet, precisely because the risk neutral case fails so strongly,
it constitutes the most useful setting for demonstrating the potential of a very
simple self-referential learning model to match the data. Later sections will
offer a more detailed quantitative comparison of learning models with other
more general RE models that have the chance of meeting some of the facts
mentioned in section 2.

26For example given in the previous footnote, limT→∞
T
j=1 δ

j EBay
t (ρ)

j
Dt may con-

verge, while the properly evaluated sum limT→∞
T
j=1 δ

j EBay
t (ρj) Dt may diverge to in-

finity. See Weitzman (2005) for a related point.
27This point can be formalized in a model of heterogeneous agents where the market interest

rate is not equal to the discount factor of a single agent. In that case, the agent’s knowledge
about his/her own discount factor does not imply knowledge of the market interest rate.
28Mehra and Prescott (1985) show that introducing reasonable degrees of risk aversion do

not solve this problem.
29This follows from Pt+Dt

Pt−1
= 1+PDt

PDt−1
Dt

Dt−1
≈ Dt

Dt−1
where PDj =

δa
1−δa is the quarterly

price dividend ratio, which tends to be large.
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3.2 Learning Mechanism

In this section we introduce self-referential learning into the asset pricing model
with risk neutrality. We want to study learning schemes that forecast reasonably
well within the model. For this reason, we introduce a number of features in
the formulation of the expectations in (2) insuring that learning agents do not
make large forecasting errors within the model.

We first trivially rewrite the expectation of the agent by splitting the sum
in the expectation:

Pt = δ eEt (Pt+1) + δ eEt (Dt+1) (5)

We assume that agents know how to formulate the conditional expectation of the
dividend eEt (Dt+1) = aDt, which amounts to assuming that agents have rational
expectations about the dividend process. This may appear inconsistent with our
assumption regarding expectations formation about prices, but the results we
obtain are very similar when agents are also learning to forecast dividends.30

We maintain this assumption in the paper for simplicity and because it allows
us to highlight the effect of the self-referential component of the model.

As mentioned before, agents are assumed to use a learning scheme to formeEt(Pt+1) using past information. Equation (4) shows that under rational expec-

tations Et

h
Pt+1
Pt

i
= a. This justifies specifying the expectations under learning

as eEt [Pt+1] = βt Pt (6)

where βt is some estimator of stock price growth based on past observations. It
is clear that if the model converges to the RE equilibrium, agents will realize
that this is a good way to forecast future prices in the long run. In this way, this
learning scheme has a chance of satisfying Asymptotic Rationality, as defined in
Marcet and Nicolini (2003). As long as the model converges to RE - we prove
this to be the case later on - agents’ forecasts are optimal in the limit.

We now have to specify how past information is taken into account when
updating the estimator βt. We start by presenting the updating mechanics and
thereafter offer an interpretation. The learning mechanism is assumed to satisfy
the standard equation in stochastic control

βt = βt−1 +
1

αt

µ
Pt−1
Pt−2

− βt−1

¶
(7)

for all t ≥ 1, for a given sequence of αt, and a given initial belief β0 which is
given outside the model.31 The sequence (αt)

−1 is called the ‘gain’ sequence

30Appendix ?? shows that the conclusions of the paper are robust to assuming that agents
also learn about how to forecast dividends. Imposing RE about dividends implicitly assumes
that learning about dividends has converged already. Since dividend growth follows an ex-
ogenous process, learning the parameters governing the dividend process is fairly easy for
agents.
31 In the long-run the particular the initial value β0 is of little importance.
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and dictates how the last prediction error is incorporated into beliefs.32 The
assumed gain sequence is

αt = αt−1 + 1 t ≥ 2 (8)

α1 ≥ 1 given.

With these assumptions the model evolves as follows. In the first period β0
determines the first price P0; using the previous price level one finds the first
observed growth rate P0

P−1
, which is used to update beliefs to β1 using (7);

the belief β1 determines P1 and the process continues to evolve recursively in
this manner. As in any self-referential model of learning, prices enter in the
determination of beliefs and vice versa.

Using simple algebra equation (7 ) implies

βt =
1

t+ α1 − 1

⎛⎝t−1X
j=0

Pj
Pj−1

+ (α1 − 1) β0

⎞⎠ .

For the case where α1 is an integer, this expression shows that βt is equal to the
average sample growth rate, if - in addition to the actually observed prices - we
would have (α1 − 1) observations of a growth rate equal to β0. The initial gain
α1 is thus a measure of the degree of ‘confidence’ agents place on their initial
belief β0.

In a Bayesian interpretation, β0 would be the prior mean of stock price
growth, (α1− 1) the precision of the prior, and - assuming that the growth rate
of prices is normally distributed and i.i.d. - the beliefs βt would be equal to
the posterior mean. One might thus be tempted arguing that βt is effectively a
Bayesian estimator. Obviously, this is only true for a ‘Bayesian’ placing prob-
ability one on Pt

Pt−1
being i.i.d.. Since learning causes price growth to deviate

from i.i.d. behavior, such priors fail to contain the ‘grain of truth’ typically as-
sumed to be present in Bayesian analysis. While the i.i.d. assumption will hold
asymptotically (we will prove this later on), it is violated under the transition
dynamics. In a proper Bayesian formulation, therefore, agents would use a like-
lihood function with the property that if agents use it to update their posterior,
it turns out to be the true likelihood of the model in all periods. Most likely, βt
would have to depend on the past in a complicated non-linear way and only in
the limit would the Bayesian use a simple average as has been assumed above.
Since the ‘correct’ likelihood in each period would have to solve a complicated
fixed point, finding such a truly Bayesian learning scheme is very difficult, and
the question remains how agents could have learned a likelihood that has such

32Note that βt is determined from observations up to period t − 1 only. The assumption
that the current price does not enter in the formulation of the expectations is common in the
learning literature and it is entertained for simplicity.
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a special property. For these reasons Bray and Kreps (1987) concluded that
models of self-referential Bayesian learning were unlikely to be a fruitful avenue
of research.

For the case α1 = 1 the belief βt is given by the sample average of stock price
growth, i.e., the OLS estimate of the mean growth rate. The initial belief β0 then
matter only for the first period, but ceases to affect beliefs after the first piece of
data has arrived. More generally, assuming a low value for α1 would spuriously
generate a large amount of price fluctuations, simply due to the fact that initial
beliefs are heavily influenced by the first few observations and thus very volatile.
Also, pure OLS assumes that agents have no faith whatsoever in their initial
belief and possess no knowledge about the economy in the beginning. Therefore,
in the spirit of using initial beliefs that have a chance of being near-rational we
set initial beliefs equal to the RE belief

β0 = a

and choose a high initial weight α1 for these beliefs. As a result, initial beliefs
will be ‘close’ to the beliefs that support the RE equilibrium.

We can summarize as follows. We assume agents to formulate their beliefs by
an average of OLS and their initial (correct under RE) belief, with the relative
weight given by the number of observations and (α1 − 1), respectively.

3.3 Stock prices under learning

Given the perceptions βt, the expectation function (6), and the assumption on
perceived dividends, equation (5) implies that prices under learning satisfy33

Pt =
δaDt

1− δβt
. (9)

Since βt is independent of εt the previous equation implies that

V ar

µ
ln

Pt
Pt−1

¶
= V ar

µ
ln
1− δβt−1
1− δβt

Dt

Dt−1

¶
≥ V ar

µ
ln

Dt

Dt−1

¶
,

which shows that prices growth under learning is more volatile than dividend
growth. This intuition is present in previous models of learning, e.g., Timmer-

mann (1993). Particular to our case will be the fact that V ar
³
ln 1−δβt

1−δβt+1

´
is

very high and will remain high for a long time, so that the volatility of prices
will be increased by a large amount for long periods of time.

33For this equation to be valid we need βt ∈ (0, δ−1), otherwise there exist no market
clearing price. Since prices are positive, βt is always positive, but the model has to somwehow
be modified to avoid βt from becoming larger than δ−1. We will discuss this issue in more
detail later on. For the moment, we assume that beliefs that satisfy this inequality.
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Simple algebra gives
Pt
Pt−1

= T (βt,∆βt) εt (10)

where

T (β,∆β) ≡ a+
aδ ∆β

1− δβ
(11)

Substituting (10) in the law of motion for beliefs (7) delivers an equation de-
scribing the whole evolution of βt as a function of the shocks εt and the initial
belief β0. Prices can then be determined from equation (9). The dynamics of
βt are thus governed by a second order stochastic non-linear difference equa-
tion. This equation can not be solved analytically, but it is possible to give
considerable insights in the behavior of the model using analytic reasoning.

3.3.1 Asymptotic Rationality

We start by studying the limiting behavior of the model, drawing on results
from the literature on least squares learning. This literature shows that the T -
mapping defined in equation (11) is central to stability of RE equilibria under
learning.34 It is now well established that in a large class of models conver-
gence (divergence) of least squares learning to (from) RE equilibria is strongly
related to stability (instability) of the associated o.d.e. β̇ = T (β) − β. Most
of the literature considers models where the mapping from perceived to actual
expectations does not depend on the change in perceptions, unlike in our case
where T depends on ∆βt. Since for large t the gain (αt)

−1 is very small, we
have that (7) implies ∆βt ≈ 0. One could thus think of the relevant mapping
for convergence in our paper as being T (·, 0) = a for all β. Asymptotically the
T -map is thus flat and the differential equation β̇ = T (β) − β = a − β stable.
This seems to indicate that beliefs should converge to the RE equilibrium value
β = a relatively quickly. One might then conclude that there is not much to be
gained from introducing learning into the standard asset pricing model.

Appendix D shows in detail that the above approximations are correct and
that learning globally converge to the RE equilibrium in this model, i.e., βt → a.
The learning model thus satisfies ‘asymptotic rationality’ as defined in section
III in Marcet and Nicolini (2003). It implies that agents using the learning
mechanism will realize in the long-run that they are using the best possible
forecast, therefore, would not have incentives to change their learning scheme.

In the remainder of the paper we show that the model here behaves very
different from RE during the transition to the limit. This occurs although agents
are using an estimator that starts at the RE value, that will be the best estimator
in the long run, and that converges to the RE value. The difference is so large
that even the very simple version of the model together with the very simple
learning scheme introduced in section 3.2 explains the data much better than

34See Marcet and Sargent (1989) and Evans and Honkapohja (2001)
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the model under RE. This brings about the general point that concentrating on
the limiting properties of least squares learning may undervalue the potential
for models of learning to explain the behavior of the economy.35

3.3.2 Mean dynamics

We now describe the transition behavior of the model under learning by studying
its mean dynamics conditional on past information. Since βt+1 is a function of
the shock ε up to period t, we study Et−1βt+1 to examine the expectation of
βt+1 before it is actually known. In particular, we will be interested in finding

Et−1∆βt+1. Using (10) we have Et−1
³

Pt
Pt−1

´
= T (βt,∆βt), where T is the

actual expected stock price growth as a function of current and past beliefs.
Using this observation and conditioning on both sides of (7) we obtain

Et−1∆βt+1 =
1

αt+1
[T (βt,∆βt)− βt] (12)

where Et−1 denotes actual conditional expectations given that prices are deter-
mined within the model of learning. Equation (12) shows that βt+1 is expected
to adjust towards T (βt,∆βt). For example, if history generated beliefs such
that T (βt,∆βt) > βt then we expect the perceptions βt to increase. The gain α
thereby determines the size of the updating step only. Understanding how be-
liefs are expected to evolve under learning thus requires studying the T -mapping.
Below we derive a number of results about the map T , which are followed by
an interpretation of their implications.

We start by noting that actual expected stock price growth depends not only
on the level of price growth expectations βt but also on the change 4βt:

Result 1: For all β ∈ (0, δ−1)

T (β,∆β) > a if ∆β > 0

T (β,∆β) < a if ∆β < 0

Therefore, if agents arrived at the rational expectations belief βt = a from
below (4βt > 0), the price growth generated by the learning model exceeds the
fundamental growth rate a in expectations. We can state this formally as

Et−1 (∆βt+1 | βt = a, ∆βt > 0) > 0

Just because agents’ expectations have become more optimistic (in what a jour-
nalist would perhaps call a ‘bullish’ market), the price growth in the market

35Some papers, including Marcet and Sargent (1995) and Ferrero (2004), have emphasized
that least squares learning converges slowly to RE if ∂T (β)/∂β is close to one, but converges
much faster if ∂T (β)/∂β < 1/2. In the current model we have ∂T (β, 0)/∂β = 0 indicating
fast convergence. Our findings show that values of ∂T (β)/∂β close to one are not the only
reason that convergence to RE may be very slow. In the present paper slow convergence arises
because of the non-linearities of the model out of (but close to) the limit point.

15



has a tendency to be larger than fundamental growth. Since agents will use
this higher-than-fundamental stock price growth to update their beliefs in the
next period, βt will tend to overshoot a, which will reinforce the upward ten-
dency further. It is at this point where the self-referential nature of the learning
mechanism makes a difference for the dynamics under learning.36 Conversely,
if βt = a in a bearish market (∆βt < 0), beliefs display downward momentum,
i.e., a tendency to undershoot the RE value.

We have argued before that in the limit the mapping from actual to per-
ceived expectations is given by T (·, 0) = a so that actual growth is not affected
by perceived growth. During the transition, however, ∆βt is not equal to zero
and the expression for T given in equation (11) highlights that ∆βt 6= 0 imparts
substantial non-linearity in the model. These non-linear features are summa-
rized below.

Result 2: For all β ∈ (0, δ−1)

a) For ∆β > 0 the map T (·,∆β) is increasing and convex and converges to
+∞ as β → δ−1,

b) For ∆β < 0 the map T (·,∆β) is decreasing and concave and con-
verges to −∞ as β → δ−1.

c) The level and first and second derivatives of T (·,∆β) are increasing
in ∆β.37 .

d) Given ∆β, the fixed points of T (·,∆β) are as follows:
— For ∆β > 0 and sufficiently small38, there are two fixed points
a < β < β < δ−1(which depend on ∆β) such that

T (β,∆β) < β if β ∈ (β, β)

T (β,∆β) > β if β /∈ (β, β)

— For ∆β > 0 and large enough, T (β,∆β) > β for all β ∈ (0, δ−1)
and there are no fixed points.

— If ∆β < 0 there is one fixed point eβ < a (which depends on ∆β)
such that

T (β,∆β) > β if β < eβ
T (β,∆β) < β if β > eβ

36 It is easy to check that in the model of Timmermann (1996) there is a similar tendency for
stock price growth to overshoot, but this has no effect on perceptions of agents. In his model
agents’ perceptions depend only on exogenous dividends. Therefore, there is not feedback
from prices to perceptions and there is no momentum in beliefs.
37To be precise, for ∆β > ∆β0 and any β ∈ (0, δ−1) we have ∂T (β,∆β)

∂β
> ∂T (β,∆β0)

∂β
and

∂2T (β,∆β)
∂2β

> ∂2T (β,∆β0)
∂2β

.

38More precisely, if ∆β < (aδ−1)2
4δ2a

.
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These properties can be derived from simple algebra. They are illustrated
in Figure 2, which depicts the T -map for each of the three cases described in
result 2d) taking into account results 2a)-2c).
The above result can be used to derive the mean dynamics of the model

under learning.

Result 3: • If ∆βt > 0 and sufficiently small, letting β, β be as in Result
2e),

Et−1βt+1 < βt if βt ∈ (β, β)

Et−1βt+1 > βt if βt /∈ (β, β)

• If ∆βt > 0 and large enough Et−1βt+1 > βt

• If ∆βt < 0, letting eβ be the corresponding value in Result 2e),
Et−1βt+1 > βt if βt < eβ
Et−1βt+1 < βt if βt > eβ

We illustrate the mean dynamics in Figure 2 by drawing arrows on the β axis
of each graph. An arrow pointing left (right) indicates that the mean dynamics
imply a decrease (increase) in βt.

For the case ∆βt > 0 figure 2 indicates that if ∆βt is too large (so that the
second graph applies) or if βt is too large (so that we are at the right end of the
axis in the first graph), βt tends to grow, even if it is already much higher than
the fundamental RE value a. In the limit, if βt is close to the upper bound δ−1

the change in prices is infinite. Symmetrically, low values of ∆βt or βt imply
that perceptions have a tendency to move towards β (> a). For beliefs that are
high (βt > β) but not too high (βt < β) this suggests a stable system, as these
beliefs are drawn back towards the fundamental value a.

The previous findings show that the model has the potential to display bub-
bles: if growth perceptions start to grow (and, say, the second graph of Figure 2
applies), they cross the ‘fundamental’ growth rate a and as long as ∆β > 0 there
is an upward movement of the expected growth of stock prices βt. From formula
(9) follows that a higher value for βt implies higher a PD ratio. Therefore, a
bubble may occur.

Importantly, when growth perceptions and stock prices are high, a small
change in return expectations can generate a very strong price decrease. More
precisely, a high βt combined with a slightly negative ∆βt may start the down-
turn of the bubble or even a crash. To make this point we do not need to
take a stand on what caused this decrease in growth perceptions: it could ei-
ther be a low realization of the innovation to dividends εt, or simply due to
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the learning dynamics, i.e., perceptions entering the interval (β, β) in the first
graph in Figure 2. Going slightly outside of the model in this paper, the drop
in expected price growth could also be generated by a Central Bank ‘pricking’
a bubble. Whatever caused the initial downward revision in beliefs, the third
graph in figure 2 shows that if a high βt is combined with ∆βt < 0, Et−1βt+1 is
much lower than the fundamental growth rate a. Therefore, once perceptions
have started to fall, they will fall further as the third graph will describe the
learning dynamics for many periods. This continued decline in perceptions will
cause a fall in the PD ratio, but since eβ < a prices will have a tendency to fall
below the fundamental value. Small changes in fundamentals may thus trigger
a ‘stock market crash’.

These sudden reversals can not occur for low values of βt. It is clear that
the maps in all graphs in Figure 2 are very similar and when βt is small, so that
the instability discussed in the previous paragraph is only activated at high β’s.
The learning model thus implies that a large fall in price may occur when prices
are overvalued, but no symmetric price increase for undervalued prices. We
summarize the previous findings as follows:

Result 4: If a high βt is combined with ∆βt < 0 we have

Et−1

µ
Pt
Pt−1

¶
<< βt

with the possibility of a ‘market crash’. If βt is low, ∆βt does not have a
large influence on actual prices.

The analysis of the model’s mean dynamics in this section suggests that
the model has the potential of matching all the asset pricing facts mentioned
in section 2. Clearly, Results 1, 3 and the possibility of bubbles imply that
the learning model generates excess price volatility, matching facts 2 and 3.
Occasional market crashes are likely to occur, as in fact 5. Results 1 and 3
imply that learning imparts dynamics into the behavior of prices, causing prices
to be very high or very low depending on how βt combines with βt−1 and εt and
that βt depends strongly on βt−1. Since the PD ratio is highly related to βt
it is likely that it will be highly serially correlated and that it will help predict
stock returns as in facts 3 and 4.

At this writing we have not given too much attention to the equity premium.
Simulations show that the model under learning generates a considerable equity
premium. This probably occurs for the following reason. While β is growing
the first two graphs of Figure 2 show that actual price growth is less different
from perceptions than in the third graph of the figure. If actual price growth is
more similar to perceived price growth, perceptions change less strongly. This
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suggests that if perceived growth is high it tends to have more persistence than
if perceived growth is low.39

Finally, we need to introduce a feature that prevents perceived stock price
growth from being higher than δ−1 so as to insure a positive price in (9). If
beliefs are such that βt > δ−1, expected stock return is larger than the inverse of
the discount factor and the representative agent will have an infinite demand for
stocks at any stock price. The model could be changed in a number of directions
to avoid this infinite demand, but in the interest of staying as close as possible
to the literature we do not take this route. Instead, we follow Timmermann
and Cogley and Sargent and apply the following projection facility: if in some
period βt determined by (7) is larger than some constant K ≤ δ−1 then set

βt = βt−1

in that period, otherwise we use (7). The interpretation is that if the observed
price growth implies beliefs are too high, agents realize that this would prompt a
crazy action (infinite stock demand) and they decide to ignore this observation.
The constant K is chosen so that the implied PD is less than a certain upper
bound UPD. It turns out that this facility is binding only very rarely and that
it does not affect the moments we look at.

3.3.3 Simulation under risk neutrality

To illustrate the previous discussion of the model under learning by reporting
simulation results in a calibrated example. We compare outcomes with the RE
solution to show in what dimensions the behavior of the model improves when
learning is introduced.

We choose the parameter values for the dividend process (1) so as to match
the mean and standard deviation of US dividends summarized in table 1. Using
the log-normality assumption we set

a = 1.00346, s = 3.63. (13)

The discount factor is
δ = 0.9872

and implies that the PD ratio of the RE model matches the observed average
ratio in the data.

In the learning model we set

β0 = a and α1 = 50

39This would be a different and complementary mechanism to the transition from an initial
pesimistic belief emphasized in Cogley and Sargent (2006).
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These starting values are chosen to insure that the agents’ expectations will not
depart too much from rationality. Agents have high confidence on the RE belief.
The initial value for α implies that after twelve years βt is halfway between a
and the observed sample mean. The bounds on βt are set so that the price
dividend ratio will never exceed 500.

Table 4 shows the average moments (across realizations) of each statistic
computed by each model with 288 observations, together with the 95% proba-
bility interval of the statistic across realizations.40

U.S. Data RE Learning

First and second moments
E(rs) 2.36 1.30 [0.93,1.64] 1.61 [1.32,1.91]
E(rB) 0.16 1.30 [1.30,1.30] 1.30 [1.30,1.30]
E(PD) 105.4 105.4 [105.4,105.4] 77.6 [60.2,100.1]
σrs 11.5 3.67 [3.42,3.92] 4.68 [4.19,5.19]
σPD 35.4 0.00 [0.00,0.00] 19.3 [9.7,35.2]

ρ(PDt, PDt−1) 0.95 - 0.991 [0.981,0.997]

Excess return predictability
Coefficient on PD

1 yr -0.0017 - -0.0022 [-0.0049,-0.0007]
5 yrs -0.0118 - -0.0106 [-0.0215,-0.0032]
10 yrs -0.0267 - -0.0186 [-0.0354,-0.0049]
15 yrs -0.0580 - -0.0249 [-0.0476,-0.0049]

R2 value:
1 yr 0.05 0.00 0.08 [0.02,0.17]
5 yrs 0.34 0.00 0.30 [0.05,0.57]
10 yrs 0.46 0.00 0.43 [0.04,0.77]
15 yrs 0.53 0.00 0.50 [0.03,084]

Table 4: Data and model under risk neutrality

The column labeled US data reports statistics that have been discussed
in section 2. It is clear that the RE model fails to explain key asset pricing
moments, see the column labeled RE. Consistent with our discussion the RE
equilibrium fails to match the equity premium, the low risk free rate, the vari-
ability of stock returns and PD ratio, the serial correlation of the PD ratio, the

40To compute these statistics we use 5000 realizations each of 288 periods, which the same
length as the availalbe data. Since we abstract from learning about dividends the RE and
learning model both imply constant real bond yields. We thus do not report this statistic in
the table.
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predictability of excess returns.41

The learning model shows a higher volatility of stock returns, high volatility
and high persistence of the PD ratio, and the coefficients and R2 of the excess
predictability regressions all move strongly in the direction of the data. This
is consistent with our discussion of the mean dynamics under learning. Some
statistics of the learning model do not match exactly the moments in the data42,
but the purpose of the table is to show that adding learning improves enormously
the ability of the model to match observations. This finding is robust to changing
α1, as long as it is fairly high. It is also robust to changes in the bounds, which
are active in very few periods in each simulation.

4 Estimation and testing
For illustrative purposes the previous section used the most simple model with
the most standard learning scheme, imposing also the same parameter values in
the RE and learning model. In this section we add some elements of generality
to the model and disconnect the parameters in each model. All this increases
the chances of each model to match the data.
We estimate and test the models with the method of simulated moments

and discuss various factors influencing the stability of the stock market under
learning.

4.1 Risk aversion

We now introduce risk aversion in both models and habit persistence in con-
sumption in the RE model only. The asset pricing literature under RE shows
that these features improve the chances of the RE model to match the equity
premium and to generate variability of the PD ratio. Moreover, by allowing for
habit persistence we introduce an additional parameter in the utility function
under RE. Since the learning model has also one additional free parameter (α1)
both models will have the same number of free model parameters.

Following Abel’s (1990) extension of Lucas (1978) we consider a representa-

41Since PD is constant under RE, the coefficients c1 of the predictability equation are
undefined. This is not the case for the R2 values.
42The interest rate (which in the learning model we just assume equal to the RE value)

does not show any variability, but this model was not set out to do this and in the paper we
will not try to explain variability of interest rates. The level of the PD ratio is not matched,
but the discount factor was chosen to favor the RE model on this aspect of the model, the
estimation section will allow different parameters for each model and then learning will do
well. Surprisingly, the model with learning does generate an equity premium (of about 1%
per year), even for the risk neutral case. We will not pursue this here, as our focus is on price
volatility, but this is an issue that we will take up later on.
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tive consumer-investor solving

max
{St,Ct}

eE0 ∞X
t=0

δt

³
Ct
Cκ
t−1

´1−σ
− 1

1− σ

s.t. Pt St + Ct = (Pt +Dt)St−1

where Ct denotes consumption, St the agent’s stock holdings at the end of period
t, σ ≥ 0 the coefficient of relative risk aversion and κ the habit parameter.
Dividends are as before. The parameter κ ≥ 0 regulates the weight given to the
past consumption, the habit is external to the agent.

4.2 Learning

In the model under learning we set κ = 0. The investor’s first-order conditions,
and the assumption (as in the previous section) that agents know the conditional
expectations of dividends deliver the asset pricing equation

Pt = δ eEt

µµ
Ct

Ct+1

¶σ
Pt+1

¶
+ δEt

Ã
Dσ
t

Dσ−1
t+1

!
(14)

For the risk-neutral case (σ = 0) this simplifies to equation (5) studied in the
previous section.

We now generalize also the learning scheme in order to give it a chance to
be asymptotically rational. For this purpose, we start by analyzing the RE
solution. For general risk aversion, and using the market clearing condition
Ct = Dt it is easy to see that RE stock prices are given by43

PRE
t =

δβRE

1− δβRE
Dt (15)

βRE = a1−σe−σ(1−σ)
s2

2

From equation (14) follows that agents have to forecast
³

Ct
Ct+1

´σ
Pt+1 and given

that the RE solution this implies

Et

µµ
Ct

Ct+1

¶σ
PRE
t+1

¶
= βREPRE

t

It is thus natural to specify the learning mechanism with expectation functions

βtPt = eEt

µµ
Ct

Ct+1

¶σ
Pt+1

¶
(16)

43To show this, note that

βRE = Et
Ct

Ct+1

σ PRE
t+1

PRE
t

= Et (aεt+1)
1−σ = a1−σe−σ(1−σ)

s2

2
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where βt is agents’ best estimate of E
³

Ct
Ct+1

´σ
Pt+1
Pt

which is interpreted as

risk-adjusted expected stock price growth. Therefore, it is natural to write

βt = βt−1 +
1

αt

∙µ
Ct−2
Ct−1

¶σ
Pt−1
Pt−2

− βt−1

¸
(17)

The gain sequence is unchanged from the previous section. Given the form of
the RE equilibrium these assumptions give a chance for the learning scheme
thus written to be asymptotically rational. Appendix D shows that the learning
scheme globally converges to RE, i.e., βt → βRE a.s.

Using (16), (14) and the fact that Et

µ
Dσ
t

Dσ−1
t+1

¶
= βRE Dt gives

Pt =
δβRE

1− δβt
Dt (18)

Pt
Pt−1

=

µ
1 +

δ ∆βt
1− δβt

¶
aεt (19)

Now we should study the map T from perceived to actual expectations of the

risk-adjusted price growth Pt+1
Pt

³
Ct
Ct+1

´σ
. Using (19) and market clearing Ct =

Dt we have:44

T (βt+1,∆βt+1) ≡ βRE +
βREδ ∆βt+1
1− δβt+1

(20)

Clearly, this mapping T maintains all the features discussed in the previous
section: we have momentum, non-linear behavior, etc. The only difference is
that risk aversion σ > 0 changes the value of the limit point βRE relative to the
asymptote δ−1. It is well known that, for σ sufficiently large, βRE as well as the
variance of realized risk-adjusted stock price growth under RE are increasing
with σ.45 This means that, to the extent that βt tends to be around βRE and
this is closer to δ−1, it is more likely that βt will be near the asymptote and the
instability under learning is even higher.

Another effect of risk aversion is that it is now the term
³
Dt−1
Dt−2

´−σ
Pt−1
Pt−2

which changes the beliefs of agents in each period. This term is likely to have
a larger variance than in the risk neutral case, since it also depends on εt−1.

A large variance of
³
Dt−1
Dt−2

´−σ
Pt−1
Pt−2

implies that a small realization of ε has a

bigger chance of causing a large change in βt and to deviate from the limiting

44To see this, note that T (βt+1,∆βt+1) ≡ Et
Pt+1
Pt

Ct
Ct+1

σ
=

Et 1 +
δ ∆βt+1
1−δβt+1

(aεt+1)
1−σ = βRE +

βREδ ∆βt+1
1−δβt+1

45For the parameter values of this paper, βRE increases with σ as long as σ >≈ 3.
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value. It is well known that, for σ sufficiently large, the variance of realized
risk-adjusted stock price growth under RE are increasing with σ.46

We conclude that, qualitatively, the main features of the model under learn-
ing are likely to remain after risk aversion is introduced.

4.3 RE model with habit persistence

Models of learning are often criticized because they add too many degrees of
freedom. Indeed, by introducing learning we have a new free parameter in the
model (namely, the precision on the initial prior given by α1). To give the RE
model an equal number of degrees of freedom we allow a free value for the habit
parameter κ.

This model is well known to be able to replicate the equity premium and to
have a variable PD ratio.

PRE
t

Dt
= A (aεt)

κ(σ−1) (21)

for a certain constant A. Details are given in appendix A. It is clear that now
the PD ratio has some variability, although it will not display serial correlation.
Clearly, this is not the best model that can be found in the RE literature to
match the above mentioned facts. Results for the RE model should thus be
understood as an illustration only.

4.4 Method of Simulated Moments

We give a detailed account of the econometric procedure in Appendix C, but
give an overview here. We estimate and test both models adapting the method
of simulated moments (MSM) to take care of short samples. We find parameter
values that match some of the asset price statistics listed in tables 1 and 2
as closely as possible. The measure of ‘closeness’ is a quadratic form with a
weighting matrix that estimates the variance covariance matrix of the moments
matched. As usual in MSM, the value of this distance at the minimum provides
a test of the model.

We deviate from the standard practice in MSM in two ways: first, we match
the data to short sample statistics generated by the model, as opposed to the
usual practice of using the long run moments. More precisely, given a model, we
draw many histories of 288 observations from the model, compute the statistic
at hand for each history, and we compute the relevant simulated moments from

46The formula for the variance is

V AR
Dt−1
Dt−2

−σ PRE
t−1

PRE
t−2

= a2(1−σ)e(−σ)(1−σ)
s2

2 (e(1−σ)
2s2 − 1)

This variance reaches a minimum for σ = 1.
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the distribution of this statistic across realizations. This is computationally
more intensive, but the usual practice of looking at long run moments from the
data is not appropriate in our case, since the learning model converges to RE
so that the asymptotic moments of the model under learning do not allow to
distinguish between RE and learning. Also, our procedure has a better chance
of capturing any short sample bias that may be present in the calculations of
the statistics.

The second adaptation concerns the weighting matrix that is used in the
quadratic form that defines the distance of simulated to actual moments. Usu-
ally, this matrix consists of the inverse of an estimator of the infinite sum of
autocovariances of the moments (the ‘Sw’ matrix) and is estimated from the
autocovariances in the data. This matrix is very difficult to estimate, mostly
because of the presence of an infinite sum that has to be truncated or approxi-
mated. Several possible estimates have been designed for this purpose. Instead,
we use the autocovariances computed from the distribution across realizations
in the short samples generated by the model. This avoids approximations of the
infinite sum involved in Sw and, in addition, captures any possible short sample
bias.

These two modifications are irrelevant asymptotically. This procedure is
thus as well grounded on asymptotic theory as common practice, but they are
likely to capture the true short-sample properties of the model much better than
the asymptotic moments, they allow to distinguish between RE and learning,
and they are likely to give a better estimate of the Sw matrix.

For the learning model the parameter vector to be estimated is θ = (δ, σ, α1, a, s),
for the RE model θ = (δ, σ, a, s, κ) so for both models the number of parame-
ters is n = 5. Note that since we now estimate the parameters of the dividend
process (a, s) the estimates will not match exactly the actual observed values as
we did in section 3, but the econometric procedure will find the point estimates
that help explain the overall observed moments.

We choose to match the following statistics

Eh(yt) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

E(rs)
E(rB)
E(PD)
E
¡
∆D
D

¢
ρ(PDt, PDt−1)

σrs
σPD
σ∆D

D

c101
R210

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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This is a summary of the statistics that the literature has considered relevant in
terms of the facts 1 to 4 described in section 2. It basically includes the statistics
reported in table 1 plus the coefficient and R2 at ten years reported in Table 2
(we do not include all coefficients and R2’s to economize on computation time).

5 Estimation Results
Table 5 below shows the estimated parameter values that set the simulated
moments as close as possible to the actual observed values for these statistics.
Parameter estimates appear reasonable on a priori ground for both the RE and
the learning model. For the learning model the weight on the initial belief
(α1) reflects the tendency of the data to give a large but finite weight to the
initial belief being equal to RE. The risk aversion parameters are relatively high
but within the ranges that have been used in many studies. The parameter
values for the dividend process change slightly from the case where mean and
standard deviations of dividend growth were matched perfectly as in (13). The
habit parameter for the RE case is very high compared to other estimates in
the literature.

Learning model RE model
(with habits)

a 0.355 0.380
s 3.65 3.40
δ 0.996 0.993
σ 4.9 6.0
α1 70 -
κ - 0.8

Table 5: Estimated model parameters

Table 6 below summarizes the goodness of fit of each model. We report
the average and standard deviation for each statistic (with N = 288 observa-
tions) implied by the model with parameters given by the point estimates in the
previous table.

Let us first concentrate on the RE column. The PD ratio now has some
variation, but the model clearly fails to match its serial correlation (not surpris-
ingly, given equation (21)). The variance of PD is very small. As is well known
this model can match the equity premium, but to do so the variance of stock re-
turns and interest rates has to be very high. Actually, for the above estimation,
the equity premium is overpredicted. It appears that the estimation procedure
selected a very high value of κ to try and match the high variance of PD, but in
so doing it generated a very large variance of returns and an equity premium too
large. The model had the potential to show excess return predictability, since
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both future returns current PD depend on today ’s innovation to the dividend,
but it turns out that the model fails to match the predictability

The learning model, however, performs very well. The model with risk
aversion maintains the high variability and serial correlation of PD as in section
3, but in addition now it matches the equity premium. The point estimate of
some model moments is not exactly like the observed moment, but this tends to
occur for moments that, in the short sample, have a large variance. This happens
because the estimation procedure optimally gives less importance to matching
exactly high variance moments. Still, we see that the observed moment values
are always within one standard deviation of the estimated value.

Finally, the last two lines in the table report the results of testing the overi-
dentifying restrictions. This is an overall measure of how well the model matches
the selected moments. The RE model has a huge value for this statistic, im-
plying a p-value of zero (almost up to machine precision). On the other hand,
the model under learning is accepted at the 5% level and marginally rejected at
10% (one-sided confidence intervals).

U.S. data Learning model RE model
(with habits)

E(rs) 2.36 2.47 (0.34) 3.70 (0.34)
E(rB) 0.16 0.21 (0.22) 0.20 (0.83)
E(PD) 105.4 98.6 (36.7) 105.4 (0.88)
E
¡
∆D
D

¢
0.346 0.371 (0.213) 0.377 (0.210)

σrs 11.5 14.0 (3.7) 22.7 (1.3)
σPD 35.4 67.9 (29.0) 14.4 (0.65)
σ∆D

D
3.63 3.66 (0.14) 3.41 (0.14)

ρ(PDt, PDt−1) 0.95 0.94 (0.02) -0.00 (0.06)
Excess returns predictability:
Coefficient on PD (10 yrs) -0.0267 -0.0142 (0.0079) -0.0066 (0.0211)

R2 (10 yrs) 0.46 0.36 (0.16) 0.00 (0.01)

Test statistic overident. restr. - 9.54 4.4·104
p-value - 0.09 0.00

Table 6: Data, model moments and goodness of fit

The summary is, clearly, that introducing learning generates an enormous
improvement in the fit of the model. This, despite the fact that we used the
simplest version of the asset pricing model with the simplest learning mecha-
nism. Notice that the estimation tells the model to use a learning scheme that
does not deviate too much from rationality, since the estimated confidence in
the initial beliefs (centered at the fundamental RE value) is very high.
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This goodness of fit of the learning model is very robust. Changing the
parameters considerably does not change the behavior of the model drastically,
and from eyeball inspection of the simulations the variables in the model roughly
behave in a similar way as the data.

6 Conclusions
The failure of equilibrium asset pricing models under RE to account for basic
moments of the data has been well documented. Introducing learning in a sim-
ple asset pricing model generates asset pricing dynamics that are much more in
line with the empirical behavior of stock prices. Since learning-induced devia-
tions form rational expectations are small, the results of this paper show that
even slight non-rationalities in expectations can have large implications for the
behavior of asset prices. This has been accomplished with only minor model
modifications: we just introduced a simple learning mechanism in a simple as-
set pricing model. Key to our results is the assumption that agents care about
future prices, so that expectations in the model influence price movements and
these feed back into expectations.

The magnitude of the improvement achieved by introducing learning is very
large. The model is accepted in a formal test under the method of simulated
moments; that a dynamic equilibrium model of asset prices survives formal
econometric testing when matching so many moments is, to say the least, un-
common in the literature.

This large improvement was not achieved by introducing many degrees of
freedom. The model under learning has the same number of parameters as a
the basic RE model with habit persistence. The choice of learning scheme is
far from arbitrary, since least squares learning is known to have a number of
desirable features. In our formulation, this learning scheme can be interpreted
as a small departure from RE for two reasons: i) initial beliefs are assumed
to be at the RE and agents have high confidence in this RE value and ii) the
learning scheme is asymptotically rational: in the long run agents would realize
that their forecasts are as good as those of someone who knew the whole model.
Therefore, in the long run agents would have no incentive to deviate from their
learning scheme.

The work shown in this paper can be improved in many ways. We wanted
our model economy to be as close as possible to the standard literature. In
doing this, the model has a number of weak points. One weak point is that the
rationality bounds along the transition, as they were formally defined in Marcet
and Nicolini (2003), are currently not satisfied. We know of various changes to
the model that would deliver these bounds, but this seems an issue to be taken
up subsequently.

29



Also, it turns out that prices in our model are very sensitive to changes in
expectations. This is in part what allowed to match the data, but the impression
is that prices are ‘too’ sensitive to expectations in the model. Related to this is
the fact that if expectations are higher than a certain bound (δ−1) there is no
positive price that clears the market and expectations have to be sent back below
this bound. In part, the reason for this sensitivity is due to the homogeneous
agent assumption: under this assumption no agent ever sells a stock, so the
actual price is, in a way, ‘irrelevant’. There are a number of features that can
be introduced in the model to make prices adjust less quickly, such as agents
that have to sell stocks at some points in time, or financial frictions. We are
exploring various alternatives in this direction.

Also to be explored is the relationship to monetary policy. RE models are
also not very rich in terms of the interactions predicted between market volatility
and various other aspects of the economy such as the conduct of monetary policy,
the degree of investors’ risk aversion, or the presence of speculative investors
with short investment horizons. Under learning low real interest rates are likely
to increase stock price volatility, since the asymptote of the T map will be closer
to the long run value of the beliefs. Speculative investors, to the extent that
they care less about dividends and more about prices, act in a similar way and
they make the asymptote dangerously close to long run beliefs. A model with
learning thus suggests a different role for monetary policy and investors’ risk
attitude that seems to be consistent with views generally expressed by central
bankers, e.g., Papademos (2005).

What does our model say about the long run behavior of stock prices?. It
predicts doom: our model is perfectly consistent with stock prices that for many
periods have a very high growth rate and PD ratios much higher than RE. But
in the long run it converges to RE, so that PD and stock price growth converge
to their "fundamental" RE value. Therefore, stock price growth in the long will
be much lower than during the transition. If ours is the right model, given
that PD is currently so high compared to its historical values, stockholders
will do well to stay away from stocks. Of course, the observed behavior may
be explained by other alternatives that do not predict doom, for example, a
change of trend in dividends. It is of interest, we think, to try and extract as
much information as possible from actual data to see the possible evolution of
stock prices in the long run by comparing the behavior of these models under
learning.
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A RE model with risk-aversion and habits
Under RE, in the habits model, the investor’s first-order conditions and the
market clearing condition Ct = Dt deliver the asset pricing equation

Pt = δEt

ÃÃ
D
κ(σ−1)
t

Dσ
t+1

!Ã
Dσ
t

D
κ(σ−1)
t−1

!
(Pt+1 +Dt+1)

!
Together with the process for dividends (1) this implies that under rational
expectations

E

µ
Pt +Dt

Pt−1

¶
= a

³
E(ε

1+κ(σ−1)
t ) +A−1

´
E (aεt)

−κ(σ−1) (23a)

E (Rt) = δ−1
E (aεt)

−κ(σ−1)

E (aεt)
−σ (23b)

A =
δE (aεt)

1−σ

1− δE(aεt)(κ−1)(σ−1)
(23c)

B Model with learning about dividends
We now assume that agents learn to forecast future dividends in addition to
learning how to forecast future price. We directly consider the general model
with risk-aversion from section 4.2. With learning about future dividends and
future price equation (14) becomes

Pt = δ eEt

µµ
Ct

Ct+1

¶σ
Pt+1

¶
+ δ eEt

Ã
Dσ
t

Dσ−1
t+1

!

Under RE one has

Et

Ã
D1−σ
t+1

Dσ
t

!
= Et

Ãµ
Dt+1

Dt

¶1−σ!
Dt

= Et

³
(aε)1−σ

´
Dt

= βREDt

This justifies that learning agents will forecast future dividends according to

eEt

Ã
D1−σ
t+1

Dσ
t

!
= γtDt

where γt is agents’s best estimate of eEt

µ³
Dt+1

Dt

´1−σ¶
, which can be interpreted

as risk-adjusted dividend-growth. In close analogy to the learning setup for
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future price we assume that agents’ estimate evolves according to

γt = γt−1 +
1

αt

Ã
D1−σ
t−1

D1−σ
t−2
− γt−1

!
(24)

which can be given a Bayesian interpretation. In the spirit of allowing for only
small deviations from rationality, we assume that the initial belief is correct

γ0 = βRE .

Moreover, the gain sequence αt is the same as the one used for updating the
estimate for βt. Learning about βt remains to be described by equation (17).
With these assumptions realized price and price growth are

Pt =
δγt

1− δβt
Dt

Pt
Pt−1

=
γt
γt−1

µ
1 +

δ4βt
1− δβt

¶
aεt

The map T from perceived to actual expectations of the risk-adjusted price

growth Pt+1
Pt

³
Ct
Ct+1

´σ
in this more general model is given by

T (βt+1,∆βt+1) ≡
γt+1
γt

µ
βRE +

βREδ ∆βt+1
1− δβt+1

¶
which differs from (20) only by the factor γt+1

γt
. From (24) it is clear that γt+1

γt

evolves exogenously and that limt→∞
γt+1
γt

= 1 since limt→∞ γt = βRE and αt →
∞. Thus, for medium to high values of αt and initial beliefs not too far from
the RE value, the T-maps with and without learning about dividends are very
similar. Simulating the learning model with dividend learning for the estimated
learning model from section 5 reveals that the models with and without learning
produce essentially identical asset price statistics.47 This is shown in table 7
below.
47To compute bond returns in the case with dividend learning we assume (in close analogy

to the other learning setups) that

Et
Dt+1

Dt

−σ
= φt

where

φt = φt−1 +
1

αt

D−σt−1
D−σt−2

− φt−1

φ0 = Et
Dt+1

Dt

−σ

= E (aεt)
−σ = a−σeσ(1+σ)

s2

2

The gross real bond return from t to t+ 1 is then given by (δφt)−1.
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Learning model Learning model
with RE about dividends with dividend learning

E(rs) 2.47 (0.34) x
E(rB) 0.21 (0.22) x
E(PD) 98.6 (36.7) x
E
¡
∆D
D

¢
0.371 (0.213) x

σrs 14.0 (3.7) x
σPD 67.9 (29.0) x
σ∆D

D
3.66 (0.14) x

ρ(PDt, PDt−1) 0.94 (0.02) x
Excess returns predictability:
Coefficient on PD (10 yrs) -0.0142 (0.0079) x

R2 (10 yrs) 0.36 (0.16) x

Table 7: Learning model with and without dividend learning

C Short Sample MSM
We use the simulated method of moments to estimate models adapting it to
match short-sample moments.

Let N be the sample size, and (y1, ...yN ) the observed sample, with yt
containing m variables. Let h : Rm → Rq be a moment function, giving the
moments to be matched, and letMN be the sample moments observed from the
data:

MN ≡
1

N

NX
t=1

h(yt)

Let θ ∈ Rn denote a vector of possible model parameter values to be estimated.
Let ωs denote a realization of shocks and denote (y1(θ, ωs), ...yN (θ, ωs)) the
random variables corresponding to a history of length N generated by the model
for a realization ωs. Define the moments from the model as

MN (θ) ≡ bEÃ 1
N

NX
t=1

h(yt(θ))

!

where bE is obtained from replicating a large number (S) of histories of length
N , computing the moment 1

N

PN
t=1 h(yt(θ), ω

s) for each history, and averaging
over all replications. Formally,

bEÃ 1
N

NX
t=1

h(yt(θ))

!
≡ 1

S

SX
s=1

Ã
1

N

NX
t=1

h(yt(θ, ω
s))

!
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Notice that we deviate from the usual practice in MSM, since the usual practice
involves matching observed moments to unconditional moments generated by
the model in the long run, so that bE is usually computed by averaging over one
very long observation. Of course, in this setup, initial conditions have to be
specified, either as a constant that has been observed (this would be the case,
for example, in a growth model with fixed initial capital where the capital is
observed) or as a coefficient to be estimated and, therefore, to be included in θ
(this is the learning model of this paper, where the initial values for the constant
gain has to be estimated).

The estimator we use is, as usual, in two steps. First, we first use some
initial weighting matrix eΩ, which is just required to be positive definite, to find
an initial (asymptotically inefficient) estimator eθ

eθ = argmin
θ
(MN (θ)−MN )

0 eΩ−1 (MN (θ)−MN ) (25)

Then, we let ΩN (θ) be the variance covariance matrix of MN (θ) :

Ω(θ) ≡ bE
⎡⎣Ã 1

N

NX
t=1

h(yt(θ))−MN (θ)

!Ã
1

N

NX
t=1

h(yt(θ))−MN (θ)

!0⎤⎦
where, again, bE is obtained by averaging h 1N PN

t=1 h(yt(θ))−MN (θ)
i h

1
N

PN
t=1 h(yt(θ))−MN (θ)

i0
over S replications. The inverse of this matrix, evaluated at the initial estimate,
gives an optimal weighting matrix. This is the second departure from the usual
practice: here we just compute "directly " the variance of the moments implied
by the model, instead of first estimating some autocovariances, then adding
up over some lags, and weighting each autocovariance as would be done, for
example, in the Newey-West procedure.

Finally, our estimator is defined as

bθN = argmin
θ
(MN(θ)−MN )

0 ΩN (eθ)−1 (MN (θ)−MN ) (26)

we can be certain we use optimally (asymptotically) the instruments.

Therefore, this differs from standard MSM in two ways:

1. Usually, the simulated moments bE are computed from long run averages,
intended to estimate the unconditional moment in the long run, i.e., with
the steady state distribution. By computing bE with (numerical means)
of sample averages we are considering the effects of the transition, crucial
in our model of learning, and we may take care of some short sample
distribution biases that may be present in the estimation.
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2. The optimal weighting matrix Ω(θ) is not found by averaging autocorrela-
tions at different lags, but by computing the variance (numerically) of the
of statistics. This avoids truncating the sum and having to apply some
HAC estimator and, again, it takes care of the short sample transition.

Of course, these changes do not affect the asymptotic validity of the estima-
tor:

Using standard argument one can show (I hope) that:

• bθN → θ0 a.s. as N →∞

• bθN is efficient among all MSM estimators for any initial weighting matrixeΩ
• (MN (bθN )−MN )

0 ΩN(eθ)−1 (MN (bθN )−MN )
¡
1 + 1

S

¢−1 → χ2q−n in distrib-
ution as N →∞, where S is the number of replications used in computing
the simulated moments bE.

To obtain the minima, we first simulate the learning model on a coarse
parameter grid θ ∈ [0 : 0.5 : 5]× [0.986 : 0.001 : 0.996]× [50 : 25 : 125, 150 : 50 :
300]× [0.31 : 0.01 : 0.38]× [3.4 : 0.1 : 3.8] where θ = (σ, δ, α1, E

¡
∆D
D

¢
, σ∆D

D
).

Using results from the coarse grid we then refine the grid to [4 : 0.1 : 5]×
[0.990 : 0.001 : 0.998]× [50 : 10 : 120]× [0.345 : 0.005 : 0.375]× [3.6 : 0.05 : 3.8].
At each gridpoint we compute the mean of the considered moments MN (θ) and
the moment covariance matrix Ω(θ) using S =1000 simulations ofN =288 model
periods each, i.e., the length of our empirical sample. The initial weighting
matrix is eΩ = Ω(θ) where θ= argminθ(MN −MN (θ))

0Ω−1(θ)(MN −MN (θ)).

It is a good idea to match average bond returns, since this pins down the
discount factor. But since we simplified our model by assuming no variation of
interest rates, bond returns in the learning model are constant over time, which
implies a singular moment matrix due to the zero variation of interest rates in
the model. There are several alternatives to correct for this problem. We assume
a small measurement error ME for average bond returns and impose it on the
corresponding diagonal entry in the moment matrix. The standard error of ME
is set equal to the standard error of the estimated mean bond return in the data,

i.e., std(ME) = std( 1T
PT

j=1 r
B
j ) ≈

r
1
T

³P10
j=−10

1
T cov(r

B
t , r

B
t−10)

´
= 0.22%,

where T denotes the sample length.

The test for overidentifying restrictions has 5 degrees of freedom (the number
of moments 10 minus the number of estimated parameters 5).

When estimating the rational expectations model with habits, we proceed
as above, except that now θ = (σ, δ, κ,E

¡
∆D
D

¢
, σ∆D

D
) and the grid is given by

[0 : 0.5 : 6]× [0.988 : 0.001 : 0.996]× [0.1 : 0.1 : 0.9]× [0.34 : 0.01 : 0.38]×
[3.4 : 0.1 : 3.8].
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D Convergence of least squares to RE
We show convergence directly for the general learning model with risk aversion
from section 4.2. To obtain convergence we need bounded shocks. In particular,
we assume existence of some Uε <∞ such that

Prob(εt < Uε) = 1

Prob(ε1−σt < Uε) = 1

Furthermore, we assume that the projection facility is not binding in the RE
equilibrium

PRE
t

Dt
=

δβRE

1− δβRE
< UPD

where βRE = E
h
(aεt)

1−σ
i
and PRE

t is the price in the RE equilibrium.

Since price growth in temporary equilibrium is determined by two lags of β,
the adaptation of the stochastic control framework of Ljung (1977) by Marcet
and Sargent (1989) or Evans and Honkapohja (2001) is not applicable.48 There-
fore, we provide a separate proof which proceeds in two steps. First, we show
that the projection facility will almost surely cease to be binding after some
finite time. In a second step, we show that βt converges to βRE from that time
onwards.

The projection facility implies

βt =

⎧⎨⎩ βt−1 + α−1t

³
(aεt−1)

−σ Pt−1
Pt−2

− βt−1
´

if δa

1−δ βt−1+α
−1
t (aεt−1)

−σ Pt−1
Pt−2

−βt−1
< UPD

βt−1 otherwise
(27)

48 It may be possible to adapt Ljung ’s theorem to this case, but it is not immediate how
this can be done. The technical problem is the following. Since P/P−1 depends on two lags of
β we would need to study convergence of the parameter γt ≡ (βt, βt−1). We then have that
the law of motion of observables satisfies

Pt

Pt−1
= T (γt)εt

which is a special case of the laws of motion considered in Ljung (1977). The stochastic control
formulation assume the following law of motion for γt:

γt = γt−1 + α−1t Q(γt−1,
Pt

Pt−1
, t)

This formulation is consistent with the definition of γ if Q in the second row insures that
γ2,t = γ1,t−1, which requires

Q2(γt−1,
Pt

Pt−1
, t) ≡ αt(γ1,t−1 − γ2,t−1)

Yet, for fixed arbitrary γ we have αt(γ1 − γ2) → ∞ violating the key condition in Ljung
that this limit has to be well-defined. Therefore, the convergence theorems of Ljung are not
directly applicable in this formulation.
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If the lower equality applies one has (aεt−1)
−σ Pt−1

Pt−2
≥ βt−1 and this gives rise

to the following inequalities

βt ≤ βt−1 + α−1t

µ
(aεt−1)

−σ Pt−1
Pt−2

− βt−1

¶
(28)

|βt − βt−1| ≤ α−1t

¯̄̄̄µ
(aεt−1)

−σ Pt−1
Pt−2

− βt−1

¶¯̄̄̄
(29)

which hold for all t. Substituting recursively in (28) for past β’s delivers

βt ≤
1

t− 1 + α1

⎛⎝t−1X
j=0

(aεj)
−σ Pj

Pj−1
+ (α1 − 1) β0

⎞⎠
=

t

t− 1 + α1

⎛⎝1
t

t−1X
j=0

(a εj)
1−σ

+
α1 − 1

t
β0

⎞⎠
| {z }

=T1

+
1

t− 1 + α1

⎛⎝t−1X
j=0

δ ∆βj
1− δβj

(aεj)
1−σ

⎞⎠
| {z }

=T2

(30)

where the second line follows from (19). Since T1 → βRE for t→∞ a.s., βt will
eventually be bounded away from its upper bound if we can establish |T2|→ 0
a.s.. This is achieved by noting that

|T2| ≤
1

t− 1 + α1

t−1X
j=0

δ (a εj)
1−σ

1− δβj
|∆βj |

≤ Uε

t− 1 + α1

t−1X
j=0

a1−σδ |∆βj |
1− δβj

≤ Uε

t− 1 + α1

a1−σUPD

βRE

t−1X
j=0

|∆βj | (31)

where the first inequality results from the triangle inequality and the fact that
both εj and 1

1−δβj are positive, the second inequality follows from the a.s. bound
on εj , and the third inequality from the bound on the price dividend ratio
insuring that δβRE (1− δβj)

−1 < UPD. Next, observe that

(aεj)
−σ Pt

Pt−1
=
1− δβt−1
1− δβt

(aεt)
1−σ

<
(aεt)

1−σ

1− δβt
<

a1−σUεUPD

δβRE
(32)

where the equality follows from (18), the first inequality from βt−1 > 0, and the
second inequality from the bounds on ε and PD. Using result (32), equation
(29) implies

|βt − βt−1| ≤ α−1t

¯̄̄̄
(aεt)

−σ Pt−1
Pt−2

− βt−1

¯̄̄̄
≤ α−1t

µ
a1−σUεUPD

δβRE
+ δ−1

¶
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where the second inequality follows from the triangle inequality and the fact
that βt−1 < δ−1. Since αt →∞ this establishes that |∆βt|→ 0 and, therefore,

1
t−1+α1

Pt−1
j=0 |∆βj | → 0. Then (31) implies that |T2| → 0 a.s. as t → ∞. By

taking the lim sup on both sides on (30), it follows from T1 → βRE and |T2|→ 0
that

lim sup
t→∞

βt ≤ βRE

a.s.. The projection facility is thus operative infinitely often with probability
zero. Therefore, there exists a set of realizations ω with measure one and a
t < ∞ (which depends on the realization ω) such that the projection facility
does not operate for t > t.

We now proceed with the second step of the proof. Consider, for a given
realization ω, a t for which the projection facility is not operative after this
period. Then the upper equality in (27) holds for all t > t and simple algebra
gives

βt =
1

t− t+ αt

⎛⎝t−1X
j=t

(aεj)
−σ Pj

Pj−1
+ αt βt

⎞⎠
=

t− t

t− t+ αt

⎛⎝ 1

t− t

t−1X
j=t

(aεj)
1−σ

+
1

t− t

t−1X
j=t

δ ∆βj
1− δβj

(aεj)
1−σ

+
αt
t− t

βt

⎞⎠
(33)

for t > t. Equations (28) and (29) now hold with equality for t > t. Similar
operations as before then deliver

1

t− t

t−1X
j=t

δ ∆βj
1− δβj

(aεj)
1−σ → 0

a.s. for t→∞. Finally, taking the limit on both sides of (33) establishes

βt → βRE

a.s. as t→∞.¥
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